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Linking Item Parameters
Onto a Common Scale
C. David Vale
Assessment Systems Corporation

An item bank typically contains items from several
tests that have been calibrated by administering them
to different groups of examinees. The parameters of
the items must be linked onto a common scale. A

linking technique consists of an anchoring design and
a transformation method. Four basic anchoring designs
are the unanchored, anchor-items, anchor-group, and
double-anchor designs. The transformation design con-
sists of the system of equations that is used to trans-
late the anchor information and put the item parame-
ters on a common scale. Several transformation
methods are discussed briefly. A simulation study is
presented that compared the equivalent-groups method
with the anchor-items method, using varying numbers
of common items, applied both to the situation in
which the groups were equivalent and one in which
they were not. The results confirm previous findings
that the equivalent-groups method is adequate when
the groups are in fact equivalent. When the groups are
not equivalent, accurate linking can be obtained with
as few as two common items. Linking using a more
efficient interlaced anchor-items design can provide
accurate linking without the expense of including ex-
plicit common items in each of the tests.

From a psychometric perspective, a test item
consists of substantive content and statistical char-

acteristics. While the substantive content of the
item is most important from the examinee’s view-
point, the statistics aid in the construction of new

tests with desirable psychometric properties. The
statistical characteristics of an item are most use-

fully expressed as parameters of an item response
theory (IRT; Hulin, Drasgow, & Parsons, 1983;
Lord, 1980) model. The parameters of an BRAT model
are usually determined empirically by administer-
ing the items. For the parameters to be comparable
across the items, and for arbitrary subsets of the
items to be useful in combination with each other,
all parameters must be expressed on a common
scale. An item bank typically contains many more
items than will be administered to any one exam-

inee. Thus, parameters of the items often must be
estimated from several groups of examinees and
then linked together onto a common scale. Such
linking is the topic of this paper.

Basic Concepts in Linking

Two popular IRT models are the Rasch model
and the three-parameter logistic model. The item
characteristic curve (icc) for the three-parameter
model expresses the probability of a correct re-
sponse as a function of ability (0) and three item
parameters: a, the discrimination; b, the difficulty;
and c, the probability of answering the item cor-
rectly through guessing. The functional relation-
ship is given by
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where

The Rasch model is a restricted form of the three-

parameter logistic model in which the a parameter
is set to .588 and the c parameter is set to 0.

Before IRT can be used to infer test character-

istics, the item parameters must be estimated. This

process of estimating item parameters, called cal-
ibration, is accomplished by simultaneously esti-
mating the Os and item parameters on a long test
administered to a large sample of examinees. Al-
though a description of calibration is beyond the
scope of this paper (see Vale & Gialluca, 1985, or

Wingersky, 1983, for a detailed discussion of cal-
ibration), the process involves manipulating trial
item parameter estimates and trial 0 estimates until
the theoretical icc fits (i.e., maximizes the likeli-
hood of) the observed data.

Neither the Rasch model nor the three-parameter
model is completely determined by the data. Since
both models work from the difference between the

examinee’s 0 and the item’s difficulty, the scale of
0 can be changed through a linear transformation,
as long as the item parameters are also changed
consistently.

Consider the case of an alternate scale, 0*, in
which the item characteristic function is given by
Equation 3:

Both the 0 and 0* scales are equally satisfactory
representations of the same data if P = P*, which
implies that

Say that the relation between the scales is given
by

Note that the relation of b* to b is the same as the

relation of 0* to 0.

The calibration process must fix the scale, which
can be done somewhat arbitrarily. Traditionally,
Rasch calibrations fix the scale by setting the mean
item difficulty to 0 and letting the 0 scale float
accordingly. Three-parameter calibration processes
traditionally fix the 0 scale such that the mean of
the sample 0 distribution is 0 and its variance is 1.
An often-touted virtue of IRT is its sample in-

dependence, however, and fixing the scale to char-
acteristics of each calibration sample defeats this
feature. Linking is the process whereby the item
parameters are adjusted to put all of them onto a
common scale. In the case of the three-parameter
logistic model, only the a and b parameters are
scale-related. The c parameters are not affected by
linking because they are on the probability metric
rather than the 0 metric.

Linking is often considered a separate operation
from calibration. Items may be calibrated first and
then the parameters may be adjusted to a common
scale. The common scale is determined by extra-
calibration comparison of the item parameters or
the resultant 0 estimates. The distinction between

calibration and linking is more apparent than real,
however. If a single item were calibrated, the two
scale-related parameters a and b could legitimately
take on almost any values; there would be a 0 scale
to correspond to whatever pair of parameters was
developed. If this item were to be used in con-

junction with another item, however, the param-
eters would have to be adjusted so that the 0 scales
corresponding to the parameters of the two items
were the same. Traditionally, if this were accom-
plished by estimating the parameters of both items
simultaneously, it would be called calibration. If
it were done by transforming the parameters to a
common scale after calibration, it would be con-

sidered linking.

Anchoring Designs

There are a number of ways linking can be ac-
complished. All of these methods are composed of
an anchoring design and a linking transformation.
The anchoring design refers to the way in which
tests and examinee samples are assembled. The
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linking transformation refers to the equations used
to put the item parameters onto a common scale.
The anchoring design ensures that there will be

a basis for comparison among separate calibrations.
Consider the case of two tests administered to two

groups of examinees. An anchor consists of a per-
son who answers items from both tests or an item

that is taken by members of both groups. In con-
cept, the difference in parameter estimates obtained
from the two groups on the common items, or the
difference in 0 estimates obtained on the two tests

by the common group of examinees, is used to

provide the information necessary to transform the
two sets of parameter estimates to a common scale.

The boxes in Figure 1 represent matrices of per-
sons and items in which each intersection of a per-
son and an item is a potential item administration.
An item administration consists of one item ad-
ministered to one person. The best calibration de-

sign would be one in which all items were admin-
istered to all persons. Economic considerations

usually make this impossible, however, because
the cost of a calibration and linking study is directly
related to the number of item administrations. A

good anchoring design is one that results in the best
calibration and linkage for a given number of item
administrations. In the examples shown in Fig-
ure 1, exactly half of the potential item adminis-
trations are assumed to occur. An anchoring design
refers to the arrangement of item administrations
in the incomplete matrices.

Figures la through ld show, in schematic form,
the basic anchoring designs. Figure la illustrates
an unanchored design. The item pool is split into
two tests with no overlap and the sample of ex-
aminees is split similarly. The first group takes the
first test and the second group takes the second

test. If the parameters are to be on the same metric,
this must be accomplished by making either the
groups or the tests equivalent. Making the groups
or tests equivalent is external to the design. Groups
may be made equivalent by randomly assigning,
to each group, examinees sampled from one pop-
ulation. If the samples are large, the equivalent-
groups method can be an effective method of equat-
ing (Vale, Maurelli, Gialluca, Weiss, & Ree, 1981).

Similarly, tests may be made equivalent by sam-
pling items from a common domain. Unless the
tests are unusually long, however, the equivalent-
tests method is unlikely to be an effective substitute
for anchoring even if the items are randomly as-
signed to tests. The major advantage of the unan-
chored design is that administrations are evenly
spread across the items and each item has an equal
number of administrations. Although there is no

guarantee that an equal number of administrations
will yield equally good estimates of each item’s
parameters, when there is no prior knowledge of
item parameter values or examinee Os an equal
number of administrations provides the best op-
portunity for equivalent precision of estimation.

Figure lb shows the classic anchoring design,
the anchor-items design. In this design, a subset
of the items is contained in both tests. The param-
eters of these common items are compared to de-
termine the linear transformation necessary to put
all of the items onto a common scale. The major
advantage of this design is that equivalence need
not be assumed for either the tests or the samples.
Its major disadvantage is that the parameters of the
common items tend to be well-estimated at the

expense of the parameters for the unique items,
which have fewer administrations.

Figure Ic is the transpose of Figure 1 b . It rep-
resents an anchor-group design, in which a com-
mon group of examinees takes both tests. The item

parameters of the two tests are put on a common
scale by finding the transformation that yields
equivalent 0 distributions for the common exami-
nees when Os are estimated on the two tests. Like

the anchor-items design, this design eliminates the
need to assume equivalence of tests or examinees.
It also overcomes the disadvantage of uneven qual-
ity of estimation across the items. Unfortunately,
it does this at the expense of uneven quality of 0
estimation, which may have an effect on parameter
estimation. An additional practical disadvantage is
that it may be difficult to find a common group of

examinees who can and will take all of the items
in the bank.

Figure ld shows a double-anchor design in which
there are both common items and common ex-
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Figure 1
Basic Anchoring Designs
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aminees. Although there is some surface appeal to
this design because of its apparently firmer an-
choring, it appears to have all of the disadvantages
of the two one-way anchor designs (i.e., uneven
quality of estimation of both item and person pa-
rameters) with no additional benefits. Furthermore,
there is no simple transformation for the double-
anchor design. Not surprisingly, this design has
seen little use.

These four designs are only prototypes: The tests
need not be of equal length, nor must the sample
sizes be equal. Furthermore, the limit on the num-
ber of tests is practically infinite, if all combina-
tions of items are considered, as is the maximum
number of possible samples.

Figure le shows an interlaced anchoring de-
sign. In this design, the number of tests is equal
to the number of items. The first test begins with
the first item and runs sequentially through the items
until it reaches its established length. The second
test begins with the second item. The final tests
run to the last item and then wrap around and con-

tinue from the beginning. There are two advantages
to the interlaced design. First, an anchor-items ef-
fect is achieved while keeping the numbers of
administrations equal across items and test lengths
equal across examinees. The second advantage is
that the design also achieves an equivalent-groups
effect, even when it is applied to two distinctly
different groups of people; only if the design is
explicitly perverted will there be a substantial dif-
ference in 6 levels among examinees taking dif-
ferent tests. The disadvantages are that the simple
linking transformations are no longer simple and a
large number of tests must be printed if the cali-
bration is done in the paper-and-pencil mode. How-
ever, a joint calibration procedure (discussed be-
low) neatly solves the transformation problem, and
the number of forms is not a problem for computer-
administered tests.

Figure If shows a block-interlaced anchoring de-
sign. This is similar to the completely interlaced
design except that the number of tests is less than
the number of items. This design, like the fully
interlaced design, administers all items to an equal

number of examinees. It offers the practical ad-
vantage of requiring fewer tests.

Linking Transformations

The linking transformation places the parameters
on a common scale. The simple procedures find a
linear transformation that can be used to express
one 0 scale or one item difficulty scale in terms of
another, and then extract the coefficients from that
transformation, according to Equations 5 and 7.
These methods differ in the ways in which they
estimate the coefficients of the linear transforma-

tion from these equations.
A linking transformation, like an equating trans-

formation, must be symmetric; it must yield an
equivalent transformation regardless of which scale
is chosen for the common scale (e.g., Test X,
Test Y, or some other score scale). Thus, it cannot
be a regression equation. The transformation con-
stants can be obtained from the equations

where X*, X, S*, and S are respectively the scale
origins and units. The means and standard devia-
tions of either the Os or the b parameters from the
two tests are typically used. In fact, these distri-
butions are unknown, and distributions of estimates
are used instead. Vale et al. (1981), for example,
used the 0 estimates; Marco (1977) used the dif-
ficulty estimates.

There is a subtle biasing effect that results from
using the estimates of either the Os or the bs. Spe-
cifically, although the means are unbiased esti-

mates of the means of the true origin parameters,
the variances of the distributions of estimates are
inflated because the estimates of the Os and bs con-
tain error. This problem is pronounced only when
the quality of the estimates differs across the sam-
ples or tests being linked (and thus the amount of
error varies). If the sample sizes or the test lengths
are unequal, the quality of estimation is likely to
be more uneven.
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Several variations in the method of determining
the transformation constants have been suggested.
Bejar and Wingersky (1981) and Vale et al. (1981)
used robust estimation of the moments as one al-

temative ; this procedure gives less weight to de-
viant values in the estimation of the origin and unit
scale constants than do standard procedures. Iron-
son (1982) and Reckase (1979) used principal com-
ponents analysis to determine the transformation
constants. More recently, Stocking and Lord (1983)
suggested a substantial revision of the transfor-
mation procedure. Their method minimizes the dif-
ferences between estimated true scores (i.e., test

characteristic curves) on the anchor tests across

samples. (An estimated true score is computed as
the sum of the icc probabilities of all common
items administered to each examinee. ) Divgi (1985)
suggested a computationally simpler transforma-
tion that, like the Stocking and Lord procedure,
uses both a and b parameters in making the trans-
formations but also considers the errors of estimate
in the parameters. To date, there has been little
evidence that any of the complex procedures are
superior to simple mean and standard deviation
transformations.

A final transformation method was developed
from a feature originally incorporated into the cal-
ibration program LOGIST (Wingersky, Barton, &

Lord, 1982). The algorithm used by LOGIST esti-
mates the Os and the item parameters in two phases.
This phased process makes the simultaneous or
joint estimation of Os and item parameters numer-
ically tractable. The important feature is LOGIST’ S
capacity to estimate Os for examinees on a subset
of the items and to estimate the parameters of the
items on a subsample of the examinees. When items
not administered to any examinee are coded as &dquo;not

reached,&dquo; they are disregarded in the estimation
process. Thus, the technique uses all of the avail-
able information in a simultaneous calibration.

This final transformation technique virtually
eliminates the distinction between calibration and

linking. Anchoring designs that traditionally would
have required two calibration runs and a linking
transformation can be accomplished in a single cal-
ibration run.

Linking an Item Bank

Linking a bank of items together onto a common
scale should be accomplished using a design that
produces a set of parameters that work well to-
gether for the estimation of 0. The choice of a
design amounts to the selection of an anchoring
design and a transformation method. The linking
design should not be chosen without considering
calibration, however. The overall goal of calibra-
tion and linking is to express each item’s param-
eters on a common scale (i.e., to accurately esti-
mate the parameters), not merely to adjust each
subtest onto a common scale.
A relatively large study of linking by Vale et al.

(1981), considering overall accuracy, suggested that
(1) when the groups are equivalent, the equivalent-
groups procedure works quite well; (2) when the
groups are not equivalent, the anchor-group method
or the anchor-items method should be preferred;
(3) the anchor group should contain at least 30
examinees; and (4) there may be no difference be-
tween anchor tests of 5, 15, and 25 items. This
last finding was probably the most bothersome,
because an anchor test of five items seems rather
short.

Recent work by Wingersky and Lord (1984) also
suggests that short anchor tests coupled with joint
calibration may be acceptable. They noted re-

markably little difference in the b parameter error
when the length of the anchor test was reduced
from 50 items to 2 items.

Some other empirical work seems to suggest that
five items are insufficient. One empirical finding
was pointed out by Vale et al. (1981) concerning
a study done by Ree and Jensen (1980). Ree and
Jensen compared methods of common item linking
using two 80-item tests with 20 overlapping items
at various sample sizes. Because they used equiv-
alent groups of examinees and their calibration pro-
gram fixed the 0 scale on the same metric each

time, their items were linked using an equivalent-
groups procedure before they ever applied the anchor-
test equations. Comparing their results before and
after linking was illuminating because their param-
eters were typically more accurate before their ex-
plicit anchor-test linking than after.
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A Simulated Comparison
of Linking Designs

Method

To further investigate the allocation of testing
time to anchor items and to evaluate the utility of
the interlaced design, which in theory can emulate
the effects of equivalent groups and a common-
items anchor without the problems inherent in either
design, a small simulation study was conducted.
In this study, linking effectiveness was evaluated
under two conditions in two-way designs.

Conditions. The two conditions were linking
with equivalent and non-equivalent examinee sam-
ples. For the equivalent-groups simulation, two ex-
aminee samples were taken from the same popu-
lation which had a mean 0 of 0 and a variance of

1. For the non-equivalent groups, two samples of
examinees were taken from populations with means
.5 units apart. One population had a mean 0 of
.25 and the other had a mean 0 of .25. The

variances in both populations were .9375, the value
that made their combined variances 1.0. 0 was

normally distributed in all populations. The non-
equivalent groups in this simulation represent dis-
tributions of 0 that might arise if examinees were
sampled from two different sources.

Items. A pool of 60 hypothetical items was
used. Difficulty parameters (b) ranged from - 2.1 I
to 2.1 in increments of .3. At each difficulty level
were four items, two with a parameters of 1.0 and
two with a parameters of 1.5. All c parameters
were .2. From this pool, tests of 30, 31, 32, 35,
and 40 items were constructed. The items included

in each of these tests are shown in Table 1.

Test length and anchoring design. The two

factors in the two-way designs were test length (and
thus the number of overlapping items) and an-
choring design. Three anchoring designs were in-
vestigated : separate, standard, and interlaced. In
the separate and standard designs, items were di-
vided into two tests. Tests of 30 items in length

Table 1

Items Included in the Tests
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had no items in common, tests of 31 items in length
had 2 items in common, and tests of 40 items in

length had 20 items in common. In the separate
design, each of the two tests in each cell was cal-
ibrated separately using ASCAL (Vale & Gialluca,
1985), a microcomputer program similar to LOG-
1ST, and the items were linked by deriving the trans-
formation parameters from the means and standard
deviations of the b parameters. In the standard

method, both test forms were calibrated simulta-

neously in a single run of ASCAL.
In the interlaced design, a form of the test began

with each sequential item in the set of 60 and con-
tinued for the length of the test. Thus for each

length there were 60 tests; the 30-item tests had,
on average, approximately 15 items in common.
All interlaced designs were calibrated using the
simultaneous procedure in which all forms were
calibrated in a single run of ASCAL. Note that al-
though the constraints of the environment (i.e., two
distinct groups of examinees and the capacity to
use only half of the potential item administrations)
were maintained, the nature of the interlaced design
resulted in effectively equivalent groups and sub-
stantially more common items for a given test length,
compared with the anchor-items design.

Examinees. The number of examinees ranged
from 750 to 1,000 for each calibration. For each

design, the number of examinees was adjusted so
that the number of item administrations was ap-

proximately 60,000. Thus 1,000 examinees took
the 30-item tests, 968 took the 31-item tests, 938

took the 32-item tests, 857 took the 35-item tests,
and 750 took the 40-item tests. Such adjustment
of the number of examinees simulated a constant

amount of examinee time for each test length.
Each cell of each experimental design contained

four replications. Each replication contained in-

dependently simulated examinees. For each repli-
cation, responses were independently generated and
the items were calibrated.

Criteria. Two criteria of linkage quality were
evaluated in each cell. The first was an efficiency
criterion developed by Vale et al. (1981; Vale &

Gialluca, 1985). This criterion is the ratio of the

psychometric information (~irr~baum, 1968) that

can be extracted using the estimated parameters to
the information that can be extracted using the true
parameters. The second criterion was the root mean

squared error (RMSE) of the b parameters. This was
computed as the square root of the average of the
squared differences between the true and the es-
timated b parameters across the 60 items. The four

replications in each cell were then averaged.
RMSE is an index often used in evaluations of

calibration and linking. It is useful, however, only
if the scale onto which the parameters are linked
is the same as the true scale. In simultaneous cal-

ibrations, the scale is defined to have a mean of 0
and a variance of 1, the parameters of the true &reg;

distributions used in the simulations. In separate
calibrations, the scale of one administration is typ-
ically expressed on the scale of the other. This
makes RMSE comparisons with true parameters
meaningless. RMSE was thus not computed for the
separate calibration cells.
The significance of the differences among test

lengths and anchoring designs was investigated
separately for the equivalent- and non-equivalent-
groups conditions using two-way fixed-effects
analyses of variance (ANOVAS). Efficiencies and

RMSES were evaluated separately as dependent var-
iables, without transformation. The a~rov~s were
run excluding the 30-item tests. In a sense, the 30-
item tests represented an unfair comparison of the
separate and standard designs with the interlaced
design because, at that length, only the interlaced
design had any items in common among forms.

Results

Mean efficiencies of calibration in the equivalent-
groups condition are summarized in the upper left

portion of Table 2 and graphically portrayed in the
upper left graph of Figure 2. Little difference was
observed between the three anchoring designs. The
conclusion of equivalent efficiency with equivalent
groups was supported by the lack of significant
differences between designs in the analysis of var-
iance (Table 3). There were significant differences
among test lengths, however, with longer test lengths
producing higher efficiencies. The effects of test
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Table 2
Mean Efficiency and b Parameter RMSE

Note: Column means exclude the 30-item tests.

length accounted for 27% of the variance in effi-
ciency (i.e., 11 = .52).

The upper right graph in Figure 2 shows plots
of the b-parameter RMSE for the equivalent groups.
No differences are apparent in the figure, and no
significant differences were found in mean RMSE
(Tables 2 and 3) for either test length or design.
Thus, when the parameters are considered individ-

ually, if the groups are equivalent it appears to
make no difference how the available administra-

tion time is distributed among tests or how the tests
are anchored.

The lower left graph in Figure 2 shows plots of
efficiency for the non-equivalent groups. These are
markedly different from the comparable plots for
the equivalent groups. The interlaced design pro-
duced the highest efficiencies in four of the five
comparisons; the separate and standard designs
produced approximately equivalent efficiencies. The
separate and standard designs were distinctly in-
ferior for the 30-item (no-overlap) tests. The effect
of test length on efficiency (disregarding the 30-
item tests) was significant. The 11 (.55) was re-
markably similar to that of the equivalent-groups
condition (.52).

The lower right graph in Figure 2 shows the b-
parameter RMSE for the non-equivalent-groups con-

dition. The interlaced design provided smaller er-
rors at all levels of test length than did standard
anchoring. The RMSE in the standard design dropped
until tests were 32 items long, after which it leveled
out. As shown in Table 3, test length, anchoring
design, and the interaction between them were all
significant at the 5% level. This interaction appar-
ently occurred because the RMSE of the standard
anchoring design decreased with test length while
that of the interlaced design did not.

Discussion

This study attempted to elucidate the best way
to design a calibration and linking study with a
fixed amount of examinee resources. The results

suggest that the tests should be as long as possible
and that the anchoring should be done using the
interlaced design, if feasible. The study did not
carry the design to its logical extreme, where the
number of examinees was halved and all examinees

took all items. Extrapolation from the trends found
in the data suggests that this would be the optimal
design.
The data also suggested that anchoring is un-

necessary but not harmful when the groups are

equivalent. In this condition, the anchoring design
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Table 3

Analysis of Variance Excluding the 30-Item Tests

appears to make little difference in terms of effi-

ciency and RMSE of b parameters. The test length
still is important, however.

Significant improvements in efficiency were ob-
served as the test lengths, and the numbers of com-
mon items, increased (at the expense of sample
size) in both the equivalent- and non-equivalent-
groups conditions. Since test length and overlap
were confounded in this study, this could be due
either to test length effects (noted to be substantial
by Vale et al. , 1981) or to the concomitant in-
creases in the number of common items.

Results suggest that the number of common items
does not improve efficiency in the equivalent-groups
condition: The effective number of items in com-
mon in the interlaced design was substantially greater
than for the other two methods for all test lengths.
If anchor items improve linking in the equivalent-
groups condition, a significant difference among
anchoring designs should have been observed; it

was not. This suggests that common items are not
useful when groups are equivalent.

Similarly, some evidence indicates that the num-
ber of common items is not important when the
groups are not equivalent. The variance in effi-

ciency accounted for by test length (i.e., T2) in the
non-equivalent-groups condition was essentially
equal to that of the equivalent-groups conditions.
This suggests that the differences in efficiencies
were due to improvements in calibration accuracy
(from increased test length) rather than from link-
ing accuracy (from more common items). Although

there were differences among the designs when the
groups were not equivalent, this was due primarily
to the greater efficiency of the interlaced design;
this may have been due to its ability to make the
groups effectively equivalent, rather than its having
more common items.

Thus it appears that interlaced, simultaneous cal-
ibration is the best way to link items. The data also

suggest that as few as two common items may be
sufficient for linking, using non-interlaced designs.
This conclusion is not definitive, however, because
test lengths were confounded with numbers of com-
mon items in this study. Furthermore, other factors
that may complicate practical linking studies (e.g.,
multidimensionality) were not considered in this
study.

Conclusions

Large item banks must often be developed and
administered in parts. For IRT to be a viable means
of calibrating the items in the bank, the parameters
must be expressed on a common scale by means
of a linking technique.

In general, calibration and linking should be done
with tests as long and having as many common
items as possible. For a fixed number of available
item administrations, it is better to give longer tests
at the expense of sample size. For the general case,
the best design appears to be the jointly calibrated
interlaced design. If, however, the examinee groups
are large random samples from a common popu-
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lation, the linking method is largely irrelevant; even
so, longer tests are still preferable to short tests
because of improved calibration accuracy.
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