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Standard Errors of Item Parameter
Estimates in Incomplete Designs
Dato N. M. de Gruijter
University of Leyden

Lord and Wingersky (1985) derived the asymptotic
variance-covariance matrix for item and person param-
eters in item response models, using maximum likeli-
hood estimation. Their results can be used in incom-

plete designs, in which different test forms with
common subtests are administered to different groups
of examinees. It is also possible to estimate the accu-
racy of various designs beforehand, which enables the
researcher to select the best of several designs under
consideration. The possibilities are demonstrated for
the one- and two-parameter models. Index terms:

Asymptotic standard errors, Incomplete designs, Item
banking, Information matrix, Maximum likelihood,
Rasch model, Two-parameter logistic model.

In applications of item response theory (~~~), the
item information matrix has frequently been used
in order to obtain the asymptotic standard errors
of item parameter estimates. The use of this matrix
in connection with the maximum likelihood (ML)
estimation of parameters implies the assumption
that person parameters are known (de Gruijter, 1984;
Thissen & Wainer, 1982).

Lord and Wingersky (1985) presented the joint
information matrix for item and person parameters,
from which the asymptotic variance-covariance

matrix for ML estimates of item and person param-
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eters can be derived. They demonstrated that the
variances and covariances depend on the restric-
tions used to fix the latent ability (6) scale. In the
Rasch model, for example, the latent scale can be
fixed by setting one item parameter equal to 0. The
errors in the parameter estimates are measured rel-
ative to this parameter. In general, the resulting
error variances are larger in this frame of reference
than those that would result from a scale fixed by
setting the sum of all item parameters equal to 0.
Thus the error variances and covariances for a par-
ticular fixation of the latent scale are relevant only
in connection with parameter estimates obtained
with the same fixation of the latent scale.

Lord and Wingersky’s method can be applied
with incomplete data when the estimation of all
parameters is done in one computer run. The method
was used by Wingersky and Lord ( 984) in a study
in which two groups of examinees were adminis-

tered different test forms with a common subtest.

They varied the number of items in the common
subtest and found that the error variances for the

unique items increased notably only when the num-
ber of common items became quite small. The
lengths of the common subtest and the total test
were confounded in this study, making these results
even more remarkable.

Aside from the results on the importance of the
choice of a scale, the method seems especially suit-
able for incomplete designs in equating studies and
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in item bank construction, when all parameters are
simultaneously estimated by ML. In an incomplete
design, the assumption of known Os on a given
scale seems less tenable than in a complete design.
In the extreme case of no overlap between test
forms, the assumption of known Os would result
in seemingly reasonable derived error variances,
but estimation of all parameters on a common scale
is impossible in reality.
An alternative to joint maximum likelihood is

marginal maximum likelihood (MML). MML avoids
some of the estimation problems which arise in the
joint estimation of item and person parameters.
However, for a discussion Of MML in the present
context, more should be known about the perfor-
mance of estimation procedures based on MML in
the case of incomplete data where different ex-
aminee groups are supposed to come from different
examinee populations. Furth~rrn&reg;re9 results on the
effects of scale fixation in ML apply as well to MML
when there are a number of populations. For these
reasons the present study was restricted to ML.

Unfortunately, application of Lord and Winger-
sky’s method is hampered by the computational
burden when the number of examinees is large,
although grouping of Os into classes enabled them
to invert a large matrix, with dimensions equal to
the number of examinees, in parts. De Gmijter
(1985) and Levine (1985) suggested modifications
in order to make application of the method more
feasible. In the present study similar modifications
were introduced in connection with incomplete de-
signs. Both the one-parameter Rasch model, in which
one constraint is needed in order to fix the latent

scale, and the two-parameter logistic model, in which
two constraints are needed, were used. The three-

parameter model, which presents no new problems
with respect to scale fixation, is not discussed.
The procedure can be used with real data, in

which case parameter estimates are used in the
formulas instead of the unknown true parameters.
Alternatively, apparently reasonable item and per-
son parameters for hypothetical items and persons
can be selected in order to obtain information on
the accuracy of a particular design before any data
are obtained. When this is done for several com-

peting designs, the results can help a researcher
decide which to use. In the present study all ex-
amples are based on hypothetical situations. e

The Item Error Matrix
for the Rasch Model

In the Rasch model the probability of a correct
response by examinee a to item can be written
as

where bi is the item difficulty parameter,
~ = 1 is the common slope, and

a is the person parameter.
With M items and ~1 examinees there are ~ _ n
-~- lV parameters. In a complete design, estimation
accuracy of ML parameter estimation is reflected

by the M x M information matrix for item and
person parameters,

where S is the sum of To n x n diagonal matrices
§~ with elements

where Di,, = - P,J. The diagonal elements
of S contain the Rasch model item informations,
the inverse values of which frequently are used as
error variances. Matrix T in Equation 2 is an N
X ~I diagonal matrix with elements

z B 2

In order to fix the latent scale, one restriction is
needed. The choice of the restriction is important,
as it has an impact on the error variance-covariance
matrix beyond the mere fact that different restric-
tions imply different scalings (Lord & Wingersky,
1985). tn the Rasch model the obvious choice is
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to set the average b to 0. Parameter bll can
then be regarded as a function of the other bs and
can be eliminated. The introduction of
the restriction can be viewed as a transformation

to new parameters &*, b2 , ...9 bn_, which are re-
lated to the old parameters according to the equa-
tion

where I is the (~ - 1) x ~~a - ~ ) identity matrix.
The transformation results in an (~ - 1) x (A4
- 1) information matrix, 9

The (n - 1) x (n - 1) leading matrix ofH*-’, C*,
gives the asymptotic variance-covariance matrix for
the first z 1 items. This matrix can be obtained
from

where L is the ath column of F. In this way the
problem of obtaining the variance-covariance ma-
trix for item parameters reduces to the problem of
inverting a symmetric matrix with dimensions equal
to n - 1; a large value of N is no problem, although
a further simplification can be obtained by grouping
the person parameters.
The Bayesian analysis with a prior for the bs

(Swaminathan & Gifford, 1982) can be contrasted
with ML. In the Bayesian analysis, the bs usually
have independent priors with a common, fixed mean
and a common variance. This is enough to fix the
latent scale. The prior structure with independent
priors does not, however, produce a proper solution
for the error variance-covariance matrix of item

parameter estimates, a matrix in which the ele-
ments sum to 0, reflecting the restriction 7-b = 0.
With a small number of items this might be a prob-
lem.

The derivation of ~~-’ for incomplete designs
proceeds in a way similar to the derivation for the

complete design. In the general case, there are K
test forms linked by common, subtests. The tests
are administered to K different groups of examin-
ees. Let e, (k - 1, ... 9 ~ be a vector of length ~e9
with elements equal to 1 when item i is included
in test k and 0 otherwise. All elements Di, used in

Equation 2 must be replaced by <~0’)D,~, where

a(k) designates examinee a in group k. Matrix F
can be partitioned as [~, 9 ... F,l and T can be
written as T = di~~[~°, 9 ... ~ T~].
The equivalent of Equation 8 for the incomplete

design can be written as

After C* has been computed, the variance-covar-
iance matrix for all n parameters is obtained as

C = EC*E’ (10)

The Asymptotic Item Error Matrix
for the Two=Parameter Model

In the two-parameter logistic model, items differ
not only with respect to the difficulties b, but also
with respect to the slope parameters ai. This has
two consequences. First, matrix H also contains
derivatives with respect to these parameters; its size
is ~‘ x ~‘l9 where fit4 = 2n + N in a complete de-
sign. Second, two restrictions are needed in order
to fix the latent scale. Lord and Wingersky (1985)
began with the assumption that there are real dif-
ferences in b values. They suggested the
mean b of a number of discriminating, moderately
easy items equal to 0, and setting the mean b of a
number of discriminating, moderately difficult items
equal to 1. These restrictions correspond to a trans-
formation in which one b parameter from the easy
items and one b parameter from the difficult items s
are eliminated:
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where b* has n - 2 elements and a* has n ele-
ments. The transformation on matrices S and F in

Equation 7, resulting in matrices S* and F*, is
easily implemented. Arguments will be given for
another choice, however.

Consider the following alternative restrictions:
&dquo;2:.b = 0, Y-a = n. With these restrictions the (2n
- 2) x (2n - 2) matrix C*-’ can be partitioned
as

where ~&dquo; is the (~c - 1) x (~ - 1) matrix corre-
sponding to parameters b~ and ~22 is the matrix

corresponding to parameters ~a*. When all as are
equal to Y 9 ~&dquo; is equal to C*-’ in Equation 8 for
the one-parameter model. Again using a well-known
result on partitioned matrices, the (ra - 1) x (n
- 1) leading matrix of C*, C*,, can be obtained
as

Hence the error variance-covariance matrix for b*, 9
and for that matter b, can be written as the sum of
a matrix for known as (which for ai = ~a = 1 means

the one-parameter model) and a term with contri-
butions due to the fact that the as must also be
estimated. The total inverse of C*’’ 1 can be ob-
tained using

The computation of C* using the partition of
Equation 12 has another advantage: Two (n - 1)
x (re - 1) matrices must be inverted instead of a
(2n - 2) x (2ra - 2) matrix.
The two different sets of restrictions are related

by a linear transformation. The relationship be-
tween the corresponding error matrices is more

complex, as mentioned above; in order to obtain
an error matrix for another specification of the la-
tent scale, the &dquo;delta&dquo; method (Kendall & Stuart,
1969, chap. 10) must be used.

The Error Matrix for Person Parameters

The matrix result used in Equation 13 can also
be used in order to find the asymptotic error matrix
for person parameters:

where C is defined as in Equation 10. The error
variances are

,, &horbar; ta 1 ’~’ ta 2fQC~Q , 17’a~*a ’~a~~~ ? ~’~
where to 1 equals the traditional estimate of the error
variance for 0,. Equation 17 is similar to an equa-
tion for complete designs given by Wright and Pan-
chapakesan (1969). Their Equation 29 is based on
the assumption that C is diagonal.

Errors in linking test forms may result in cor-
related errors for item parameter estimates of items
in a particular test form, and consequently in cor-
related errors in person parameter estimates. In in-

complete designs, the second factor in Equations
16 and 17 should not be simply neglected. How-
ever, when the second factor is negligible for vec-
tors f based on different 0 values and different item

selections, the traditional test information function
and its useful additive property (i. ~. , the fact that
it is the sum of item information functions) can be
used in various applications.

Illustrative Examples

The Effect of Common Subtest Size

in the Rasch Model

Wingersky and Lord (1984) found that the com-
mon subtest in linking two tests could be rather
small without the results deteriorating notably. In
their study, common subtest size was confounded
with total test length. In the present simulation

study the effect of subtest size was investigated for
fixed test length.
The simulation considered two 30-item tests with

all b values equal to 0, and two examinee groups
with 100 examinees each. The two 0 distributions

were identical, with mean &reg; = 0 and a variance
close to 1. The overlap between the two test forms
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Table 1

Variances of Item Parameter Estimates

was varied, with common subtest sizes equal to 1,
2, 3, 4, 5, 10, and 20 items.
The resulting error variances are given in Table

1. The values can be compared with those for a
complete design. In a complete design the error
variance would be about .048 for a sample size of
100 examinees (the exact value depends on the
number of items). The variance for the unique items
is always at least twice the value of the common
item variance: The estimates for unique items are
based on half the number of examinees. Addition-

ally, there is extra error variance due to inaccurate
linking of test forms. The error variance of the
common items does not change much with an in-
crease in the strength of the link between the two
tests: Within test forms the accuracy of the 0 es-

timates, needed for the estimation of item param-
eters, does not change.
The linking effect is, of course, strongest with

only one common item. In this case, the excess
variance amounts to about half the value to be

expected without linking errors. This is cl~rificd in
Figure 1, where two three-item tests with one com-
mon item are schematically represented. In the
middle section, a random error is introduced in the
common item: On the basis of the response in the

first examinee group, the item seems too difficult

compared with the other items in the first test. The
lower section of the figure shows how this error is
redistributed over all items after the rescaling 3ib
= 0. When the tests are of equal length and have
a large number of items, the errors have a size of

approximately 1/2d, where d is the size of the orig-
inal error: The items in the first test have a bias of
1/zd in one direction, and those in the other test
have a bias of 1/Zd in the other direction.
Now think of d as a random variable, the dif-

ference between the difficulties of the common

item in Test 1 and Test 2. Its variance should be

equal to var(b, - ~2) ~ 2 twice the error
variance of b for the common item in one group.
The linking variance for two equally sized tests is
.25 times this value, or half the variance of the
common item based on one group. For the data of

Table 1 this variance is .024. The total error var-
iance for unique items equals .048 + .024 = .072.
The effect can be demonstrated more clearly with

another example. Set the b value of the common
item equal to 1.00. In this case the error variance
for the common item is .028. The error variance

for the other items is .076. This value results from

the addition of .048 (the error variance for a com-

plete design and Il = 100) and .028 (half the error
variance of the common item for N = 100).
From this example it is clear that the linking

error diminishes quickly with an increase in the
number of common items, at least in a joint analysis
of all data. The results of Wingersky and Lord are
corroborated.

Alternative Designs With
More Than Two Test Forms s

When there are more than two test forms, the
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Figure 1
Linking Error With Error in the Common Item

(n is the Total Number of Items;
n, - 1 is the Number of Unique Items in Test 1)

(a) no error; crosses refer to individual items

way in which tests overlap can be varied while
holding the total overlap constant. The overlap may
have an impact on the size of the error variances
of the difficulty parameters, as will be demon-

strated.

Three groups of 100 examinees with identical 0
distributions and three 30-item tests with b equal
to 0 were selected. Error variances for two designs
were computed, and are presented in Tables 2 and
3. In the first design, Tests I and 2 were linked by
items 26 through 30, and Tests 2 and 3 by items
51 through 55. There was no direct link between
Test 1 and Test 3. This had an effect on the error

variances of the unique items in these two tests,
which are larger than the error variances of the
unique items in Test 2. In the second design, all

tests overlapped through the same common subtest.
The largest error variance was smaller than the
largest error variance in the first design. In vertical
equating, when the examinee groups differ in av-
erage ability, other results might be expected.

Comparison of a Rasch Analysis
~~~ ~ Two-Parameter Analysis

The error variances in this study were derived
under the condition that the model assumptions
were fulfilled. The error variances under two models
can be compared only when both models are true,
which in this connection implies the validity of the
Rasch model. In this section, violation of model
assumptions is briefly discussed, but first the one-
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Table 2
Variances of Item Parameter Estimates

in Design 1

and two-parameter models are compared given the
validity of the one-parameter model

The comparison involved two groups of 100 ex-
aminees (again with identical 0 distributions) and
two hypothetical 30-item tests. In the first test, 10
items had b = - 1.0~ in the second test, 10 items
had b = 1.0. The remaining items, among which
five items were common, had b = 0. Table 4 pre-
sents the theoretical error variances for the diffi-

culty parameters, using Equation i39 based on the
restrictions 5b = 0 and Xa === n. The impact of
errors in as on the error variances of bs is clear.

Should the Rasch model be true, a Rasch analysis
should be performed rather than a two-parameter
analysis.

Unfortunately, in practice, the true model is un-
known. In many cases, however, items are likely
to differ somewhat in discrimination and the Rasch

model analysis is in error. This error can be serious
in incomplete when the different examinee
groups have various ability levels, as in vertical
equating. This is demonstrated in Figure i which
displays a design with only one common item.
Assume that all items except this item conform to
the Rasch model. When it has a steeper slope (it
is likely that the common items are relatively more
discriminating), it will be relatively easy in a higher-

Table 3

Variances of Item Parameter Estimates

in Design 2

ability group and relatively difficult in a lower-
ability group. There is only one parameter estimate
for the common item; the different behavior of the
item in the two groups appears in systematic dif-
ferences between of the other items in both test

forms, and consequently between 6s of the two
different groups. From Figure 1 bt can be concluded
that the systematic difference equals roughly the
size of the difference between the apparent diffi-
culties of the item.

Table 4

Variances of Difficulty Parameters
in a Two-Parameter Analysis

Discussion

With an incomplete design it seems important
to derive the error variance-covariance matrix for
item and/or person parameters from the joint item
and person parameter information matrix, as sug-
gested by Lord and Wingersky (1985). Here it has
been demonstrated that the item error matrix can

be obtained rather easily, even when there is a large
number of examinees in an incomplete design. Next,
the error variances for person parameters can easily
be obtained.

B4arginaJ maximum likelihood estimation in-

valves estimation of distribution parameters rather
than person parameters. Nevertheless, some of the
arguments presented here apply equally well to MML
with item parameters and population parameters for
a number of populations. Also in this estimation
procedure the item parameter error matrix depends
on all parameters and on the types of restrictions
used to fix the 0 scale. With MML a researcher might
decide to place restrictions on the population pa-
rameters. In the Rasch model, for example, the
sum of the population means might be set equal to
0.

The robustness of the parameter estimates under
violation of the model assumptions needs more
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careful study. In incomplete designs, deviations
from the model assumptions can result in more or
less serious errors.
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