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Detecting and Interpreting Local Item
Dependence Using a Fannily of Rasch Models
Mark Wilson

University of California, Berkeley

This paper describes a method for detecting and in-
terpreting disturbances of the local independence as-
sumption among items that share common stimulus
material or other substantive features. Dichotomous
and polytomous Rasch models are used in an example
to analyze Structure of the Learning Outcome (SOLO)
superitems and examine the results for local independ-
ence problems. The results indicate that some disturb-
ances were present among particular subsets of the
items. Index terms: local independence, partial
credit model, one-parameter logistic model, Rasch
model, rating scale model.

When item response theory (IRT) models are ap-
plied to test data, peculiarities of the measurement
situation might cast doubt on whether the assump-
tions on which the analysis is based are completely
justified. Hambleton and Swaminathan (1985) dis-
cussed the full set of these assumptions. This paper
concerns only one: the local independence as-

sumption. Broadly speaking, local independence
describes a situation in which the statistical depen-
dency between modeled observations is a function
only of the model’s parameters. In the case of IRT,
the parameters are the person and item parameters.
If the local independence assumption is not met,
there is local dependence (Yen, 1 ~~4) .

In particular, a common problem occurs when
a test is composed of items that have the same or

similar stimulus material for subsets of items or if
different subsets of items share other features. In

such cases, clearly a choice must be made between
viewing the test as a set of base-level items or as
a set of subtests each composed of a set of base-
level items. Considering the test as a set of subtests
has one advantage: If the shared features have a
significant impact on the validity of the local in-

dependence assumption among the base-level items,
a model at the subtest level may reduce that impact
to insignificance. However, subtest models in gen-
eral, and the two described below in particular, do
not describe the behavior of base-level items, but
rather describe parameterized subset scores. ~’hus9
the basic unit of test construction, the item, be-
comes &dquo;invisible&dquo; at the subtest level, making item
analysis more difficult in a subtest analysis. A method
is needed to translate the results of the base-level
into the subtest level so that it is possible to ex-
amine the effects of individual items and to diag-
nose violations of the assumption of local inde-
pendence.
When item parameters are estimated in IRT,

structural errors in the model may lead to less ac-
curate person parameter estimation. Andrich (1985)
discussed this problem, that several advan-
tages exist in analyzing cases in which combined
items can form subtests rather than base-level items.

First, fewer parameters may be needed to define
an appropriate psychometric model, leading to a
more parsimonious representation (but note, as
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above, the &dquo;disappearance&dquo; of items from the

analysis that results). Second, the subtest is the

more appropriate accounting unit in constructing
item banks. Third, ignoring the expected depen-
dence between items seems questionable at a com-
mon-sense level.

Using a subtest-level model also should result
in superior measurement in te of better fit sta-
tistics. To assess fit, a likelihood ratio test could
be used that would compare the base-level analysis
(with its assumption of item-level local independ-
ence) with a subtest-level analysis (with its as-

sumption of subtest-level local independence). The
likelihood ratio technique for this particular situ-
ation was described by Andrich (1985) and its ap-
plication was studied statistically by Rost (1982).
The method described below also compares the

results of a base-level with a subtest-level analysis.
Here, however, the emphasis is on comparing es-
timates rather than comparing fit. The results of

the base-level analysis are manipulated under the
assumption of local independence to produce the
equivalents of the subtest-level results. These re-
sults can then be tested for statistically significant
differences, which provides a test of whether the
base-level or subtest-level local independence as-
sumption is more appropriate. Of course, this issue
could be addressed by the likelihood ratio test, but
comparing the two sets of estimates gives a clear
and immediate basis for interpreting a negative
finding.
The approach taken here also differs from that

of researchers such as van den Wollenberg (1982)
and Yen (1984), who used chi-square tests of fit
to explore local independence violations. The pres-
ent approach focuses on a particular type of local
independence problem and would not be suitable
to the wide range of possibilities that their tech-
niques can detect. Narrowing the focus, however,
makes the results of the method more easily inter-
pretable.

Dichotomous and Rasch 1~&reg;d~~~

The Rasch Model

The simple Rasch model (SRM; Rasch, 1960/

1980) for the analysis of test data provides a way

to place persons and items on a scale with a clear
probabilistic interpretation of distance on the scale.
For a dichotomously-scored item, with difficulty
8j attempted by person ! witch ability Pi, the prob-
ability of a correct response, y,y = 1, is modeled as

(Wright Stone, 1979), where

When combining the probabilities of L items to
find the probability of a response vector yi = (Yii,
... , y;L) local independence is assumed. That is,
with a vector of item difficulties, 8 = (81, ..., 8J, I
the probability of response vector y; is

Local independence means that the ability of the
person and the difficulties of the questions must be
considered in calculating the probability of each
response pattern, but once those factors are in-

cluded a simple multiplicative rule tells how to

combine the probabilities. Local independence is
disturbed if some subgroup of persons has a special
relationship with some subgroup of items not en-
compassed by the relationship

or if a special dependency existed between items
or persons beyond that indicated by their relative
difficulties or abilities. For each score obtainable
on the test, a score characteristic curve (scc) can
be defined as a function of the item difficulties. If

T, is the set of all vectors of 1 and Os of length
L whose elements add to x t is such a vector and

t, is its kth element, then the assumption of local
independence as given in Equation 3 allows cal-
culation of the score characteristic curves for a

given test as

where 8, is the difficulty of the Mi item, y, is the
response to the kth item, and P(y, = tk) is given
by Equation 1. Figure 1 is an example of the set
of sccs for a test composed of four items; the
curves are labeled by the appropriate score.
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Polytomous Rasch Models

The simple Rasch model can be extended to sit-
uations involving polytomous responses. Two will
be used in this paper: the Rating Scale Model (SCALE;
Andrich, 1978), and the Partial Credit Model

(CREDIT; Masters, 1982).
The CREDIT model’s basic observation is the

number of steps that a person makes beyond the
lowest performance level, or in a rating situation
the number of steps that an object is placed above
the lowest level. Note that the number of ordered
levels in each item need not be constant across all

items. Consequently, the basic parameter is the
step difficulty within each item. For an item with
r~ + 1 ordered levels from 0 to ~c, the probability
of person with f3¡ being observed in the
nth category of iteni j (i.e., yij = n) is

where 8j, is the difficulty parameter for the kth step
in the item, and 

-

The number of categories in an item + 1, may
vary within a test. The local independence as-

sumption used in CREDIT is that, conditional on

step difficulties, the interaction between a person
and an item is independent between items.

The SCALE model is similar to the CREDIT model,
except that the pattern of step difficulties is held
constant across all the items in a particular cali-
bration. This results in a more parsimonious
expression for the model:

where 8j is the difficulty parameter for the jth item
and T~ is the threshold parameter for the kth step,
and

In SCALE, the number of categories is a constant.
One way to connect the two models more explicitly
is to note that ~ddi~~ ~ j subscript to the threshold
parameters in the above SCALE equations (i.e., al-
lowing them to vary over items) makes them for-
mally equivalent to the CREDIT equations. Step dif-
ficulties can be expressed as thresholds by setting

The probability of particular categories of re-

sponses, given p, for both CREDIT and SCALE can
be expressed as an item characteristic curve (icc)
simply by plotting the probabilities in Equations 5
through 8 against ~3. Then the step difficulties are
represented in the icc plots as the intersections of
their respective curves. Figure 2 provides an ex-
ample of the iccs for a four-step item.

Andrich (1985) has described a useful alternative
formulation of the SCALE model. He introduced a

dispersion parameter into the SCALE model to re-
place the threshold parameters, naming the new
model the Dispersion Location Model (DLM). An-
drich showed that the DLM acts to constrain the
threshold parameters to maintain a constant dis-
tance between them. The DLM is a specialized SCALE
model that will be more parsimonious for items
with more than three categories and identical for
three-category items. The dispersion parameter 0
the of responses: The greater
the number of extreme responses, the smaller 0 is 9
and vice versa. A slightly different technique con-
nects the DLM with the SCALE and CREDIT models

and eliminates the need to introduce another model

and estimate its parameters.
Pedler (1988) has developed a way of estimating

the dispersion parameter from the thresholds of the
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Figure 1
Score Characteristic Curves (Synthetic ICCs) for Subtest 1

SCALE model:

where

This estimate will differ from a maximum likeli-

hood estimate of 0 based on the DLM model, but
its interpretation will be the same in the situation
described below. If sk is the standard error for the
kth threshold, then an approximate asymptotic var-
iance of 0 is given by

(Pedler, 1988).

Modeling Dependencies

One way to assess the impact of local depen-
dence, especially among items sharing stimulus
material, would be to calibrate the dichotomous
data using the SRM, calibrate the polytomous data
(scored by subtests) using one (or both) of the po-
Iytomous Rasch models, and then compare the lev-
els of fit obtained. Andrich (1985) discussed this
approach in the context of the DLM model. He
demonstrated increased levels of fit associated with
better ability estimation for the particular examples
examined, but noted that available fit indices do

not apply in cases with small numbers of persons
and items.

The method described below not only focuses
on deciding whether suspected violations of local
independence have a statistically significant impact
through tests of model fit, but also assesses vio-
lations of local independence by comparing dif-
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F~~a~r~ 2
Observed Item Characteristic Curves for Subtest 1

ferences in parameter estimates under various
models. To simplify the explanation, base-level
items are assumed to be dichotomously scored.
The method also attempts to aid interpretation

of local independence violations by expressing those
violations as disturbances in the expected pattern
of estimations. To do this, the effects of the local

independence assumption must be displayed in the
metric on which interpretations are based: the logit
ability scale. Going beyond statistically significant
differences to interpretational ly significant differ-
ences is often ignored in the literature because re-
searchers believe that interpretationally significant
differences must be embedded in an application.
However, such an extended analysis is a crucial

activity if measurement is to be seen by the wider
community of educational and psychological re-
searchers as something more than an obscure branch
of statistics.

The effect of local dependence is assessed in the
following manner. Consider a set of Rasch dicho-
tomous item difficulties obtained from a calibration

which may have been affected by some depend-
encies ; further assume that the dependencies are
reflected in a subtest structure. If there are a~ ques-
tions in each subtest, then the difficulties obtained
from a simple Rasch calibration of all the questions
(which assumes local independence between the
items) can be compared with the step difficulties
from a polytomous calibration (which assumes lo-
cal independence only between the subtests). Note
that for an m-item subtest, a score characteristic
curve can be defined for the subtest, just as for the
whole test. Then the equivalent of step difficulties
will be given by the intersections of the consecutive
sccs:
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where d,,. is the item difficulty for the kth item in
the jth subtest. The following recursive formulas
provide the equivalents of step difficulties (which
will be called the &dquo;synthetic step difficulties&dquo; to
distinguish them from the step difficulties obtained
from a polytomous calibration) for a subtest using
item difficulties from a dichotomous Rasch cali-

bration :

where 8’ is the xth synthetic step difficulty in sub-
test j. These synthetic step difficulties can then be
used to generate synthetic iccs with the same in-
tersections as the original sccs. In fact, the curves
generated are the same as the original sccs. Thus,
for the example in Figure 1, the curves representing
both the observed sccs and the synthetic iccs are
identical.

By using synthetic step difficulties, as expressed
on the logit scale, the effect of assuming inde-
pendence at the item levcl-rather than at the sub-
test level-can be ascertained. Generally, the ef-
fect can be seen by comparing the calibrated set
of step difficulties, say for subtest j, 8~i , ... , Ùjm,
with the set of synthetic step difficulties, 8~, ...,

8)~ . A subtest with more dependency than predicted
by the item difficulties would tend to have more
of the logit scale occupied by the extreme scores
(if rrc = 4, scores 0 and 4) and less occupied by
the middle scores (scores 1, 2, and 3). This cor-

responds with the heuristic notion that, in general,
dependence within a subtest will be expressed as
an all-or-nothing response; either the student mis-
understands the stimulus material and gets a 0, or
the student comprehends it fully and gets a perfect
score. Of course, this is only an extreme of the
possible range.

Comparing Figure 1 with Figure 2 shows the
importance of local independence assumptions. Here
the same data were used to generate synthetic iccs

from a SRM calibration (Figure 1) and observed
CREDIT iccs (Figure 2). Clearly, different local

independence assumptions resulted in varying pat-
terns of estimates.

Andrich (1985) has proposed an alternative way
to describe such dependencies using the dispersion
parameter of the DLM model. Essentially, he noted
that the greater the dependence, the greater the
dispersion and the smaller the dispersion parame-
ter. He calculated the dispersion parameter if the
thresholds had arisen from dichotomous items un-
der the local independence assumption using Equa-
tion 5.

If the observed dispersion parameter was less
than the synthetic dispersion parameter, he inter-
preted it to mean that local dependence was de-
tected by the DLM model. He also discussed how
such problems can affect test reliability and how
they relate to the attenuation paradox (Andrich,
1984; Andrich & Pedler, 1983).

Similarly, a synthetic 0’ can be calculated from
the synthetic threshold parameters and compared
to the 0 calculated from the threshold parameters
estimated by a polytomous model. The indication
of local dependence is the same as for the DLM.
This description of the dispersion parameter has
been expressed as a special case of the SCALE model,
but as Andrich (1985) pointed out, extension to the
CREDIT situation is quite trivial. In Equation 12,
adding an item subscript to the dispersion and
threshold parameters and standard error estimates
allows calculation of a dispersion parameter for
each item.

An Example

SOLO Subtests

The data used to illustrate the methods described

above came from an application of the Structure
of the Learning Outcome (SOLO) taxonomy (Biggs
& Collis, 1982), which is a technique for classi-
fying person responses according to the structure
of the response elements. The taxonomy consists
of five levels of response structure:
1. A prestructural response consists only of ir-

relevant information;
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2. A unistructural response (U) includes only
one relevant piece of information from the
stimulus;

3. A multistructural response (~’) includes sev-
eral relevant pieces of information from the
stimulus;

4. A relational response integrates all rele-
vant pieces of information from the stimulus;
and

5. An extended abstract response (E’) not only
includes all relevant pieces of information, but
extends the response to integrate relevant pieces
of information not in the stimulus.

In a given topic area, persons are expected to
move through each level from the prestructural to
the extended abstract as their comprehension and
maturity increase. Furthermore, the majority of re-
sponses should be classifiable into a level in the

SOLO taxonomy that indicates the person’s location
on a latent dimer~si&reg;ne &dquo;‘The structure of the SOLO

taxonomy assumes a latent hierarchical and cu-
mulative cognitive dimension&dquo; (Collis, 1983, p. 7).

In this example (Collis, 1986; Collis & Davey,
1984), a short piece of stimulus material (consist-
ing of text, tables, or figures) was supplied and
students were asked to answer several open-ended
(but dichotomously-scored) questions concerning
the material. Often, the stimulus material and the

questions are referred to as a superitem (Romberg,
Collis, Donovan, Buchanan, & Romberg, 1982;
Romberg, Jurdak, Collis, & Buchanan, 1982);
however, the more conventional term &dquo;subtest&dquo; 9

will be used here.
The questions are linked to one of the higher

four levels of the taxonomy. Responses are judged
as acceptable or unacceptable according to an agreed
set of criteria. This format uses the SOLO technique
in reverse and results in four dichotomously-scored
questions related to a stem, which can be used to
indicate the level of concept development achieved.
A problem arises in interpreting response vectors

that are not Guttman-like (Wilson, in press). In this
example, five subtests in biology from an earlier
study were used (Collis, 1986; Collis & Davey,
1984). The first subtest is shown in Figure 3. The
first subtest was also the source of data for the

examples in Figures 1 and 2. The data were gath-
ered from 30 students in the 9th and 10th grades
at a Tasmanian secondary school.

Analyses

The SRM and CREDIT analyses were performed
on an IBM PC-AT microcomputer using the PC-CREDIT
program (Masters & Wilson, 1988). The SCALE

analysis was performed on a FACOM mainframe
computer using the CREDIT program (Wright, Mas-
ters, & Ludlovv, 198 1). The programs report a lack
of fit in terms of a transformed t statistic (Wright
& Masters, 1982). According to these statistics,
the SRM analysis displayed low levels of misfit for
both persons and items, as did the CREDIT analysis.
The SRM fit was also assessed with van den Wol-

lenberg’s Q statistic (1982), which was nonsignifi-
cant for each item and for the test as a whole. The
SCALE analysis gave a large t statistic for Subtest
1.

Results

Comparison of SRM and SCALE. The SCALE cal-
ibration was linearly transformed following the

technique described in Hambleton and Swamina-
than (1985) so that the location and spread of the
student scores were the same as those for the di-

chotomous analysis. The synthetic subtest diffi-

culties, the thresholds, and the dispersion for the
biology subtests are shown in Table 1.

In order to conform most closely with the SCALE
approach, the synthetic thresholds were calculated
by determining the average distribution of thresh-
olds for the four items so that each subtest had the

same step pattern. The observed subtest difficul-
ties, the thresholds (and their standard errors), and
the dispersion for the SCALE calibration are also
given in ’Table 1. They are all within two standard
errors of the SCALE calibration equivalents. Clearly,
the SCALE calibration provides no evidence that
violations of the local independence assumption
within subtests has affected the SRM calibration of
the biology subtests. In other words, according to
the SCALE calibration, dependencies between sub-
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Figure 3
Subtest 1

A student performed an experiment in which he germinated three oat
seeds and treated the coleoptiles in the following way.

test items in the data are adequately summarized Comparison of SRM and CREDIT. In the CREDIT

by the simple Rasch item difficulties, although in- analysis, it is not assumed that the steps follow the
dividual items may need further attention. same relative pattern within each subtest, hence
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Table 1

Synthetic and Observed Parameters
From the SCALE Analysis

each subtest can have a unique pattern of steps.
The CREDIT calibration was also linearly trans-

formed so that the locations of the student scores

correspond to those for the SRM calibration.
The synthetic and observed dispersion parame-

ters are presented in Table 2. The parameters show
that only Subtest 1 has a notably smaller dispersion
than in the SCALE model, lending weight to the
suspicion that this item might be inconsistent with
the local independence assumption. Table 3 pro-
vides more detail from the CREDIT results, and the

synthetic iccs and observed iccs for this subtest
are given in Figures 1 and 2, respectively.
Two differences are apparent between these

CREDIT results and the SCALE results in Table 1.

First, in Subtest 1, the second step is relatively
more difficult than the third; this means that score
2 is never modeled to be the most probable re-
sponse. In Subtest 3 neither score I nor score 3
becomes the most probable response at any point
for similar reasons. This is different from the SCALE

calibration, which indicated that each score in each
subtest was most probable somewhere on the logit
scale. Second, several subtests do not have sccs
for extreme scores. Subtests 2, 4, and 5 start at
score 1 rather than 0; and Subtests 2 and 4 end at
score 3 rather than 4. This occurred because of the

absence of any responses for these score groups in

the data. Although the SCALE model uses infor-
mation in the other subtests to impute locations for

Table 2

Synthetic and Observed Dispersion
Parameters From the CREDIT Analysis

these scores, the CREDIT analysis reflects the lim-
ited range of the data in its results. The CREDIT

analysis indicates that a broader range of student
abilities is needed to fully analyze the subtests.
Note that because of this problem with Subtests 2,
4, and 5, the dispersion parameters in Table 3 were
calculated for maximum scores of 2, 2, and 3,
respectively.

Table 3

Synthetic and Observed
Step Difficulties From
the CREDIT Analysis
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Clearly, the comparison between synthetic and
observed steps confirms the problem with Subtest
I noted by the dispersion comparison. This is most
likely associated with the large t statistic for Subtest
1 in the SCALE analysis. In comparing Figure 1

with Figure 2, a modification seems to occur of
the &dquo;all or none&dquo; dependency in the tendency for
persons to get the M and items either both correct
or both incorrect. Inspection of the M and R items
shows that they both involve calculating differ-
ences between &dquo;before&dquo; and &dquo;after&dquo; heights; for
the M item the person must find the greatest dif-
ference, whereas for the I2 item the person must
order the four treatments from smallest difference

to greatest. These two tasks are quite similar and
almost certainly not at different SOLO levels. This
interpretation assumes that a score of 3 usually
implies that the person answered the U, 1~9 and R
items correctly. The earlier SRM analysis demon-
strated the orderliness of the SOLO items, so that

assumption is reasonable. Similar reasoning sup-
ports the following comments on Subtest 3.

In Table 3, Subtest 3 reveals a problem that was
not obvious from examining the dispersion param-
eter. Apparently the dispersion parameter is sen-
sitive to cases in which dependence has affected
the overall spread of the steps, but not to cases in
which the overall spread is not greatly affected but
the order expected under local independence is re-
versed (as indicated by the lower value for step 4
compared to step 3 in Subtest 3).

While dependence can be manifested in many
ways, the dispersion parameter attempts to describe
it using only one parameter, so that it is not sur-

prising that it is not sensitive to this kind of prob-
lem. Subtest 3 suggests some dependency because
the low expected probability of scores 1 and 3

indicates that students tend to answer the U and M

items either both correct or both incorrect and the

R and E items either both correct or incorrect. These

response patterns indicate that items nominally at
these two levels may actually be at the same dif-
ficulty level, although it would take a more detailed
substantive analysis than is possible here to decide
the issue.

Discussion

This paper has described a method for detecting
violations of local independence among base-~evel
items that are organized into subtests. In the ex-
ample examined here, sets of items shared some
feature that makes it likely that their behavior with
respect to the latent trait will not be adequately
modeled by a scheme that assumes local inde-

pendence at the item level. This assumption will
be a problem with the application of any item-level
IRT model, and a technique similar to that described
here could be developed for more complicated
models than the Rasch model. The Rasch family
of models is particularly suitable for this approach,
however, as it has well-developed and interpretable
polytomous extensions that embody the assumed
dependence and that make inter-model compari-
sons relatively easy by having identical sufficient
statistics for the person ability parameters. The dis-
cussion above assumed that the base-level items
were dichotomous, which was correct for the ex-

ample and makes the formulas simpler, but the
restriction is not necessary.

Although examining relative fit may also be used
to analyze this problem (Andrich, 1985), the pres-
ent method not only allows a statistical comparison
of the effects of the base-level local independence
assumption, but also provides a straightforward
means of describing exactly where the local in-

dependence assumption breaks down. While nei-
ther the t fit statistics nor the Q statistics indicated
problems with Subtest at the dichotomous level,
the t statistic did in the SCALE analysis, but none
indicated that there were problems with Subtest 3.
The technique consists of comparing parameter

estimates obtained from the subtest-level analysis
with &dquo;synthetic&dquo; parameters obtained under the
assumption of local independence. This compari-
son can be simplified by constructing summaries
of the parameters (the equivalents of Aa~dri~h’s dis-
persion parameter).
The SOLO example demonstrated some features

of the analysis: ( 1 ) the use of the SCALE model to
examine overall or averaged local independence
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effects and to deal with missing data; (2) the use
of the CREDIT model to examine local independence
effects more closely at the item level; (3) the po-
tential for substantive interpretation of the effects;
and (4) the use of the dispersion parameter as a
summary statistic. The generalization of this tech-
nique to cases where the base-level items are po-
lytomous is clear. A more comprehensive and
widely-applicable strategy would be to construct
an IRT model that allowed both subtest and item-

level parameterization. An example of such a model
has been given by Wilson (1985) where the subtest
level is specialized to conform with a hypothesis
of discontinuous development. More generalized
models of this type are currently under develop-
ment.
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