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Full-Information Item Factor Analysis:
Applications of EAP Scores
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The full-information item factor analysis model pro-
posed by Bock and Aitkin (1981) is described, and
some of the characteristics of expected a posteriori
(EAP) scores are illustrated. Three simulation studies

were conducted to illustrate the model, and an appli-
cation of full-information item factor analysis to a set
of real data is described.

Factor analysis has been a powerful and indispensible tool for exploring underlying relationships
among a set of continuous variables. The procedure generally begins with the analysis of the product-
moment correlations among variables under some restrictions. In the case of dichotomous variables, the
matrix of tetrachoric correlation coefficients is commonly used in place of the product-moment correlation
coefficients. Divgi (1979) developed a fast and generally accurate computational algorithm. However,
the coefficients become unstable inevitably as they approach extreme values. The coefficient cannot be
computed from a four-fold table with a zero frequency in any cell, and an appropriate value must be
imputed. These situations frequently occur in the analysis of cognitive ability and achievement tests,
especially when the difficulties of the items in a test vary to a great extent. In addition to the computational
difficulties of tetrachoric correlation coefficients, the sample matrix of tetrachoric correlation coefficients
is seldom positive definite so that some smoothing process must be performed on the original matrix
before common factor analysis is applied.

Solutions to the problems encountered with tetrachoric factor analysis have been provided by Chris-
toffersson (1975) and Muthen (1978). However, their approach to item factor analysis becomes com-
putationally heavier as the number of items increases (Muthen, 1984). Therefore, their method is of
limited practical use for analyzing achievement and cognitive test responses since these tests generally
consist of a sizable number of items.

Bock and Aitkin (1981) developed dichotomous factor analysis based on multidimensional item
response models. Their method starts with the distinct item response vectors of the examinees. Since the

procedure uses all the information available in the matrix of dichotomously scored response patterns, it

is called &dquo;full-information&dquo; item factor analysis (Bartholomew, 1980). Unlike other approaches to te-
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trachoric item factor analysis, Bock and Aitkin’s method is not limited by the number of items and is
applicable to exploring the dimensionality of long tests.

Bock and Aitkin (1981) also discussed three methods of estimating factor scores: the maximum
likelihood (ML) estimator, the maximum a posteriori (MAP) estimator, and the expected a posteriori (EAP)
estimator. Bock and Mislevy (1982) have shown that the EAP scores have unusually good properties,
which are not found with the other estimators.

Bock, Gibbons, and Muraki (1985) have applied full-information item factor analysis to the data
analysis of the Armed Services Vocational Aptitude Battery (ASVAB). In their data analyses, changes in
the chi-square fit statistics successfully indicated the interpretable dimensionality of each subtest of the
ASVAB, and the content of test items reflected the extracted factors.

The main purpose of this study was to apply the full-information item factor analysis method to item
response data which are expected to be multidimensional. In order to show the potential advantages of
full-information item factor analysis, three simulation studies were conducted.

In the first simulation study, a comparison was made between the results of full-information item
factor analysis and a conventional tetrachoric factor analysis. Several desirable properties of the EAP
scores for the purpose of data analysis were shown in the second and third simulation studies. Finally,
full-information item factor analysis was used to analyze four of the Affective Outcomes of Schooling
(AOS) Scales developed by Engelhard (1985). The analysis of this data set illustrates a typical application
of this method and EAP scores in educational and psychological research.

I

The Model 
~ 

,

Description of the Item Factor Analysis Model ...... -

In adapting Thurstone’s multiple factor model to dichotomous data, Bock and Aitkin (1981) con-
sidered an unobservable response process, y,~, for person i and item j, to be a linear combination of m
normally distributed latent variables, 0, weighted by the factor loadings, a; that is,

For a randomly sampled person, it is assumed that 6, y, and 8 are multivariate normal:

and 
’

Assumptions 2 and 3 imply that the diagonal elements of DQ in Assumption 4, denoted as u~2, are

ine classical tactor analysis model ior contmuous vanables assumes that the response process is

directly observable. In contrast to this model, the factor analysis model for categorical variables assumes
that the unobservable response process y,~ is latent and realized only as a vector of dichotomous response
variables, x, = (x,,, x,,, ..., xj,,), according to the following item response mechanism:

where y~ is a threshold parameter associated with item j. Therefore, the probability of a positive response
by person i to item j, given the individual’s m-dimensional latent ability, 0,, is
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Introducing the change in the variable

the result is

and, when

- - ,

the model of Equation 7 can then be rewritten with slope parameters aJk and location parameters Ck as
follows:

where

and

Cj = - ’Y/(f} . (13)
From Equations 5, 12, and 13, the following formulas are obtained to convert the slope and location

estimates to factor loadings and threshold values:

and

where

A guessing or lower asymptote parameter, g~, can also be incorporated into the model of Equation
11 as follows:

, -J -J J 
... ,

The iterative procedure developed for obtaining the parameter estimates in the multidimensional item
response model (Equation 11) is based on marginal maximum likelihood estimation and the EM algorithm
of Dempster, Laird, and Rubin (1977). This method is implemented in the TESTFACT program of Wilson,
Wood, and Gibbons (1984). At each step of the analysis, the solution from a principal factor analysis
for the current number of factors provides initial estimates of the parameters. After the final estimation
cycle is completed, estimated values are listed in the form of factor loadings and thresholds, as well as
a set of slope and intercept parameter estimates.

The TESTFACT program provides the option for conducting a stepwise analysis. When the number
of possible response patterns is larger than the sample size and the table of realized frequencies is sparse,
the likelihood ratio fit statistics are inaccurate and unreliable. Haberman (1977) shows, however, that the
difference in these statistics for alternative models is distributed in large samples as chi-square. The chi-
square fit statistics for each solution and the reduction from the previous solution in the stepwise analysis,
therefore, provide a large sample test of significance of factors added to the model.
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The factor loadings from the full-information solution are rotated orthogonally to the Varimax criterion
and then obliquely to the Promax criterion. Because the computational time of the full-information factor
solution increases exponentially in the number of factors, the present version of the TESTFACT program
is limited to a maximum of five factors.

The EAP Estimator

The EAP estimator of the factor scores for the kth dimension is the mean of the posterior distribution
of 0 for that dimension, which is expressed by:

where

and 
’

In the Bayesian context, f(’) is called the &dquo;likelihood function,&dquo; and g(-) the &dquo;prior&dquo; probability
density. The h(’) is the marginal probability of the response vector xi, which normalizes the posterior
probability. The posterior probability p(Olx,) is the conditional density of 6 given the ith response vector
x,. Therefore, the posterior density contains all the information available about 9, that is expressed by
the distinct response pattern x,.

The EAP estimator is known to be biased when the number of items is finite. However, unlike the
maximum likelihood estimator (MLE), the EAP scores can be computed for response patterns with all
correct and all incorrect responses.

In the TESTFACT program, Equation 18 is evaluated numerically by m-fold Gauss-Hermite product
quadrature using the nodes and weights for one-dimensional quadrature (Stroud & Sechrest, 1966). The
computation of the EAP scores does not require any iterative procedure. If the parameter values in the
item response model (D(O) are known and the proper quadrature nodes and weights are evaluated be-
forehand, the EAP scores based on any subset of items in a test can be computed straightforwardly. This
advantage is pointed out by Bock and Mislevy (1982) for the application of computerized adaptive testing,
in which additional information about the examinee’s ability needs to be accommodated continuously
during a series of item presentations. In the context of a data analytic procedure, this desirable property
allows researchers to compare the EAP scores of examinees based on different sets of sampled items
(Bock, Mislevy, & Woodson, 1982).

Simulation Studies

Comparison Between Tetrachoric and Full-Information Factor Analyses

Simulated data sets. In the first simulation study, full-information item factor analysis was compared
with a conventional tetrachoric factor analysis. First, a set of 2,000 pairs of independently and identically
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distributed normal variates was generated. Schrage’s (1979) method and the composite method of Ahrens
and Dieter (1972) were used to generate uniform random variables and transform them to unit normal
deviates, respectively. Second, by using those normal random variates as latent variables, 0, the response
vectors for 22 items were generated according to two types of two-dimensional normal ogive item response
models. One was the model without a guessing parameter, and the other was the model with a guessing
parameter. A normally distributed error term was assumed for both models.

For the first 11 items, the first factor loadings, &OElig;jl, were uniformly set as .707 and the second factor
loadings, &OElig;j2, as 0.0. For the second 11 items, the &OElig;jlS were uniformly set as 0.0 and &OElig;j2S as .707. For

both sets of items, the threshold values, yj, were equally spaced from - 2.0 to + 2.0. The lower

asymptotes, g~, for the guessing model were uniformly set as .2.
After generating two sets of 2,000 response vectors, a sample of 1,000 response vectors was selected

from each of the original data sets. Thus, the following four simulated data sets were produced:
1. 2,000 response vectors without guessing effects,
2. 1,000 response vectors without guessing effects,
3. 2,000 response vectors with guessing effects, and
4. 1,000 response vectors with guessing effects.
The entire process of data generation described above was repeated three times by supplying other seeds
to a random number generator. Consequently, four types of 12 data sets were prepared for the subsequent
analyses.

Tetrachoric and full-information factor analyses. Tetrachoric factor analyses of the 12 data sets
were performed. Since the range of threshold values was set quite apart, the success and failure rates for
items at the extreme ends of the difficulty scale became extremely high. Consequently, about 10% of the
elements in each of the tetrachoric matrices had to be imputed according to the Centroid method (Bock
et al., 1985). After further correcting the observed matrices of tetrachoric correlations to be semipositive
definite, the MINRES method (Harman, 1976) was performed to obtain principal factor loadings. These
tetrachoric factor solutions were used as the starting values to the iteration cycles of the full-information
factor analysis.

For the tetrachoric factor analyses of response data sets with guessing effects, Carroll’s (1945)
correction method was applied to the proportions in the four-fold tables. For the full-information analysis,
the guessing model of Equation 17 was used. In both analyses, lower asymptotes were supplied as known
constants, .2, and not estimated.

The solutions from both tetrachoric and full-information methods were rotated orthogonally according
to the Varimax criterion (Kaiser, 1958). The original factor loadings, .707 and 0.0, were subtracted from
the recovered Varimax factor loadings.

Results and discussion. Means and standard deviations of the differences are plotted along the
original threshold values, &dquo;11’ in Figures 1 and 2. Among 11 threshold levels, only six levels are presented
for the sake of clarity. The number of observations at each threshold level is 12.

The full-information method generally does better in recovering original factor loadings in both no-
guessing and guessing data sets. Their means of differences are closer to 0 (61 % of comparisons) and
their standard deviations are almost always smaller (91% of comparisons) compared to those in the
tetrachoric factor solutions. Especially at the extreme threshold levels, the full-information factor method
clearly outperforms the tetrachoric factor method. The tetrachoric factor analysis tends to produce very
low estimates for extremely easy (~ ~ &horbar; .2) and extremely difficult items (&dquo;Ij = .2). However, when the
sample size is large enough and the probabilities of dichotomous item responses are not so extreme, the
tetrachoric method can produce reasonably good estimates. As shown in Figures 1 and 2, both the
tetrachoric and the full-information factor solutions for moderately difficult items are virtually indistin-
guishable.
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Figure 1
Means and Standard Deviations of Differences Between Estimated and

Original Factor Loadings for Data without Guessing Effects
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Although both Carroll’s (1945) correction method and the model with a guessing parameter seem
to work well for removing the effect of chance success from item parameter estimation, both methods
tend to produce less stable estimates. The simultaneous estimation of guessing parameters is not imple-
mented in the current version of the TESTFACT program, but it is planned to be included in a future version
of the program. An alternative model to the current guessing model is also being considered. Full-
information factor analysis is capable of treating guessing effects more flexibly than the tetrachoric factor
analysis. Further studies, including a new parameterization of the guessing model, are necessary to discuss
advantages of the full-information factor analysis for the treatment of guessing effects. Unlike the tetra-
choric factor method, the full-information factor method uses maximum likelihood (ML) estimation, and
its estimator is known to be efficient. The present simulation study failed to demonstrate this desirable
characteristic of ML estimators in comparison to the tetrachoric solutions. Both methods equally improve
their estimates at the moderate levels of difficulty as the number of observations increases.

The full-information method can maximally use information available in distinct response patterns
to compute item parameter estimates. The method can provide more accurate estimates than tetrachoric
factor analysis, especially when item difficulties vary to a great extent. However, this method involves
heavy iterative computations. For example, while the TESTFACT program needed 2 minutes of cPU time
(IBM 3081 computer) for the complete tetrachoric factor analysis of 12 data sets, it required 81 minutes
for the ML parameter estimates to converge at the accuracy level of .001. In addition to the development
of better acceleration methods to shorten the iterative process, the method of supplying more accurate
starting parameter values must be developed, especially when guessing effects and missing responses are
present.

Bock et al. (1985) have compared the solutions of the full-information item factor analysis with
Muth6n’s (1978) generalized least square (GLS) solution based on the data from Quality of Life (Campbell,
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Converse, & Rodgers, 1976). Although these two methods are computationally different, parameters in
both solutions were quite similar and the differences of the chi-square fit statistics in the stepwise analysis
were virtually identical. In this article, the comparison was made between a conventional tetrachoric
factor analysis and full-information factor analysis based on the simple structure of simulated data sets.
Further comparison studies about these methods incorporating a higher dimensional data structure, varied
factor loadings, guessing effects, and a missing response treatment are necessary to reach final conclusions
on the advantages and disadvantages of each method.

Uncorrelated EAP Scores

For the second simulation study, 2,000 pairs of independently and identically distributed random
variables, 0 - N(0,/) were generated. The two-dimensional item parameter estimates of the Auto and
Shop Information subtest in the ASVAB obtained by Mislevy and Bock (1984) were used to generate the
simulated dichotomous item responses to 25 items. Assuming the guessing parameter to be constant, the
item statistics for the normal ogive item response model (Equation 17) were calibrated. The two-dimensional
Varimax factor loadings were computed from these item parameter estimates. The EAP scores in the two-
dimensional continuum, which are denoted 6, and 82, were computed from the item parameter estimates
after the Varimax rotation. Twenty Gauss-Hermite quadrature points and weights in each dimension were
used for the numerical integration.

Multivariate multiple regression analysis of the generated random variables 0 on the EAP estimates
6 was performed. No significant quadratic or cubic term was detected. The regression function is

Figure 2
Means and Standard Deviations of Differences Between Estimated and

Original Factor Loadings for Data with Guessing Effects
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The actual values of the EAP scores depend on the particular choice of rotation. Nevertheless, the
major and minor diagonals of the regression coefficient matrix become close to 1 and 0, respectively. In
other words, the EAP scores based on the Varimax solution are essentially uncorrelated. This is not

generally true of other methods of computing factor scores (Harman, 1976).
The correlation between the simulated and estimated abilities was .672 and .778 for the first and

second dimensions, respectively. When the same simulation procedure described above was repeated
with 500 cases, the correlation dropped to .644 and .752. This may be largely due to the poor convergence
of item parameter estimation when the sample sizes are small. Small sample sizes become problematic
in computing the EAP scores only when the item parameters must be estimated from the same observed
responses. Otherwise, increasing the length of the test leads to more reliable EAP scores.

Comparison Between ML and EAP Estimates

For the third simulation study, a set of 30 unidimensional item estimates from the ASVAB Arithmetic
subtest (Mislevy & Bock, 1984) was split into 15 odd-numbered items and 15 even-numbered items. The
1,000 dichotomous item response vectors for each set of 30 items were generated based on the guessing
model (Equation 17) and the same underlying unidimensional ability distribution. This experiment closely
simulated the situation in which the same group of students takes two parallel forms of a test within a
certain time interval. The ML estimates and the EAP estimates were computed from these sets of even-
numbered and odd-numbered items, and they are plotted in Figures 3 and 4, respectively. Some plots
that are approximately located on the same positions are hidden in the figures.

Since guessing effects were included in the item response model, a ceiling effect appears in both

plots. In addition to ceiling effects, the plot of the ML estimates shows that the ability scores are more

Figure 3
MLE Estimates from Even- and Odd-Numbered Items
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Figure 4
EAP Estimates from Even- and Odd-Numbered Items

dispersed at the lower end of the continuum. This is because accurate ML estimates cannot be obtained
for extreme scores. The unreliability of the ML estimator of the scores at the lower and higher ends of
the ability scale may be accentuated when the test is not very long or highly heterogeneous guessing
effects are found. The comparison between the ML estimates and the EAP estimates reveals, therefore,
that the EAP estimator provides a more reliable reproduction of the simulated abilities than the ML estimator.
This aspect of the EAP scores is important, since parallel forms are frequently required in educational and
psychological testing.

Applications

Measurement of Affective Outcomes of Schooling (Aos)

In this section, 40 items were selected from the AOS Scales developed by Engelhard (1985). Items
were selected from the Punctuality, Honesty, Cooperation, and Curiosity Scales. The items in the AOS
Scales are scored dichotomously (yes/no), and there were 700 elementary school students in the data set.

Factor Patterns of Aos Data

A stepwise full-information item factor analysis was performed specifying a four-factor solution for
the Aos data. The differences in the chi-square fit statistics of each solution are presented in Table 1.

Although the reduction of the chi-square fit statistics seems to suggest that a model with more than four
dimensions may provide a better fit to the data, a careful examination of the fourth factor loadings revealed
that these loadings were minor and no interpretable configuration was found. Therefore, the three-factor
solution was chosen as an appropriate model to describe the behavior of the Aos data. The three-
dimensional Varimax factor loadings are presented in Table 2.
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Table 1
Reduction in Chi-Sc~uare Fit Statistics

The factor patterns in Table 2 indicate that the first factor loadings were generally high on most of
the Honesty and Cooperation items. Some of the items with high loadings were

I understand that being honest is important.
I believe that working with other students is more important than competing with them.
I can tell when it is better to work together with other students than to compete with them.

The items with high loadings on the second factor came primarily from the Curiosity Scale. Some of the
items with high loadings on this factor were

I try to find out all I can about the subjects that the teacher talks about in class. <
Being curious about my classwork is important to me. .

I enjoy looking for and trying out new ideas and projects.. > 

_ 

.

Finally, some sample items with high loadings on the third factor were ’~&dquo;

I finish my classroom assignments when they are due.
I turn in my homework on time.
I finish my classwork on time, even when the teacher is not around.

The items with high loadings on this factor came primarily from the Punctuality Scale.

Advantages of EAP Scores

Full-information item factor analysis provides an objective basis for clarifying the distinction between
what the item writer intends to measure and what the items actually appear to measure. At the stage of
test or scale construction, full-information factor analysis provides a powerful method for examining the
construct validity of each item. For example, one of the items in the Cooperation Scale (‘ ‘I do not compete
with other students for good grades.&dquo;) had low factor loadings on all three dimensions. The item was
worded negatively and this may have confused some of the examinees. This is an example of how full-
information item factor analysis is quite sensitive to ill-behaved items.

Despite a small lack of accordance on a few items, the agreement between a prior classification of
items into four scales and the results of the full-information item factor analysis is quite high. Items from
the Honesty and Cooperation Scales define the first factor, items from the Curiosity Scale define the
second factor, and items from the Punctuality Scale define the third factor.
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After obtaining a reasonable and interpretable fit of the full-information item factor analysis model,
the EAP scores are calculated for each examinee. The correlation coefficients between the raw scores and

the three EAP score scales are given in Table 3. The raw score for each examinee is simply the sum of
the dichotomous responses over the items in a particular scale. On the other hand, the EAP scores were
computed on the basis of the multidimensional item response model with estimated slope and location
parameters after the Varimax rotation.

Several advantages of the EAP scores over the use of raw scores are evident in Table 3. In examining
the correlations, it was found that the EAP score scales have higher correlations with the AOS Scales that
have items with high loadings on these scales, as would be expected. It is also clear that the correlation
coefficients among the EAP scores were quite small compared to the correlations among the raw scores.
The correlations ranged from .455 to .191 for the raw score scales, and from .161 to .094 for the EAP
score scales. The orthogonality of the EAP score scales over the multidimensional space indicates that
these scores represent distinctive characteristics of the examinees, and provides additional advantages
when the EAP scores are used in subsequent analyses. It should also be noted that the EAP scores were

calculated for all of the examinees (N = 700), while the raw score scales of 50 examinees were excluded
because of their missing responses.

In an earlier study, Muraki and Engelhard (1985) conducted several multivariate analyses using four
raw score scales and the three EAP score scales. The two independent variables included in this study
were the grade level and the gender of the student. In comparing the results of the analyses based on the
raw scores and the EAP scores, they found a reasonable amount of agreement between the conclusions
based on the separate analyses. The similarity between the analyses is, of course, related to the amount
of agreement that was found between the a priori classification of the items into the four AoS Scales and
the results of the full-information item factor analysis using the EAP scores. They also noted that the p
values were smaller for the analyses using the EAP scores, indicating that the statistical tests appear to
be more sensitive with the EAP scores. This is due to the increase in information that is obtained by using
all of the data available in the response patterns, which is not used when total scores are analyzed.

Choosing the three-factor model rather than four- or higher dimensional factor models seemed to be
appropriate for the present demonstration of actual data analysis as an example. However, as shown in
Table 3, the correlation coefficients of the first EAP score with the Honesty and Cooperation scores are

Table 3
Correlations of Raw Score Scales and
the EAP Scores (Lower Triangle) and

Sample Sizes (Upper Triangle)
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not high compared to the correlation either between the second EAP score and the Curiosity Score or
between the third EAP score and the Punctuality score. The three-dimensional model of this study may
have overlooked other common factors that may be minor but explainable by the content of items of the
Honesty and Cooperation scales. Multivariate analyses based on the three-factor solution, therefore,
possibly lost information at the price of the reduction of dependent variables. Fitting higher dimensional
models to data inevitably makes further analyses and the interpretation of results more complex, but full-
information factor analysis is useful to explore psychological dimensions which are originally unintended
by test item writers.

Conclusions

The purpose of this study was to present and illustrate the potential applications of EAP scores. Three
simulation studies were used to illustrate full-information item factor analysis. The first simulation com-
pared full-information item factor analysis with a conventional tetrachoric factor analysis. This simulation
indicated that full-information item factor analysis generally does better in estimating factor loadings in
both no-guessing and guessing data sets, especially when item difficulties vary to a great extent. The
second simulation study illustrated that the EAP scores based on the Varimax solution were essentially
uncorrelated. The third simulation study compared ML and EAP estimates of factor scores. The EAP estimates
provided a more reliable reproduction of the simulated abilities than the ML estimates.

Traditional data analysis usually deals with the raw scores obtained from established scales composed
of items that are assumed to represent a particular set of constructs. The utilization of EAP scores provides
several advantages over raw scores. Some of the specific advantages are
1. The EAP scores are computed on the basis of all of the information available in the examinees’

response patterns. Therefore, the EAP scores are more likely to produce a continuous scale than the
raw score. This continuity enhances the power of statistical tests used to examine differences between
groups.

2. The EAP scores reflect the significant contribution of each item in a test to a specific dimension or
factor. Raw score scales reflect only a portion of the items in the test. Therefore, the raw score scales
are subject to the potential misclassification of items from established scales. For example, one of
the items states &dquo;I keep my eyes on my work in the classroom,&dquo; and it was originally written as an
item in the Honesty scale. However, this item has a low factor loading on the first factor and a rather
high factor loading on the second factor. Considering this item as equal to the other items in the
Honesty scale may distort the conclusions drawn from further analyses of the data.

3. The correlation coefficients among the EAP scores are quite small compared to the correlation among
the raw scores. The orthogonality of the EAP scores over the multidimensional space suggests that
the EAP scores represent distinctive characteristics of the examinees.

4. Detecting items with poor construct validity becomes easier when full-information factor analysis is
used.

5. The raw scores are not generally computable even if one of the responses to the items in a scale is
missing. However, the EAP scores can be computed regardless of missing responses.
The interpretation of the multivariate analysis is also simplified with the EAP scores because there

are fewer concepts to discuss (Muraki & Engelhard, 1985). The orthogonality of the EAP scales facilitates
the interpretation of the results, since they represent an independent index of each construct. The EAP
scores appear to reflect what the test items actually measure, and they are more sensitive to aberrant item
behavior. Therefore, the construct validation of psychological or educational measurements based on full-
information item factor analysis is strongly recommended in the initial item preparation stage.
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