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This article presents the development of a new sto-
chastic multidimensional scaling (MDS) method, which
operates on paired comparisons data and renders a
spatial representation of subjects and stimuli. Subjects
are represented as vectors and stimuli as points in a T-
dimensional space, where the scalar products, or pro-
jections of the stimulus points onto the subject vec-
tors, provide respective information as to the utility
(or whatever latent construct is under investigation) of
the stimuli to the subjects. The psychometric literature

concerning related MDS methods that also operate on
paired comparisons data is reviewed, and a technical
description of the new method is provided. A small
monte carlo analysis performed on synthetic data with
the new method is also presented. To illustrate the
versatility of the model, an application measuring con-
sumer satisfaction and investigating the impact of hy-
pothesized determinants, using one of the optional re-
parameterized models, is described. Future areas of
further research are identified.

The method of paired comparisons typically involves the presentation of pairs of stimuli to one or
more subjects. The basic experimental unit is the comparison of two stimuli, A and B, by a single subject
who, in the simplest case, must choose between them (David, 1963). This method was introduced by
Fechner (1860) with considerable extensions made popular by Thurstone (1927). The method of paired
comparisons is gainfully used in situations in which the stimuli to be compared can be judged only
subjectively; that is, when it is impossible to make relevant continuous measurement in order to decide
which of two stimuli are preferable. The most frequent applications have been generally for taste testing,
consumer tests, color comparisons, personnel ratings, and choice behavior (David, 1963). For J stimuli
and I judges, the total number of paired comparisons will be 7(~), though a number of incomplete designs
are also available (cf. Bock & Jones, 1968; Box, Hunter, & Hunter, 1978) for reducing the total number
of pairwise judgments under simplifying sets of assumptions. Note that when J is large, the task of making
consistent pairwise judgments becomes quite difficult. Oftentimes, intransitivities or circular triads occur
in such data where, for example, A may be preferred to B, and B preferred to C, but the same subject
claims to prefer C to A. Therefore, probabilistic models are needed to analyze such paired comparisons
data.

There have been a number of unidimensional scaling procedures proposed to obtain scale values for
stimuli from (aggregated) paired comparisons data (Bock & Jones, 1968; Thurstone, 1927; Torgerson,
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1958). More recently, multidimensional scaling (MDS) models have been devised to account for the
multidimensional nature of the stimuli. One option in the computer program MDPREF (Carroll, 1980),
which typically operates on two-way, two-mode dominance or profile data, is to collapse the paired
comparison matrix for each subject into a vector of marginals, and then analyze the resulting two-way,
two-mode matrix of (dominating) integer counts. Unfortunately, there is a substantial loss of information
involved in collapsing such individual paired comparison matrices to perform this analysis.

Bechtel, Tucker, and Chang (1971) developed a scalar products model (Slater, 1960; Tucker, 1960)
for examining graded paired comparisons responses (i. e. , when respondents indicate which of two stimuli
is preferred and to what extent). They impose restrictions on sums and variances, and constraints on
various parameters to insure uniqueness of the solution (e.g., orthogonality). In addition, Schonemann
and Wang (1972) have presented an unfolding methodology for paired comparisons data as a generalization
of the Bradley-Terry-Luce model (cf. Luce, 1959). Zinnes and V~Iolff (1977) have developed a probabilistic
multidimensional Thurstonian model for spatially representing the structure in different-same judgments
using a threshold parameter. Cooper and Nakanishi (1983) have developed two logit models (vector and
ideal point) for the external analysis of paired comparisons data.

Recently, Carroll (1980) suggested use of the wandering vector model for the analysis of paired
comparisons data. According to the vector model, it is assumed that each subject can be represented by
a vector and that individual subjects will prefer that stimulus from a pair having the largest projection
on that vector. The direction cosines of this vector specify the relative weights the subject attaches to the
underlying dimensions. The wandering vector model assumes that a subject’s vector wanders or fluctuates
from a central vector in such a way that the distribution of the vector termini is multivariate normal. De
Soete and Carroll (1983) developed a maximum likelihood method for fitting this model and proposed
various extensions of the original Carroll model to accommodate additional sources of error, graded
paired comparisons, and stimulus restrictions.

Unfortunately, the De Soete and Carroll (1983) model requires replications of paired comparison
matrices per subject to estimate more than one vector. This turns out to be a rather difficult task in terms
of data collection. Without such replications, only one centroid vector can be estimated for a sample of
I judges. Assuming considerable heterogeneity in the sample, the single centroid vector may be estimated
with considerably high variances on the terminus. In addition, no provision is available to explore
individual differences (with replications) as a function of specified subject differences (such as demographic
characteristics) .

This article proposes an alternative probabilistic vector MDS model that operates on paired compar-
isons. The present model can estimate separate subject vectors without requiring within-subject replica-
tions. A variety of possible model specifications are provided in which vectors and/or stimuli can be
reparameterized as a function of specified background variables. The model structure is described as well
as its program options, and a small monte carlo analysis with a synthetic data set is provided. Next, an
application is provided whereby consumer satisfaction is measured and the relative impact of four hy-
pothesized determinants is studied. Finally, further research avenues are discussed.

lVleth&reg;d&reg;I&reg;~y

Research Objectives

The objective of this research was to develop a new MDS methodology that operates on paired
comparison judgments so that subjects and stimuli can be displayed spatially, thus permitting inferences
concerning the nature of the latent unobservable construct under investigation (e.g., preference, choice,
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utility, satisfaction, etc.). In doing so, two subobjectives were addressed. The first concerned the capability
to investigate the nature of individual differences on the latent construct and its measurement, whereas
the second involved modeling the effect of specific stimulus features (attributes) on the measurement of
the latent construct.

The Model

Let: i = 1, ..., I subjects,
j, k = 1, ..., J stimuli,

t = 1, ... , T dimensions in an MDS context,
1 = 1, ... , L stimulus features or attributes,

rt = 1, ..., IV subject descriptor variables (e.g., socioeconomic background variables),
Xij = the jth stimulus presented to the ith subject,

1 if subject i finds Xij more satisfying than Xik,yk = 0 otherwise,
Hjl = the lth feature/attribute value for the jth stimulus,
Ytn = the nth variable value for the ith subject,
ccit = the tth coordinate for subject i,
bjt = the tth coordinate for stimulus j,

~&dquo;t = the impact coefficient of the nth subject descriptor variable on the tth dimension, and
yi, = the impact coefficient of the lth stimulus feature/attribute on the tth dimension.

Now, define a latent subject satisfaction construct.:

where: Vij = the (latent) satisfaction of stimulus to subject a,

Here, tll~ refers to a &dquo;true&dquo; utility or latent satisfaction score for subject i concerning object j. It is

modeled as equal to the scalar product of the stimulus coordinates (bj,) and the subject vector (a¡J. The
order of utility or satisfaction for a given subject is thus assumed to be given by the projection of the
stimuli onto the vector representing that subject.

As with other companion vector MDS models (e.g., MDPREF, factor analysis, PREFMAP - Model 4,
wandering vector model, etc.), the present model assumes that utility or satisfaction changes monotonically
with all dimensions. That is, it assumes that if a certain amount of a given quantity is good (bad), even
more must be better (worse). This implies that the &dquo;iso-utility&dquo; or &dquo;iso-satisfaction&dquo; contours for the
vector model comprise a family of parallel straight lines perpendicular to the particular vector. Here, too,
one way of interpreting vectors in this model is in terms of the relative importance of the dimensions to
utility or satisfaction. The cosines of the angles a vector forms with the coordinate axes directly measure
these relative importances. These &dquo;importance weights&dquo; act like coefficients in a linear combination of
dimensions.

It is assumed that
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Suppose that subject i is presented two stimuli (e.g., products or brands) j and k and is asked to select
the one that is &dquo;more satisfying.&dquo; Then,

where 1> denotes the standard normal distribution function integrated over the interval from - C5 to

~~tt(b~t - bkl). Note that the ar2 i are dropped in Equation 3, since the &OElig;¡S are confounded with the es-
t

timation of the ais (i.e., the ai,s can absorb the denominator terms). Similarly,

The general form of the likelihood function, assuming independence over subscripts ~, j, and ~, is

where

Taking logs, the log likelihood function is obtained,

Maximum likelihood procedures are used to estimate A = lIa¡¡11 and B = Ilbitll, given A = Ilô¡ikll and T. It
should be noted that the procedure is not restricted to produce orthogonal dimensions in A, B, or scores
~1 = IIVull. In general, the extracted dimensions will be oblique, as will the latent projection scores.

Unlike Carroll’s (1980) original formulation of the wandering vector model, the model proposed
here posits no explicit distribution on the subject vectors. Rather, it is a type of random utility model
(Thurstone, 1927), in which the latent construct being modeled (e.g., utility, preference, satisfaction,
etc.) is specified following McFadden (1976), with the introduction of an error term. De Soete and Carroll
(1983) mentioned a similar extension to their maximum likelihood method for fitting the Carroll (1980)
wandering vector model. However, they require replications of paired comparisons data for each subject
in order to estimate more than a single vector, since the subject vector is modeled as being explicitly
normally distributed. However, the wandering vector model has the advantage of implying only moderate
stochastic transitivity, whereas the present model, like Thurstone’s (1927) Law of Comparative Judgment
Case V, implies strong stochastic transitivity. Therefore, this new proposed methodology may not be
appropriate in situations in which there are serious violations to strong stochastic transitivity. Monte carlo
analyses are required to investigate the point at which such violations begin to affect the derived solutions.

Program Options
The probabilistic vector model developed here can accommodate a number of different model

specifications and options. Users can perform either an internal analysis (when the user estimates both
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points and vectors) or an external analysis (when the user can fix one or more sets of coordinates throughout
the analysis). Users can also select among a number of methods of generating starting estimates, including
a user-defined option. Also, since the scalar products model is invariant to particular nonsingular trans-
formations, options are provided to rotate either A or B to principal axes for possible enhancement of
interpretation.

Perhaps the most valuable program options concern the possibility of reparameterizing subject vector
coordinates and/or stimulus coordinates as functions of prespecified background features or attributes.
That is, a user may reparameterize subject vectors using

and/or stimulus coordinates using

As in CANDELINC (Carroll, Pruzansky, & Kruskal, 1980), Three-Way ~Iultivariate Conjoint Analysis
(DeSarbo, Carroll, Lehmann, & O’Shaughnessy, 1982), and GENFOLD2 (DeSarbo & Rao, 1984), these

reparameterization options can be used to examine what impact such features/attributes have on the derived
solution. This can often aid in interpreting the resulting solution. Note that, because of potential problems
associated with placing such restrictions on subject vectors as discussed in Carroll et al. (1981) and
DeSarbo et al. (1982), an option exists to estimate a multiplicative stretching/shrinking parameter, ~r~, on

the righthand side of Equation 8. These rj parameters are multiplied by the ait coordinates (the vectors)
and act as stretching or shrinking factors for the vectors.

As mentioned, these reparameterizations can aid in the interpretation of the derived dimensions (cf.
Bentler & Weeks, 1978; Bloxom, 1978; de Leeuw & Heiser, 1980; Noma & Johnson, 1977), and can

replace the post-analysis property-fitting methods often used to attempt to interpret results. In addition,
as shall be discussed, the imposition of these sets of reparameterizations can provide an effective tool
for understanding the nature of the latent construct under investigation.

It should be noted that when a linear function replaces a product or subject coordinate, the number
of background variables in the linear function cannot exceed the number of entities that exists for those
variables. For example, if J products have L attributes, J 2:: L, since, at most, only JT coordinates can
be identified (excluding rotational indeterminacy). Similarly, if I subjects have 1V background variables,
~ ~ N, since, at most, only IT coordinates can be identified (excluding rotational indeterminacy). Thus,
in most applications, such reparameterizations actually improve the degrees of freedom of the model by
reducing the number of parameters to be estimated. In all cases, the degrees of freedom of any of the
models are equal to or greater than those in competing joint space models, as shown below.

Degrees of Freedom

Researchers typically collect /{[J(Y- 1)]/2} independent paired comparison responses in an appli-
cation. Defining the degrees of freedom of the model as the effective number of independent parameters,
the degrees of freedom can easily be calculated for the various models accommodated by this method.
These are shown in Table 1, where it is assumed there is interest in estimating Ti where appropriate. Note
that in all models an adjustment of Z’2 is required due to the well-known invariance of such bilinear
models to nonsingular transformations (Kruskal, 1978). Also, in models where ~ is not reparameterized,
a constant vector c can be added to all stimulus vectors bi and not affect the choice probabilities in
Equation 3. This necessitates a subtraction of T from the degrees of freedom. Finally, in estimating Ti,
the overall scale can be set by fixing one Tri = 1.
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Table 1

Degrees of Freedom Calculations for the Various Models

The Algorithm

Maximum likelihood methods are used to estimate the desired set of parameters to maximize In L

(or minimize - ln I,) in Equation 7. The method of conjugate gradients (Fletcher & Reeves, 1964) is
used to solve this nonlinear, unconstrained optimization problem. The partial derivatives of In L in
Equation 7 with respect to the various parameters are:
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where (~(-) represents the evaluation of the standard normal density at (0). For sake of convenience,
assume that the relevant parameters to be estimated are contained in the vector 0 and that VZ is the
vector of partial derivatives for this set of parameters.

The complete conjugate gradient procedure can be summarized (cf. Rao, 1979) as follows:
1. Start with initial parameter estimates 9~; set the iteration counter (MIT) = 1.
2. Set the first search direction S<1> = - i7Z<1>.
3. Find &reg;~2> according to the relation:

where u(’~ is the optimal step length in the direction ~~1>. The optimal step size is found by quadratic
interpolation methods. Set MIT = 2.

4. Calculate &reg;Z~2> and set

5. Compute the optimal step length u(MIT) in the direction S(MIT), and find
&reg;(MIT+1) _ O(MIT) + ~(MIT)5’(MIT) ~ 17

6. If 6(MIT+l) is optimal, stop. Otherwise, set MIT = MIT + 1 and go to step 4 above (i.e., undertake
another iteration).

It has been demonstrated empirically that conjugate gradient procedures can avoid the typical &dquo;cry-
cling&dquo; often encountered with steepest descent algorithms. In addition, they demonstrate valuable quadratic
termination properties (Himmelblau, 1972)-that is, conjugate gradient procedures will typically find the
globally optimum solution for a quadratic function in n steps, where n is the number of parameters to be
solved. Note that since In L in Equation 7 has an upper bound of zero, and since each estimating stage
(or iteration) of the likelihood maximization can be shown to increase In L, a limiting sums argument
can be used (Courant, 1965) to prove convergence to at least a locally optimum solution.

This conjugate gradient method is particularly useful for optimizing functions of several parameters
since it does not require the storage of any matrices (as is necessary in quasi-Newton and second derivative
methods). However, as noted by Powell (1977), the rate of convergence of the algorithm is linear only
if the iterative procedure is &dquo;restarted&dquo; occasionally. Restarts have been implemented in the algorithm
automatically depending on successive improvement in the objective function.

A number of goodness-of-fit measures are computed for this model:
1. The In likelihood function: In L,
2. A deviance measure (McCullagh & Nelder, 1983; Nelder & Wedderbrun, 1972):

where p,~k is the estimated probability that subject finds stimulus j more satisfying than stimulus k
as expressed in Equation 3. Note that nested models can be tested as the difference between respective
deviance measures. This difference is (asymptotically) XZ distributed with the difference in model
degrees of freedom, providing the appropriate x2 test degrees of freedom. This test is appropriate in
testing dimensionality as well as the various models described in Table 1 because of the nested terms.

Recall, however, that this is an asymptotic test. One obvious problem with this approach concerns
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incidental parameters in the likelihood function (i.e., parameters whose order varies according to the
order of A, such as the a;,s) . According to Anderson (1980), maximum likelihood estimators in such
cases may not be consistent. This is particularly relevant in the present case since there are no
replications, thus presenting an avenue of needed research for the proposed procedure if the asymptotic
test is to be used for hypothesis testing. However, the simple monte carlo analysis provided in the
next section renders some insight concerning the value of the test statistic.

3. The proportion of correct predictions in A. Here, the proportion of times the solution correctly
predicts 8~ is calculated for the total sample as well as for each subject.

Synthetic Data Results

Table 2 presents values of A = ~~rz~t~~ and ~ _ Ilbitll forl = J = 4 and T = 2, for the nonreparameterized
model. The configurations were constructed so that A = B and so that each subject/stimulus was in each
quadrant of a two-dimensional space. From this configuration for the model with no reparameterizations,
A = IISiik11 was created, with error from a standard normal distribution. Table 2 presents the synthetic &reg;

array of resulting paired comparisons data where a &dquo; 1 &dquo; indicates that the row stimulus dominates the

column stimulus for that subject. The value of the likelihood function was -2.772 for these parameters.
The analysis of A was conducted in Z’ = 1 and T = 2 dimensions using the nonreparameterized

model to estimate A and B. Table 3 presents the results of the one- and two-dimensional solutions. Note
that the two-dimensional solution is significantly better than the one-dimensional solution. As can be seen
from Table 3, even if the appropriateness of the asymptotic ~2 test in this model were seriously questioned,

Table 2

Synthetic Data for Monte Carlo Analysis
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Table 3
Monte Carlo Results

the two-dimensional solution renders better predictive accuracy than the one-dimensional solution by
25%. The derived two-dimensional solution also provides a higher ln L value than the original parameters
in Table 2.

Figure 1 depicts the resulting two-dimensional solution drawn for the four hypothetical subjects and
four hypothetical stimuli. Note the correspondence between Subject 1 and Stimulus A, Subject 2 and
Stimulus B, Subject 3 and Stimulus C, and Subject 4 and Stimulus D, as was denoted by the original A
and B configuration in Table 2. From Figure 1, it is also easy to visualize what stimulus dominates which
other stimulus by projecting the stimuli onto a subject’s vector and examining the ordering on that vector.
Table 4 presents these &dquo;latent projection scores&dquo; (Ui) as defined in Equation 1) of the four hypothetical
stimuli for the four hypothetical subjects as predicted from the solution. Note how the main diagonal
elements of this matrix U = AB’ dominate each of the corresponding row entries.

Figure 1
Two-Dimensional Solution for Synthetic Data
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Table 4
Latent Projection Scores

Although the results of this one synthetic data set are promising, it is clear that more testing is

required on other data sets using a comprehensive monte carlo analysis. For example, it would be desirable
to examine the performance of the algorithm as a number of data, model, and error factors are systematically
manipulated by way of, say, an experimental design. Positive results for this one small data set do not

imply that this procedure will recover known structure in all monte carlo scenarios.

An Application in Consumer Satisfaction Measurement

Major Constructs in the Consumer Satisfaction Literature

Despite the fact that references to consumer satisfaction are legion, the literature on consumer
satisfaction research reveals that less is known about the psychological determinants of this concept than
might be expected. If analysis is constrained to those concepts thought to be causally antecedent to an
expression of satisfaction, five such determinants emerge. The following discussion is restricted to the
most general case of the process of satisfaction formation, thought to be common to all consumers.
Excluded are individual-specific factors such as demographics (Liefeld, Edgecombe, & Wolfe, 1975;
Warland, Herrmann, & Willits, 1975), personality (Ware, 1978), and optimistic/pessimistic tendencies
(Westbrook, 1980).

Also excluded from this example is the effect of product performance, the first and most obvious
of the major determinants. This was done for two reasons. First, the effect of product attribute performance
on satisfaction judgments is axiomatic and well documented in numerous literatures, including job sat-
isfaction (Brief & Aldag, 1975; Hackman & Oldham, 1975), patient satisfaction (Pope, 1978; Ware &

Snyder, 1975), life in general (Andrews & Withey, 1976; Campbell, Converse, & Rodgers, 1976), and
products and services (e.g., Westbrook, 1981), despite the fact that it cannot explain all of the variance
in satisfaction for methodological and theoretical reasons (Scapello & Campbell, 1983). Second, perfor-
mance can be viewed as having indirect effects through other more immediate determinants, particularly
expectancy disconfirmation.

Expectancy disconfirmation. Expectancy disconfirmation is actually two processes consisting of
the formation of expectations and the disconfinnation of those expectations through performance com-
parisons. As presented by Oliver (1980) in the marketing literature, consumers are believed to form
expectations of product performance characteristics prior to purchase. Subsequent purchase and usage
reveals actual performance levels, which are then compared to expectation levels using a better-than,
worse-than heuristic. The resulting judgment is labeled as negative disconfirmation if the product is worse
than expected, positive disconfirmation if better than expected, and simple confirmation if as expected.

Although linked on a definitional basis, the two components of the paradigm, expectation and
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disconfirmation, have been shown to have independent effects akin to adaptation level predictions (Helson,
1965). The expectation level appears to provide a baseline around which disconfirmation judgments are
made; the higher (lower) a person’s expectations, the higher (lower) the subsequent satisfaction judgment,
all elements being equal. The disconfirmation effect is also straightforward. Positive disconfirmation is
thought to enhance satisfaction, whereas negative disconfirmation is posited to decrease it. Confirmation
simply maintains the adaptation level. Support for this paradigm is rather consistent (Bearden & Teel,
1983; LaBarbera & Mazursky, 1983; Oliver, 1977, 1980; Swan & Trawick, 1981) with mixed results
apparent only when the confounding influence of performance is introduced (Churchill & Surprenant,
1982).

Attribution. The attribution paradigm used here is due to the work of Weiner, Frieze, Kukla, Reed,
Rest, and Rosenbaum (1971) who proposed that outcomes that can be construed as successes or failures
(e.g., good and poor purchases) elicit causality inferences along the two dimensions of locus of control
(when the outcome was either under volitional control or the result of an external agent) and stability
(variability) of the cause. Volitional outcomes (internal locus) are attributed either to ability (a stable
trait) or effort (a variable activity). Outcomes resulting from nonvolitional influences are attributed to
many factors, some of which are invariant (e.g., task difficulty), others of which are unstable (e.g.,
, ’luck’ ’). Weiner, Russell, and Lerman (1978) later broadened this scheme to include the kinds of emotions
that result as a factor of specific attributions.

Limiting discussion to the locus of control concept in the domain of successes (the context investigated
here), Weiner et al. (1978, pp. 71-77) showed that satisfaction scores were higher for ability and effort
attributions than for attributions to the task, others’ efforts, or &dquo;luck&dquo;. Moreover, satisfaction was found
to describe internal locus attributions more frequently; external attribution responses tended to include

appreciation and gratification. Interestingly, this scheme is largely unresearched in the domain of consumer
satisfaction.

Equity. Although equity in exchange has proven to be of continued interest in the organizational
behavior field (e.g., Cosier & Dalton, 1983), less attention has been evident in the marketing literature,
with the notable exception of ~Iuppcrtz, Arenson, and Evans (1978). Generally, the basic equity &dquo;formula&dquo;
suggests that parties to an exchange will feel equitably treated and thus, &dquo;satisfied,&dquo; if the ratio of their
outcomes to inputs is identical. While this is difficult to show mathematically (Harris, 1983), the prop-
osition that persons in an exchange form judgments about inputs and outcomes for themselves and their
exchange partners is not in dispute.

In this scheme, satisfaction is thought to exist when the focal person (i.e., the consumer in the

present case) perceives either: (1) that the outcome to input ratios are equal-the &dquo;fairness&dquo; dimension,
or (2) that he/she has bettered the other in the transaction-the &dquo;preference&dquo; dimension. Although the
literature is unclear as to which equity dimension can be expected to dominate in any given situation
(Messick & Sentis, 1983), the focus in the present context is on the preference dimension, which predicts
that a person’s satisfaction increases as his/her outcomes increase relative to those of the other party
(positive inequity), and decrease as a person’s outcomes decrease relative to those of the other (negative
inequity). This proposition assumes that inputs are held constant or are unknown to both parties.

The preceding review has suggested four determinants of satisfaction responses. Excluding perfor-
mance for reasons noted earlier, these are (1) the expectation level, (2) disconfirmation, (3) attribution,
and (4) inequity. The respective theories suggest satisfaction levels should be higher (lower) for high
(low) expectations, positive (negative) disconfirrnation, internal (external) attributions, and positive (neg-
ative) inequity. While individual studies have examined each of these influences separately and, in some
cases, in the presence of one other influence, no study has examined all in tandem. Thus, the relative
effects of each are not known.
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Research Vehicle

To provide a realistic perspective for the application presented here, a quasi-purchase situation was
needed that implicitly contained all of the elements required for operation of the major satisfaction
constructs discussed above. This necessitated that the product situation involve: (1) the formation of
expectations as integral rather than incidental to the purchase, (2) the ability to disconfirm objectively
those expectations, (3) the likelihood that an agent other than the consumer could make the product
selection, and (4) the ability for the buyer to determine precisely the outcomes of all parties to the
transaction. The first two conditions provide for the operation of expectancy disconfirmation, while the
third and fourth allow for locus attributions and inequity mechanisms.

This goal was accomplished by way of simulated stock market trading scenarios. A stock market
transaction was selected because it contained all elements noted above. Expectations are implicit in this
consumption decision because no rational investor would risk funds in the market unless a gain were
expected. I~isconfir~nation is present because the exact return is known at any instant of time and is easily
compared to expectations. Locus of control attributions are possible because investors commonly make
their own decisions (internal locus) in some instances, or rely exclusively on the advice of a broker, a
brokerage, or other professional recommendations (external locus) in others. Finally, since individual
investors almost exclusively use an agent (i.e., a broker) for stock transactions, the outcomes of both
parties are easily compared. Whereas the investor realizes a gain or loss net of commissions, the broker
gains the commission which is reported on the resulting transaction acknowledgment.

With this justification, eight stock market transaction scenarios were designed from a fractional
factorial design (i.e., an orthogonal array) of expectancy, disconfirmation, attribution, and inequity
possibilities. The eight profiles allow for main effects estimation only. Because the scenarios were to be
judged in paired comparison presentation formats, the 28 pairings resulting from the eight scenarios were
the maximum number that could be accommodated without respondent fatigue. As a result, more complex
designs allowing for the estimation of higher-order interaction terms were not used since they would
require substantially more experimental profiles and thus more judgments. Several marketing studies have
documented the robust use of such main effects designs for conjoint analysis (cf. Green & Srinivasan,
1978) even in the presence of some higher-order interaction terms. The selected design allowed for 3
two-level factors and 1 three-level factor without violating the orthogonality restrictions (Addelman,
1962), and is presented in Table 5.

Description of the design matrix follows. The constructs are elaborated in order of their occurrence
in an actual stock market trade.

1. Attribution. The stock transaction described in the scenario was said to have been the result of the

investor’s research and decision (internal attribution) or of the broker’s research and recommendation
(external attribution).

Table 5

Design Matrix
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2. Expectation. The research leading up to the decision, whether it be the investor’s or the broker’s,
was described as predicting that the stock would either better the market (e.g., Standard and Poor’s s
500) by 5% in six months (high expectations) or would simply pace the market (low expectations)
in the same time frame.

3. Disconfirmation. The stock’s performance was described as either (1) bettering a person’s expectations
by 5% for positive disconfinnation (10% above the market’s percentage performance in the 5%
expectation case, 5% above for &dquo;market&dquo; expectations), (2) matching expectations in the no dis-
confirmation case (simple confirmation), or (3) falling short of expectations by 5% in the negative
disconfirmation case. Because there were three investigated levels of disconfirmation (positive, zero,
and negative), the separate effects of positive and negative disconfirmation could be tested separately
against zero disconfirmation in the design. Thus, two main effects were estimated for the disconfir-
mation construct.

4. Inequity. For positive inequity, the commission structure was defined so that the investor’s perfor-
mance (i.e., the actual monetary outcome net of commissions) was 20% above the broker’s two-
way (purchase, sale) commission, whereas for negative inequity, the broker’s commission exceeded
the investor’s gain by 20%.
An actual scenario (profile 4) is shown in Table 6. All numbers reflecting market performance, stock

performance, and commissions are well within historical norms for short-term (six-month) performance
periods. Brokerage commissions reflect those representative of full-service brokers on a two-way trans-
action for a $50 stock. The 3123 design matrix in Table 5 was transformed into a dummy variable matrix
with an intercept term for incorporation into the analyses that follow. The 1 three-level factor was needed
to accommodate the disconfirmation effect as noted.

Procedure

Business school students at the University of Pennsylvania with experience in the financial markets
were recruited to participate in a study of responses to stock market transaction outcomes. As an incentive,
$5.00 was offered; 30 subjects were recruited, including 20 males and 10 females. Subjects were presented
with all 28 pairs of the eight scenarios in random order. Each scenario was alternated with the remaining
seven so that it appeared in the first and second positions an equal number of times. After reading and
comparing the two scenarios, subjects were asked to state which one was &dquo;most satisfying to you

Table 6

Sample Scenario With Internal Attribution Locus, High Expectations,
Positive Disconfirmation, and Negative Inequity
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personally.&dquo; Because of the difficulty involved in assessing the large number of experimental profiles,
it was thought that the paired comparison judgment approach would be the easiest and most reliable
method as opposed to a continuous rating or ranking task.

Analysis

To determine how well, if at all, the latent satisfaction construct could be defined in terms of the

hypothesized manifest variables, an analysis of the 30 x 8 x 8 &reg; array was conducted in T = I, 2, and
3 dimensions with the probabilistic vector model, using the reparameterization option for the &~s as a

function of the design matrix presented in Table 5. Random starting configurations were generated for
each analysis. Reparameterization options for ai, were not used since the students were fairly homogeneous
with respect to demographics (except for gender).

Table 7 presents the results for the three analyses. If it is assumed that the asymptotic x2 test is
valid, it is apparent that the T = 2 dimensional solution is the most appropriate for the present data. Even
if such a test were ignored, the differences in the proportion of correct predictions between the three
solutions clearly indicate that the T = 2 dimensional solution is the most parsimonious one for this
application. (Note that another two-dimensional solution extracted from a different random start produced
nearly identical results as measured by canonical correlations between the different A, B, and y solutions.)

Table 8 presents the correlations between each design variable and the B coordinates. The first
dimension is clearly dominated by attribution, accounting for nearly two-thirds of the variance on that
dimension. The second dimension is dominated by the two disconfirmation states with their large cor-
relations having the expected opposite signs. (These correlations will vary according to the type of rotation
utilized for interpreting A and/or . )

Figure 2 presents the two-dimensional solution where the yi, and ait are both represented as vectors
(normalized to equal length, for convenience) and the profiles as points (numbers). The letters A through
F represent the yll coordinates for the columns/variables of the design matrix, where
A = the location of ~1 for the intercept term representing the effects of all

design variables at their coded level of zero,
B = the location of y2 representing the impact of internal (self) attribution,
C = the location of y3 representing the impact of high expectations,
D = the location of ~y4 representing the impact of positive disconfirmation,
E = the location of ys representing the impact of negative disconfirmation, and
F = the location of ~y6 representing the impact of positive inequity.

These vectors can aid in interpreting the resulting dimensions extracted in the analysis. Specifically,
if the &dquo;independent&dquo; variables in H are orthonormal and the B coordinates are centered by dimension,

Table 7
Consumer Satisfaction Analyses
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Table 8
Correlations Between Design Variables (H) and Derived

Stimulus Coordinates (B)&dquo;

the cosine of the angle between a y vector and a coordinate axis is equal to the correlation between that
lth feature or attribute variable in H and the corresponding dimension. Unfortunately, this interpretation
is not appropriate in Figure 2 given that H is not orthonormal.

Figure 2 aptly shows that the majority of subjects find profiles with self (internal) attribution, high
expectations, and positive disconfirmation most satisfying, though there are considerable individual dif-
ferences. This finding conforms to earlier hypotheses and to what is predicted from the literature. In fact,
each subject’s own satisfaction scale for these eight profiles can be approximated by computing Z11 =
AB’, which measures the projections of the profile points (B) onto the subject vectors (A,). Table 9
presents the latent satisfaction scores for all 30 subjects. These derived latent scores are interval scales
and are conditional in that the magnitudes of the numbers cannot really be compared for different subjects.
However, by surveying Table 9, it is readily apparent that Profile 4 is the most satisfying for 25 out of
the 30 subjects. This profile, shown in detail in Table 6, is composed of internal attribution, high
expectations, positive disconfirmation, and negative inequity. Note that other popular profiles, outlined

Figure 2
Two-Dimensional Solution for Consumer Satisfaction Data
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Table 9
Derived Latent Satisfaction Scores for the Eight Profiles by Subject

in Table 5, were Profiles 2 and 8, which contained internal attribution and either positive or no discon-
firrnation. It is interesting to note that Profiles 3, 6, and 7 are not as popular since they have either internal
attribution or positive disconfirmation, but not both. Profiles 1 and 5 are clearly &dquo;dissatisfying&dquo; in that
they contain both external attribution and negative disconfirmation.

Finally, Table 10 presents the proportion of correct predictions for each subject in the study. This
analysis is valuable in identifying any outliers in the sample. Note that, in all cases, the probabilistic
vector model does better than a random selection approach, which would generate (on the average) a
50% accuracy rate. Using this criterion, it is observed that Subjects 11 and possibly 8 are seemingly not
all that well fit by this two-dimensional solution.

Discussion

Summary and Implications for Latent Construct Measurement

A new MDS methodology for the spatial analysis of paired comparisons data has been presented and
contrasted to existing methodologies in terms of model structure, stochastic assumptions, input require-
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ments, and model specification options. The model, its assumptions, and the variety of different repar-
ameterization options available for various analyses have been described. The conjugate gradient algorithm
with restarts has been presented with the results from a small synthetic data set. An application of the
method to a measurement problem in consumer satisfaction was described in some detail in which four
hypothesized determinants were combined using an experimental design matrix. An analysis was per-
formed in which stimulus coordinates (here experimental profiles) were directly reparameterized in terms
of a 3123 design. The procedure produced two dimensions dominated by attribution and disconfirmation,
respectively, as well as approximations of each subject’s latent satisfaction scale for each of the eight
experimental profiles by way of U = AB’.

The usefulness of the technique may best be gauged by the extent to which the determinants of
consumer satisfaction were represented on an aggregate and individual basis. Knowing only that the four
hypothesized antecedents had been shown to affect satisfaction to varying degrees when tested alone in
other contexts, no a priori basis existed for specifying which of the factors would dominate satisfaction
judgments or, alternatively, fail to influence satisfaction in the present example. Application of the MDS
vector model developed here revealed that internal attribution, a construct attracting little empirical interest

Table 10
Goodness-of-Fit by Subject
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in the consumer satisfaction literature, is as important as disconfirmation, a construct for which a fairly
adequate volume of support is available. This finding does not underplay the role of disconfirmation,
however, as both positive and negative disconfirmation were represented on the first dimension and

dominated the second. Rather, the results suggest that factors other than disconfirmation may play a
prominent role in certain situations.

As noted, the technique is equally useful at identifying factors thought to underly constructs that
have little or no effect in specific contexts. The expectation construct is an example of the first case.
Although it demonstrated a modest loading on the second dimension, its effect was small compared to
that of disconfirmation. The inequity construct is an example of a null effect, as the findings show virtually
no influence on either the first or second dimensions.

Thus, the MDS vector model is capable of illustrating the underlying construct structure of criterion
variables that may be difficult to verbalize, are subject to social acceptance effects, or are rife with
multicollinearity problems-issues commonly found in the measurement of satisfaction judgments. More-
over, this same versatility should be evident in individual level analyses in that they are subject to the
same interpretations as the aggregate analysis. Individual analysis also makes it possible to identify
subjects who have no apparent cognitive structure within the confines of the investigated latent construct
or determinant set. The implications of analysis of such individuals would appear to be intriguing for the
study of information effects.

This methodology should prove equally viable for various other applications when paired comparisons
are collected. It can aid in similar measurement problems concerning latent, unobservable constructs such
as utility, preference, choice, similarity, risk, or intention/attitude. With the various reparameterization
options for ai, and b~t, additional flexibility is provided for investigating determinants of both individual
differences (e.g., demographic information) and stimulus differences.

Such reparameterization options would also be valuable in utilizing this methodology for an external
type of preference MDS analysis generally referred to as conjoint analysis. Here, as in the satisfaction
application provided, a design matrix is presented defining object stimulus profiles, and a dominance
judgment such as preference or intention to buy is asked in paired comparison form. The methodology
then derives the contribution of each object design variable to the resulting derived dimensions. This has
proven to be of substantial interest to the marketing profession for product design applications (see DeSarbo
et al., 1982).

Future Research

There are several clear avenues for future investigation concerning this methodology. First, a rigorous
monte carlo study should be performed whereby the performance of this new methodology is investigated
while a number of data, model, and algorithmic factors are experimentally varied. Second, the small
sample properties of the estimators and the X2 test should be examined in order to justify the asymptotic
x2 test for nested models with incidental parameters and no within-subject replications. Also, further
work should proceed in order to extend this methodology to accommodate an unfolding type of model
for such paired comparisons data.
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