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It is shown in this paper that the unconditional or
simultaneous maximum likelihood estimation proce-
dure for the one-parameter logistic model gives rise to
biased estimators. This bias cannot be removed by a
correction factor (K - 1)/K (where K is the number of

items), contrary to the contention of several authors.
The bias is dependent not only on the number of
items, but also on the distribution of the item parame-
ters, which makes correcting for bias practically im-
possible. Furthermore, it is shown that the minimum

chi-square estimation procedure, as introduced by
Fischer, results in unbiased estimates. In addition, this
method is computationally fast, so that it seems to be
a good alternative for CML estimation when the latter
method meets practical impediments. Index terms:
Maximum likelihood estimation, conditional; Maxi-
mum likelihood estimation, unconditional; Minimum
chi-square estimation; One-parameter logistic model;
Rasch model.

As delineated in van den and Wierda the Rasch model 1960/
1980) has a number of attractive properties which are guaranteed only when its parameters are estimated
by the conditional maximum likelihood (CML) method. the CML method consumes a amount
of computing time, especially when the number of items is large, alternative estimation methods have
been uses

The most prominent of these is the simultaneous or unconditional maximum likelihood (UML) method.
Estimators obtained under the latter procedure, however, have been proven to be inconsistent. Andersen
(1973a) proved that for the of two items, the bias in the UML estimators can be removed by a
correction (K - 1~/~~ =1/2, where is the number of items. Haberman (1977) showed that when both
K and l~ tend to the factor remains correct. Several authors (Fischer, 1974; Gustafsson, 1980;
Wright & Douglas, 1977) have since reported that the factor (K - I)IK seems to work satisfactorily for
other numbers of items as well. Recently, however, Jansen et al. (1988) have demonstrated that the
simulation study of Wright and Douglas rests on inadequate logic. In addition, the results reported by
Fischer (1974) and Gustafsson (1980) seem rather meager.

This implies a new, systematic inquiry into the consistency question is needed. A simulation
study was to compare the estimation results of the two maximum likelihood procedures with
each other and with the theoretical expectations.
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In addition, the minimum chi-square (MiNcm) procedure (Fischer, 1970) was studied. Fischer showed
that this method gives consistent estimates and that its results are in good agreement with CML results. o
The method, however, has received little attention in the literature, because Fischer stated that the
distribution of the criterion is unknown, hence statistical testing is not sufficiently substantiated. It will
be argued below that as an approximation Of CML, MINCHI outperforms UML.

The h4ethod

As both the unconditional and the conditional methods of estimation are very well known, only the
less familiar minimum chi-square method is presented here. This presentation leans heavily on Fischer
~ 1q74)o

Let the stochastic variable ~l;J represent the number of persons responding positively to item !’ and
negatively to item j. Given the item parameters e, and ~~9 and fixed sum n = nij + nji, this stochastic

variable is a binomial with expectation and variance

Let 8i equal the reciprocal of Ei, and consider the deviate A~.S, &horbar; N~;8~. It is easily shown that this deviate
has expectation 0 and variance (n,, + n~;)8;8, (Fischer, 1974).

Fischer (1974, pp. 269-270) proposed to minimize the following expression:

Although Fischer stated only that the individual terms are plausible as they are deviates normed by their
standard deviations, it is easily shown that for each fixed pair of items with indices < and _; considered

alone, the corresponding term of Expression 3 is asymptotically distributed as chi-square with degrees
of freedom:

When the number of items is larger than 2, the nii will be interdependent and the sum of chi-squares will
not be a chi-square. The problem could be solved if the criterion could be written as a quadratic term. .
Another possibility would be to remove the interdependence by a proper correction factor and to ac-
cordingly adjust the degrees of freedom, as is done in the construction of the Q, and Q2 statistics of van
den Wollenberg (1982). Work on this is still in progress.

It is obvious that, given Nii and Nji, the criterion is independent of the person parameters and as such
is a conditional method of estimation. Although Fischer argued that the method is mathematically not
completely valid, as the nij are dependent, he found that the method gave approximately the same parameter
estimates as CML, but that it consumed less time.

The Simulation Study

Method

In the generation program, item parameters were input as fixed parameters; and by means of the
t~st, routine GNORM, person parameters were sampled from the standard normal distribution. By means
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of these item and person parameters, response probabilities were obtained according to the basic equation
of the Rasch model.

The response probabilities were converted into binary manifest responses by means of random
numbers sampled from a uniform distribution in the range (0,1). For each person-item combination, such
a random number was obtained by the IMSL routine GGUBS. A manifest response was positive when the
probability exceeded the random number, and negative otherwise. In the following, analyses are reported
that are based on samples of size 4,000, unless stated otherwise.

Item parameters were equally spaced in the range (-~,2)9 for 2 through 10, 15, and 20 items. For
each item parameter configuration, 25 replications were obtained. For the Rasch analyses, the program
RADI (Raaymakers & van den Wollenberg, 1979) was used; this program allows for all three estimation
methods.

Results

Initially, the CML and UML methods were compared both with each other and with the theoretical
(input) parameters. Table 1 reports the ratio of the obtained parameter estimate to the input parameter.
For the estimate to be unbiased, this ratio should equ~l 1. Results are reported for the first item parameter
(value 2.00). This was done to avoid possible averaging out, when mean values over all items were
taken. In the second column of the table, the inverse of the correction factor (K - 1 )IK is given; this is
the expected bias.

The following conclusions can be drawn from these results:
1. The CML estimates behave properly. The mean estimates are within the theoretical probability bound-

aries of the sampling distribution.
2. The UML estimates are clearly biased and the bias depends heavily on the number of items; as the

number of items increases, the bias decreases.
3. The bias for the case of two items is in accordance with the proof of Andersen (1973a), who showed

that here the correction factor (K - 1)/K must be applied.
4. The correction factor (K - 1)/A&dquo; is not valid for other numbers of items, although above 10 items

the difference practically disappears. The difference between the predicted bias according to the
correction factor and the bias observed here is further illustrated in Figure 1.

Because the correction factor is invalid, it could be asked whether another correction factor would be

Table 1
Mean Ratio of Estimated

Parameters to True Item Parameters

for UML and CML Procedures
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Figure 1
Bias in the Unconditional Maximum Likelihood Method:

Parameter Range (-2,2)

feasible. Correction would be possible if the correction factor were solely dependent on the number of
items. This, however, is not the case, as may become apparent from the next series of simulations.

For each number of different ranges of the item parameters were used. As is obvious from
Table 2, the range also influences the amount of bias. With increasing range the bias also increases.

In the two-item case the mean ratio of observed to input parameters again behaves according to the
theory. The discrepancy that is found in the case of the range ( - 4.00,4.00) is accounted for by random
fluctuation. For these extreme parameter values, the standard error of estimate becomes relatively large
and deviations from the expected ratio of this magnitude are quite feasible. Given this result, a proper
correction factor should not only account for the number of items, but also for the item parameter range.

The situation becomes even more complex when the following point is taken into consideration. In
the previous analyses the item parameter distributions were always symmetrical, and it could be asked

Table 2

Estimation Bias for Three Item Parameter Ranges
in the UML Estimation Procedure
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whether presence or absence of this characteristic could also influence the bias. In Table 3, results are

reported for item parameter configurations with the same ranges as those of Table 2, but with skewed
distributions of the item parameters. For K = 2 and K = 3 no results were obtained for skewed item

parameters, as in these cases the restrictions of skewness and range could not be met simultaneously.
It can be seen that the bias is again influenced by this basically irrelevant property of the dataset. It

must be noted, however, that although the ranges are equal for the analyses in Tables 2 and 3, the
variances of the item parameter distributions are not; a contamination of skewness and variation cannot
be completely excluded.

Based on these results, it must be concluded that the correction factor is not valid except for the
case of two items. The failure of the correction factor decreases as the number of items increases. But
the correction factor itself becomes less important when the number of items increases: The correction
factor fails just when it is most needed.

The correction factor (K - 1 )/K cannot be substituted for by any other factor, because the bias is
dependent not only on the number of items, but also on seemingly irrelevant characteristics of the dataset
such as range and skewness of the item parameter distribution. The UML method is biased and there is
no obvious way to correct for this bias.

The Minimum Estimation Method

The main arguments in favor of the UML method as opposed to the theoretically superior CML method
are computational speed and accuracy. Fischer (1974) claimed that the MINCHI method gives consistent
estimators and is computationally simple, giving rise to both speed and accuracy of the computational
process. If these claims hold, the MINCHI method could be used as an approximation to the CML method,
and thus could supplant the UML method.

In Table 4 the consistency claim is substantiated. The ratios of observed to true parameters are

reported for both CML and MINCHI. tt is obvious that ~mc~g9 like CML, gives unbiased estimates. The
correspondence between the two methods is high, as may be observed in the last column, where the
correlation between the estimated item parameters over the 25 replications is reported. These correlations
are to be considered high, as differences in the item parameters are solely due to random fluctuations
(the role of random fluctuations is rather small here because the estimates are based on samples of size

Table 3
Estimation Bias for Symmetric and Asymmetric

Item Parameter Distributions in UML Estimation
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Table 4

Estimation Bias for CML and the Minimum

Chi-Square Procedures, and Correlation (r)
of Item Parameter Estimates

4,000). The present analyses were also performed on smaller samples ( 1,000 and 200), and the results
were equally satisfactory.

With respect to computing time, the MINCH method seemed to be at least as fast as (and possibly
faster than) the UML method. However, no definite conclusions could be drawn with respect to this point
and more systematic comparison is needed.

Discussion and Conclusions

The above simulation studies have shown that the UML method is not consistent and the bias cannot
be removed by a simple correction factor. This implies that the UML method is not a good alternative to
the CML method, at least when small numbers of items are involved. When the number of items becomes

large, the bias becomes relatively small and a correction is no longer needed. In that case the UML method
could be used as a fast alternative to the CML method.

The ~a~~tn method gives consistent estimates and is at least as fast as the UML method in the range
studied here. There seems to be no reason to suspect that the method becomes inaccurate with large
numbers of items.

Fischer (1974) reported that MiNcm deviates from CML results when the model has been violated.
Besides this, attention should be given to the behavior of test statistics under this estimation method. In
the present application, test statistics (the conditional likelihood ratio test of Andersen, 1973b, and the
Q, test of van den Wollenberg, 1982) behaved satisfactorily, but all of the datasets used here conformed
to the model; power characteristics were not studied.

UML estimation is definitely not proper with relatively small numbers of items. In this case, MINCHI
estimation gives a good approximation Of CML and is thus an acceptable alternative. Further study is

needed to gain insight into the MINCHI method, its advantages and its limitations.
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