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A Reply to Angoff
Robert L. Brennan and Michael J. Kolen
American College Testing Program

We would like to thank Angoff (1987) for his
thoughtful and extensive review of the Kolen and
Brennan (1987) and Brennan and Kolen (1987)
papers. His comments were very helpful to us in
clarifying our thinking about a number of issues.
Although we find ourselves in agreement with most
of his comments, there are two issues that we be-
lieve merit further consideration-synthetic pop-
ulation weights and the circular equating paradigm.
In retrospect, our initial discussion of these topics
probably should have been more extensive. ~1e
hope that the following reply will clarify our po-
sition with respect to these two issues.

Synthetic Population Weights

The Tucker and Levine linear equating equations
that are summarized in Table 3 of Kolen and Bren-

nan (1987) employ the weights vv, and w, for the
new and old populations, respectively. The only
constraints on these weights are w, - 0, w2 : 0,
and w, + w, = 1. As such, these weights define
the &dquo;synthetic population,&dquo; a term introduced by
Braun and Holland (1982, p. 21). For example, if
Wj = W2 = .5, then the synthetic group consists of
an equal weighting of the two populations, regard-
less of the actual size of either population or the
size of the equating samples from either popula-

tion. By contrast, if Mi and n, are the equating
sample sizes, then using w, = n,l(n, + ~2) and
W2 = n2l(n, + n2) means that the two populations
are weighted relative to the equating sample sizes.

Although our basic equations are for the general
case (wi ~ 0, W2 -- 0, and w, + W2 = 1), we sug-
gest that using w, = 1 and W2 = 0 often leads to

the most simple and direct score interpretations.
We state that this is especially true when only one
form is administered on any test date, a form is
retired immediately after use, and the focus of score
interpretation typically is on the group that just took
the new form. (In effect, the equations provided
by Gulliksen, 1950, pp. 299-304, also apply to
this case.) We do not suggest routine use of w,
= I and w2 = 0, but we do recommend that prac-
titioners consider this weighting scheme more often
than is currently the case.

It seems clear, however, that Angoff sees little
merit in using w, = 1 and w2 = 0. He points out,
for example, that different results would be ob-
ed if w, = 0 and W2 = 1 were used, even though
this weighting scheme also leads to relatively sim-
ple score interpretation. He sees this difference in
results as problematic because &dquo;the ultimate aim

of equating is to provide an equation that describes
the nature of the conversion of units from one in-

strument to another, without regard to the nature
of the particular groups to whom these instruments
were administered in the equating study ’ ’ (Angoff, 9
1987, p. 295). To buttress his argument, he points
out that a study by Angoff and Cowell (1986) sup-
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ports the assumption of group invariance with

respect to equating, and he claims that using
wi = 1 and w, = 0 will likely lead to biased equat-
ing results.
As stated above, our recommendation for con-

sideration of w, = I and w, = 0 is based upon the

fact that these weights lead to simpler equations, 9
as well as our judgment that results obtained using
these weights are simpler to interpret, and are often
(not always) more directly relevant to decisions
made in certain contexts, especially licensure and
certification testing. We offer no further defense
for these particular weights. However, we infer
from some of Angoff’s comments that his criti-
cisms might extend to any weighting system that
departs from weighting relative to equating sample
sizes or, perhaps, equal weighting. Therefore, many
of the comments that follow are framed in the con-

text of any set of weights.
~7~ are in complete agreement with Ar~~&reg;ff 9s

statement about the &dquo;ultimate aim of equating,&dquo;
and his excellent study with Cowell lends consid-
erable credence to the assumption of group invar-
iance. Our disagreement with Angoff centers around
our interpretation of the role of Wj and w2 in the
equations in Kolen and Brennan (1987).

Specifically, we argue that w, and ~v2 define the
population of interest and, as such, they may be
viewed as (synthetic) population parameters. Once
this population is defined (i.~. g ~, and w, are spec-
ified), then (and only then) can the invariance of
any estimated equating relationship be examined
for various subsets of this (synthetic) population.
Indeed, as Angoff has pointed out, the very form
of the Tucker and Levine equations (see Table 3
of Brennan & Kolen, 1987) dictates that they are
not invariant with respect to the choice of the w,
and w, weights used to define the synthetic pop-
ulation. In our view, this fact is not an indictment
of any particular weighting scheme; it is merely a
statement of fact about equating with nonequivalent
populations. Consequently, the issue of invariance
is primarily an issue for subsets of examinees from
the synthetic population, not for the potentially in-
number of ways the synthetic population could
be defined.

Of course, it is possible to examine the extent
to which choice of weights leads to different equat-
ing relationships with the common-item nonequi-
valent-populations design. The conclusion reached
will be a consequence of the extent to which the

populations that form the synthetic population are
nonequivalent. The nonequi valence of the popu-
lations in conjunction with different weights guar-
different equating relationships, even though
the differences are often very slight.

Note also that, given the role of w, and w, in
the equations in Kolen and Brennan (1987), t~i
and w, should be defined a priori-that is before
equating samples are selected or sample sizes are
specified. This point is analogous to the a priori
specification of a population before drawing a sam-
ple in the classical theory of statistical inference.
From this perspective it is somewhat difficult to

justify the weights w, = n,l(n, ~- ~) and w, = nl
(n, + n,), which are based on equating sample sizes,
unless the relative values of n, and n, are chosen
to reflect the intended, relative weights of the two
populations in the synthetic population.

In practice, Wi = n,l(n, + ~2) and w, = n,l
(n, + n,) are likely the most commonly used weights,
in part because their use leads to relatively simple
equations, such as those in Angoff (1971). More-
over, these weights often yield a synthetic popu-
lation that practitioners would claim is of some
interest to them if they were specifically asked to
define the synthetic population. However, in our
experience, equating sample sizes do not always
reflect the relative, intended weight of the separate
populations in forming a synthetic population. The
problem becomes especially complicated when a
new form is linked to two or more old forms and
different sample sizes are used for the various links.
The extent to which practitioners are truly inter-
ested in the specific synthetic population they have
implicitly defined for a specific equating is a matter
of speculation.

Finally, we strongly endorse Angoff’s concern
for characterizing and eliminating bias in equating.
However, it is our contention that the issue of bias
can be addressed only after the population has been
clearly and unambiguously defined (i.e. ~ only after

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



303

a single choice has been made for ~ and w,). That
is in our view, an estimated equating relationship
may be biased relative to the &dquo;true&dquo; relationship
for the prespecified population of interest, but bias
does not occur simply because of the method cho-
sen to define a population a priori. Similarly, we
would not find it helpful (and perhaps not mean-
ingful) to say that an observed equating relationship
is biased using w; = 1 and w, = 0 but unbiased

using some other choice of weights. It is true, of

course, that bias will result if Wi = I and ~a2 = 0

are actually used when the intended weights are,
say, W) = w, = .5, but this would be a clear misuse
of the weights Wj = 1 and w, = 0.
The above comments probably should be eval-

uated primarily for their theoretical/philosophical
worth, rather than their practical implications in
most contexts. As stated and illustrated in Kolen

Brennan (1987), different choices of weights
usually lead to only slight differences in equating
relationships.

Circular Equating ~~~°~d~~

Angoff (1987) states that the circular equating
paradigm, as a process for checking on equating
stability, is useful because &dquo;it provides advance
knowledge of what the errorless result should be,
this knowledge can be used in evaluating the
error in an actual equating chain&dquo; (p. 298). Con-
sequently, he suggests that the concerns about this
paradigm that are expressed by Brennan and Kolen
(1987) &dquo;seem not to be fully justified&dquo; (p. 298).
We agree with Angoff that the errorless result

for equating in a circle is clear. Specifically, for
linear equating with three forms, the errorless result
is a slope of 1 and an intercept of 0 for Equations
5,6, and 7 in Brennan and Kolen (1987). However,
in practice, and Kolen state that the form
of Equations 5 through 7 reveals that, although the
slopes will be equal (not necessarily 1), the inter-
cepts will be unequal. Angoff disagrees. He states
that &dquo;if the values of the slope and intercept pa-
rameters in their Equations 5,6, and 7 were spec-
ified in detail ... the intercepts in all three equa-
tions would be zero&dquo; (p. 298).

Although Angoff does not present a proof of his
contention, we believe that the essence of our dis-
agreement with him involves population consid-
erations similar to those discussed above. To ad-
dress this issue, consider the circular equating
paradigm in Figure I ofBrennan and Kolen (1987),
and let the three constituent equatings be denoted
X,-to-Y,, Y,-to-Z,, and Z,-to-X,, where the sub-
scripts 1,2, and 3 designate the groups of ex
inees who take Forms X, Y, and Z, respectively.
If these three groups are isomorphic with the same
population, then Angoff’s statement is true. In

practice, A~~&reg;ff’s s zero-intercepts contention could
be achieved, for example, by administering ail three
tests to the s~na~ group of examinees and equating
the three pairs of tests without using common-item
links.

However, Angoff’s contention about zero in-

tercepts is not true, in general, for Tucker and/or
Levine equating with the common-item nonequi-
valent-populations design. en this design is used
in the circular equating paradigm, three different
synthetic populations are involved. They are the
synthetic populations for ~~1-t&reg;-~’2, ‘~2-t&reg;-~3, and
Zg-to-Xj. It is possible to demonstrate analytically
that Equations 5 through 7 generally have nonzero
and unequal intercepts for any a priori choice of
weights, but the required equations are exceedingly
complex. Therefore, provided below are illustra-
tive results for circular equating with three forms
of two certification tests, each of which has 125

items with a common-item section of 30 items.

(Kolen, 1985, also considered these data, but from
a slightly different perspective.)

For each test, Table I provides slopes and in-
tercepts for the linear equatings of each of the three
pairs of forms based on Tucker assumptions with
weights proportional to sample sizes. (For purposes
of subsequent comparisons, mean equating results
are also provided.) Using the linear equating results
in Table i , Table 2 provides the slopes and inter-
cepts for equating in a circle, conditional on the
form used as the initial (and final) form. For ex-
ample, using Equation 5 in Brennan and Kolen
(1987) and starting with Form X, the result is
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For both tests, the linear (Tucker) equating re-
sults in Table 2 demonstrate that, under the circular

equating paradigm, slopes are identical regardless
of initial form but intercepts differ. (Table 2 also
demonstrates that with mean equating, both the
slopes and intercepts are unchanged by the choice
of initial form.) Furthermore, the equatings are un-
equally accurate for the three starting forms, based
on a root-mean-squared-error criterion defined as

where f is the frequency of score (a = 0, ..., k)
of the initial form, and gi is the estimated equated
score associated with a raw score of i.

Clearly, under the circular equating paradigm
with Tucker (and Levine) equating, results differ
depending on the initial form that is specified. These
differences are a source of ambiguity to us when

we attempt to interpret results such as those in
Table 2.

Recall that the linear equating results in Tables
1 and 2 are based on weights that are proportional
to equating sample sizes (see footnote b in Table
1). It might be hypothesized that the intercepts and
RMSEs would be identical under some other a priori
choice of weights. This is not generally true. For
example, with weights of .5 for the Test 1 forms s
in Tables 1 and 2, the Tucker linear equating in-
tercepts are - 7. ~ ~~2, - 7. 2496, and -6.8834
when the starting forms are X, Y, and Z, respec-
tively, and the corresponding RMSEs are 1.5421,
1.4441, and 1.6929. This illustrates that the crux
of the matter is not the specific choice of weights;
it is the fact that, implicitly or explicitly, weights
are required because populations are nonequiva-
lent.

We also express concern about the circular

equating paradigm as a procedure for evaluating
different equating procedures. Specifically, we state
that under the circular equating paradigm,

... an equating procedure involving the es-
timation of only one or two moments often

Table 1
Mean and Linear Equating Results for Three Forms

in a Circular Equating Using Tucker Assumptions

afor mean equating, an equated score is m(x) = x - [ps(x) - PS(Y)I ]
where and under Tucker assumptions, are defined in Table
3 of Kolen and Brennan (1987). .
bthe weights as follows:
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Table 2
Results for Circular Equating Conditional

on the Form Used as Initial Form

Note. Mean linear equating results are based on Tucker assump-
tions. Equipercentile equating results are based on frequency
estimation.

tends to appear better than one involving the
estimation of many moments. For example,
using this paradigm with real data, mean

equating often appears to be better than linear
equating, which in turn often appears to be
better than equipercentile equating. (Brennan
& Kolen, 1987, p. 283)

These statements are illustrated by the mean, lin-
ear, and equipercentile equating results in Table 2.
Based on the RMSE statistics, in almost all cases
mean equating appears better than linear equating,
and linear equating appears better than equiper-
centile equating. There are exceptions (e.g., equi-
percentile vs. linear equating for Test 1 starting
with Form Z), but not many. We suggest that this
pattern of results is primarily a statistical artifact
brought about by comparing procedures that in-
volve estimating different numbers of parameters.

In short, we continue to have reservations about
the circular equating paradigm as a procedure to
examine equating stability or to evaluate equating
procedures based on estimating different numbers

of parameters. Consequently, we recommend that
this paradigm be used with considerable caution.
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