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Psychological research often involves analysis of an
I x J contingency table consisting of the responses of
J groups of individuals on a criterion variable with I
nominal categories. The conventional statistical ap-
proach for comparing responses across groups is the
Pearson chi-square test. Alternatively, this analysis
can be viewed as a multivariate analysis of variance
with binary dependent variables, a canonical correla-
tion analysis with two sets of binary variables, or a
form of correspondence analysis. Although these anal-
ysis approaches stem from different traditions, they
produce equivalent results when applied to an I x J
table.

In psychological research, an investigator may
often wish to compare several groups of individuals

on a categorical response variable, such as a mea-
sure of attitude. The conventional statistical test in

this case is the Pearson chi-square. In this paper,
the relations between the Pearson chi-square and
several multivariate statistical techniques are illus-
trated. Specifically, it is shown that the chi-square
test for an I x J contingency table can be viewed
as a one-way multivariate analysis of variance
(MANOVA) with J groups and I - binary depen-
dent variables. This MANOVA approach is, in turn,
computationally identical to the canonical analysis
of contingency tables, as presented by Kendall and
Stuart (1967, pp. 569-574; see also Isaac & Mil-

ligan, 1983). Correspondence analysis, an ap-

that is viewed primarily as a scaling method,
yields equivalent results as well.

The following example from Marascuilo and
Levin (1983, p. 452) is used throughout for illus-
tration. Table 1 presents data from a hypothetical
nationwide survey in which 500 randomly selected
men were asked the question, &dquo;Does a woman have
the right to decide whether an unwanted birth can
be terminated during the first three months of preg-
nancy ?&dquo; The response choices were &dquo;Yes&dquo;, &dquo;No&dquo;, 9 .
and &dquo;No &reg;pini&reg;n&dquo; . There were four groups of re-
spondents : Catholic, Protestant, Jewish, and Other.
It is of interest to determine whether the four re-

ligious groups differ in te of the proportions of
&dquo;Yes&dquo;, &dquo;No&dquo;, and &dquo;No opinion&dquo; responses.

Conventional Pearson

Chi-Square Approach

To test the hypothesis that there are no response
differences across religious groups, a researcher
can compute the ordinary Pearson chi-square sta-
tistic. A convenient computational form is

I I

where fij is the frequency of the ith response
(i = ~ 929 ..., 1) in the jth group (j =

1,2, ... 9 cA )9
~+ is the marginal frequency for the ith re-

sponse category,
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Table 1

Responses of 500 Men to Abortion Survey

Note: From Multivariate Statistics in the Social
Sciences (p. 452) by L. A. Marascuilo and J. R.
Levin (1983). e Monterey, CA: Brooks/Cole.
Reprinted by permission.

f + is the marginal frequency for the jth group, 9
and

1V is the total sample size.
Equation 1 is equivalent to the familiar for,

where oii and e~~ are the observed and estimated

expected values, respectively, for the i,j cell. The
obtained X2 value is compared to the 100( 1 - a)
percentile of the ~2 distribution with (1 - 1)(.I -
1) degrees of freedom. In the present example,
X2 = 40.17, which exceeds X~:95 = 12.59, the crit-
ical value for out = .05. Therefore, the null hy-
pothesis is rejected: There is reason to believe that
the probabilities of &dquo;Yes&dquo;, &dquo;No&dquo;, and &dquo;No opin-
ion&dquo; responses to the abortion survey question dif-
fer across the four religious groups. Post hoc con-
trasts could be performed to explore the nature of
these differences.

MANOVA Approach

In order to treat the contingency table analysis
as a MANOVA, it is necessary to express the de-

pendent variable in terms of I - 1 indicator vari-

ables, denoted here as 7i and 12. 7i can be viewed
as an indicator for a &dquo;Yes&dquo; response. Respondents
who answered &dquo;Yes&dquo; are given a score of 1 on /i;
all other respondents receive a score of 0. Simi-

lady, /2 is an indicator for a &dquo;No&dquo; response. The
result of this coding is that respondents who an-
swered &dquo;Yes&dquo; receive the scores 7i = 1, IZ = 0;
those who answered &dquo;No&dquo; receive the scores 7i
= 0, 12 = 1; and those who stated they had &dquo;No

opinion&dquo; are scored 11 = 0, 12 = 0.
It is now possible to compute hypothesis (H) and

total (T) sums of squares and cross-products matri-
ces, as is done in ordinary MANOVA. These matrices
are analogous to the between and total sums

of squares in univariate analysis of variance

(ANOVA). That is, the diagonal elements hi and h22
of H are the between-group sums of squares for
the indicator variables 11 and 12, respectively, and
the off-diagonal element h12 = h21 is the between-
group sum of cross-products of 11 and 12. The ele-
ments of T are defined in a corresponding fashion.
In the present example,

I -i

(All figures are rounded to two decimal places
throughout the paper.) As shown by Kshirsagar
(1972, p. 383), the Pearson chi-square statistic can
now be computed as X2 = NV, where V =
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tr(T-1 ) is the Pillai-Bartlett statistic (Bartlett, 1939;
Pillai, 1955), a well-known MANOVA criterion. The
Pearson chi-square is expressed in a similar form
by Koch and Bhapkar (1982, p. 448). Here,

An equivalent means of obtaining V is through
solution of the equation

The eigenvalues Oi &reg;f T-1 ~re .07 and .Ol, which,
of course, sum to the trace;

where S = min(I - l, J - 1) is the number of non-
zero eigenvalues.

Canonical Analysis
of Contingency Tables

The application of canonical correlation analysis
to contingency tables is treated in detail in Kendall
and Stuart (1967, pp. 568-573). One way to con-
duct a canonical analysis of a contingency table is
to create I - 1 indicator variables, corresponding
to the I row categories, and J - 1 indicator vari-

ables, corresponding to the J column categories.
In the present example, two indicator variables can
be created to represent the three possible responses
to the survey question, as described above. Simi-
larly, religious affiliation can be represented as three
indicator variables. Then, an ordinary canonical
correlation analysis is performed, relating the I
- 1 variables representing the row categories (sur-
vey response) to the J - 1 variables representing
the column categories (religion). As in any can-
onical correlation problem, the equation to be

solved is

_ ’~ y »,~ . (8)
In this example, Ryy is the (I - 1) x (I - 1) cor-
relation matrix of the indicator variables for survey
response, R~ is the (J - 1) x (J - 1) correlation
matrix of the indicator variables for religion, and
= R~ is the (I - 1) x (.I - 1) matrix of cross-
correlations of the indicator variables representing

survey response with those representing religion.
The S = min(I - l, ,1 - 1) non-zero eigenvalues
(0i) of Equation 8 are the squared canonical cor-
relations between two sets of variables. The matrix

Ry-;; lRyft.;;/Rxy is equal to T -1 ; thus, Equation 8
is identical to Equation 6. Therefore, the canonical
approach again yields

Kendall and Stuart showed that an equivalent
means of conducting this analysis involves the ei-
gen equation
FF’v = 8v , (10)
where F is an I x J matrix with elements

.~,~(.~+ f+;)1~. When this method is used, Oi = 1 is

always a solution. This eigenvalue, which is of no
interpretive value, is discarded. The remaining S
non-zero eigenvalues are equal to those obtained
through solution of Equations 6 or 8. Therefore,
X2 can be expressed as N[tr(FF’) - 1], which is

equivalent to Equation 1.

Correspondence Analysis

A related technique for the analysis of two-way
contingency tables is correspondence analysis. A
review of the multiple origins of this method and
its applications to the case of multidimensional

contingency tables is presented by Tenenhaus and
Young (1985; see also Greenacre, 1984; Hill, 1974,
1982). A primary goal of correspondence analysis
is the derivation of optimal scale values for the row
and column categories of a contingency table.

Before discussing the method in detail, it should
be pointed out that the MANOVA and canonical cor-
relation approaches described above can also be
viewed in a scaling context (e.g., McKeon, 1964).
For instance, in an experiment with J groups and
a categorical response variable, scale values could
be assigned to each response category and a uni-
variate ANOVA performed on these values. The scale
values that would maximize the ANOVA F statistic

are the elements of the eigenvector corresponding
to the largest eigenvalue obtained via the MANOVA
approach; that is, the first discriminant function.
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This vector has I - I cle~cnts9 the lth category
receives a scale value of 0. The optimal scale values
for the independent variable, religion, could also
be obtained via the MANOVA approach by inter-
changing the role of the independent and dependent
variables, computing new H and T matrices, and
again obtaining the first discriminant function. A
researcher might wish to conduct a MANOVA in a
preliminary study to obtain optimal scale values for
use in univariate analyses to be performed in later
studies.

Although the derivation of optimal scale values
is rarely mentioned as a primary goal of MANOVA,
it is often one of the stated purposes for performing
a canonical analysis of a contingency table (e.g.,
Ke~adall ~ Stuart, 1967). The canonical approach
is typically applied in situations in which it is con-
sidered desirable to seek optimal scale values for
both the row and column categories. From a sta-
tistical perspective, however, the canonical prob-
lem is identical to the MANOVA approach, because
it is necessary to scale only one of the two variables
in order to maximize the relationship between them.
If Equation 8 is used to perform the canonical anal-
ysis, the eigenvector associated with the largest
eigenvalue is the vector of optimal scale values for
the rows of the contingency table. As in the MAN-
OVA approach, the vector has &reg;nly ~ - elements;
the Ith scale value is equal to 0. Scale values for
the columns can be obtained by substituting
R~’R~. for R,,R~’R,, and Ik- for Ry, in Equa-
tion 8. A value of 0 is assigned to the Jth column
category.

For purposes of obtaining scale values, the Ken-
dall and Stuart algorithm is less convenient than
Equation 8. In their method, the eigenvectors (v)
corresponding to the row categories are obtained
from Equation 10; the eigenvectors (v*) associated
with the column categories are obtained by sub-
stituting F’F for FF’ in the equation. The eigen-
vectors corresponding to the solution 6, = 1 are

discarded. The eigenvectors vl and v* correspond-
ing to the largest non-trivial eigenvalue must then
be rescaled to obtain the optimal scale values for
row and column categories, respectively (see l~en-
dall & Stuart, p. 571).

One of several variants of correspondence anal-

ysis, which Hill (1974) called first-order corre-
spondence analysis, is illustrated here for the abor-
tion survey example. The analysis was conducted
using a modification of a SAS macro by Young and
Sarle (personal communication, 1983). First-order
correspondence analysis requires that an indicator
matrix, denoted here as A, be constructed. The
row dimension of A is equal to the number of
respondents (here, 500). The column dimension is
I + J, which, in this example, is equal to 7. A
respondent receives a 1 in the columns of A that
correspond to the row and column of the original
contingency table in which that respondent falls.
All other values for the respondent are 0. For ex-
ample, if the columns of A are denoted as 1, ~ 9
~3, Jj, J,, ~3, and ~4, the 41 respondents in the 1,3
cell of Table each have 1 in column II and J3
and 0 elsewhere.
The matrix A is then transformed as follows:

where (M*) is a diagonal matrix containing the
reciprocal square roots of the row totals of A, and
(~*)_1~ is a diagonal matrix containing the recip-
rocal square roots of the column totals of A. Fol-

lowing this, a singular value decomposition of A*
(see Strang, 1980, p. 142) is performed to obtain
the eigenvectors of A*‘A*9 the eigenvectors of
~*~*’9 and the (common) eigenvalues of A*’A*
and A*A*B Note that A*’A* can be represented
as

where F is defined as in Equation 10. It is not

surprising, then, that the eigenstructures of A*’A*
and FF’ are related in a specifiable manner. The
number of non-zero eigenvalues of A*’A* (or
A*A*’) is equal to I + J - 1 for a two-way table.
As in Equation 10, one eigenvalue is equal to 1.

The remaining non-zero eigenvalues (ki) of A*’A*
are related to the S remaining non-zero eigenvalues
Oi of FF’ as follows: For each Oi, first-order cor-
respondence analysis yields two solutions, X, =

(1 + V~)/2andX;. = (1 - ~/&reg;~)I2 (Hill, 1974, p.
347). in addition, for each zero eigenvalue of FF,
first-order correspondence analysis yields an eigen-
value of (1 + V0)/2 = (1 - x/0)/2 = .50. (In
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general, there will be J - Il such eigenvalues.)
In the present example, the eigenvalues that re-

sult from application of Equation 10 are 1, .07,
.01, and 0. The first-order correspondence analysis
yields the eigenvalues 1, (1 + ~/.07)/2 = .63,
( 1 _- ~/.07)/~. _ .37, (1 + Vl01)/2 = .54, (1 -
x/.01)/2 = .46, and (1 + ~/0)/2 = (1 - ~0)/2
- .50. (The eigenvalue of 1 can be eliminated by
centering each column of A * . )
The (I + ~)-dir~ensi&reg;~~1 eigenvector WI asso-

ciated with the largest non-trivial eigenvalue of
A*’A* is related to the eigenvectors Vi and vt of
Equation 10 as follows:

where k is a constant of proportionality. Like v,
and v*, w, must be rescaled to obtain the optimal
scale values.

In addition to producing optimal scale values for
row and column categories of a contingency table,
correspondence analysis is also viewed as a means
of obtaining optimal scale values for individuals
(’1’~~~~h~~s ~ Young, 1985), which are derived
from the IV-dime~si&reg;n~l eigenvectors of A*A*’.
By making use of the relation between the eigen-
structures of A*’A* and FF’ and the principles of
singular value decomposition, however, the eigen-
vectors of A*A*’ can be derived from the eigen-
vectors (v) of Equation 10. Therefore, in the case
of a two-way contingency table, correspondence
analysis does not provide any information that could
not be obtained by performing a canonical analysis.
An advantage of correspondence analysis is that it
can be generalized to the case of multidimensional
contingency tables simply by expanding the num-
ber of columns of A (see Skinner & Shew, 1982;
Tenenhaus & Young, 1985).
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