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The Analysis of Item-Ability Regressions:
An Exploratory IRT Model Fit Tool
Neal M. Kingston and Nell J. Dorans
Edueational Testing Service

The use of item-ability regressions (the comparison
of the regression of the observed proportion of people
answering an item correctly on estimated &thetas; with the
estimated item response function) to investigate the
psychometric properties of particular item types in a
given population was explored using data from four
administrations of 10 item types (a total of 806 items)
from the Graduate Record Examinations General Test.

Although the method does not allow an absolute deter-
mination of fit for a latent trait model (in this case, for
the three-parameter logistic model), it does show that
certain item types consistently fit the model worse
than other item types, and it led to and supported a
specific hypothesis as to why the model probably did
not fit these item types.

Item response theory (IRT), when the assump-
tions of the chosen model (local independence and
form of model) are met, provides powerful tools
for the analysis of items, tests, and people (Ham-
bleton & Swaminathan, 1984; Lord, 1980). Nu-
merous attempts have been made to assess the fit
of item response models to observed data (Holland,
1981; Rosenbaum, 1984; Yen, 1981, 1984), but
existing techniques have not been used in an ex-
ploratory fashion. The thrust of this article is to
provide insight as to why items do not fit the model.
To explore the fit of the three-parameter logistic

model to Graduate Record Examinations (GRE) data,

a heuristic graphical technique and some quanti-
tative summaries of that technique were used in a
roughly normative manner. This exploratory tech-
nique, which will be referred to as analysis of item-
ability regressions, compares the regression of the
observed proportion of people answering an item
correctly on estimated 0 (empirical regression) with
the item response function based on the estimated
item parameters (estimated r~~ressi&reg;~91-l~r~blet&reg;n9
1980; M. Stocking, personal communication, 1980).

The Analysis off ~f~ &reg;~~lll~y
Regressions Technique

The untransforrned ability scale (0 estimated on
the metric for which the trimmed calibration sam-

ple examinees with estimated 0 between - 3 and
3, has a mean of 0 and a standard deviation of 1 )
is split into 15 intervals of width .4 in the range
for - 3. 0 to ~- 3.0. P, the proportion of people in
interval I answering the item correctly, adjusted for
omits, is computed for each interval. That is,

where is the number of examinees in the ith
interval who answered the item cor-

rectly,
n° ~s the number of examinees in the ith

interval who omitted the item,
A is the number of alternatives per item,

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



282

ni is the number of examinees in interval

i who answered the item or any item

subsequent to that item.
The 15 Pi are plotted as squares whose areas are

proportional to ni. For each interval, a line of length
4(P~lnt)1~2 is plotted, where P and 0 are computed
from the estimated item response function. The line

is centered on the estimated response function.

It should be noted that although this line is a
rough estimate of the .95 confidence interval around
the item response function, it is not being used as
a statistical test. The reasons why this line does
not represent an actual .95 confidence interval in-
clude : (1) the use of 2 instead of 1.96 as a coef-
ficient, (2) the use of the inappropriate symmetric
normal approximation to the binomial confidence
interval around the response function (particularly
a problem for extreme values of P), and (3) the
use of an interval based on estimated item param-
eters.

Figures la through 1 f show six examples of item-
ability regressions. The vertical scale in each is the
probability of a correct response and ranges from
0 to 1. The horizontal scale is the ability metric
and ranges from - 3 to + 3. Various attributes of

these item-ability regressions relate to model fit.
After looking at more than 1,000 of these plots, it
was decided that a useful summary statistic would
be the number of times the proportion of the ex-
aminees in an interval responding correctly to the
item fell outside the ± 2(hQl~ct)I~z interval centered
on the response function, that is, the number of
times the midpoints of the boxes fell off the vertical
lines. Thus, the item-ability regressions in Figures
1 ~ and 1 b would each be scored 0, those in Figures
lc and ld would be scored 2 and 3, respectively,
and those in Figures le and If would be scored 5
and 9, respectively.

The GRE Database

This analysis was based on 395 verbal, 275

quantitative, and 136 analytical items. The verbal
and quantitative items consisted of all such oper-
ational items from administrations of four GRE Gen-

eral Test editions. The analytical items consisted
of all operational items from two of these four
editions.

The verbal measure consists of four item types:
analogies, antonyms, sentence completion, and

reading comprehension. The quantitative measure-
consists of three item types: regular mathematics,
data interpretation, and quantitative comparison.
The analytical measure (at the time of this research)
also consisted of three item types: analysis of ex-
planations, logical diagrams, and analytical rea-
soning. Examples of each item type can be found
in the GRE Bulletin (Educational Testing Service,
1985). Item and person parameters were estimated
separately for the verbal, quantitative, and analyt-
ical measures using LO&OElig;ST (Wingersky, 1983).
Sample sizes ranged from approximately 3,000 to
7,250 examinees per item.

Results

Table 1 presents cumulative distributions of item
scores on the model fit statistic described above.

Data are presented for the three major item clas-
sifications and their constituent item types. To aid

interpretation of these data, frequencies of model
fit score were collapsed into two categories (0, 1,
2 + ), and compared across item types with a chi-
square test of independence. Table 2 presents these
results for the three major item classifications.
The high chi-square for Table 2 shows a rela-

tionship between broad item classification and model
fit. Whether or not the three-parameter logistic model
fits data for any of the item types in an absolute
sense, Table 2 shows that some item types are fit
more closely than others. In particular, the order
of fit seems to be (from best to worst): verbal,
analytical, quantitative. Since these differences might
be due to specific item types, each broad classifi-
cation was separately analyzed by specific item
type. Table 3 presents these results for the verbal,
quantitative, and analytical item types.
The four verbal item types presented in Table 3

show no significant difference in model fit. Of the
three quantitative item types, the model fits the

quantitative comparison items least well.
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Figure 1
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Table 2

Comparison of Model Fit for Three Major
__ 

Item Classifications

- 34.55 with 2 df, p< .0001

One feature of quantitative comparison items is
that they all share the same response options and
instructions: e

Directions: Each question in this part consists
of two quantities, one in Column A and one
in Column B. You are to compare the two

quantities and on the answer sheet blacken
space:
A if the quantity in Column A is the greater;
B if the quantity in Column B is the greater;
C if the two quantities are equal;
D if the relationship cannot be determined

from the information given.

This might lead to multidimensionality due to the
particular correct response of the item. To inves-
tigate this, a chi-square test of independence be-
tween the keyed response and model fit score (col-
lapsed into two categories) was performed. Results
are presented in Table 4. There is no evidence for
any response option factors.

Alternatively, it could be argued that another
type of multidimensionality caused the model fit

problem. Perhaps quantitative comparison items
themselves are u~idirnensi&reg;~~19 but are tapping a
different dimension from the rest of the quantitative
items. Factor analytic results do not indicate this
is the case (see Kingston & Dorans, 1982, for a

Table 3

Comparison of Model Fit For Various
Verbal, Quantitative, and Analytical Item Types
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Table 4

Comparison of Model Fit
for Different Keyed Responses of

Quantitative Comparisons Items

review of past GRE factor analytic studies), but

existing studies used linear models and IRT is based
on a nonlinear model. A separate quantitative com-
parison factor could not be ruled out.
To further investigate this, the quantitative com-

parison items for one form were calibrated sepa-
rately. Item-ability regressions for items in this cal-
ibration could not be affected by multidimensionality
inherent across the three quantitative item types.
Table 5 compares the model fit for the 30 quanti-
tative comparison items calibrated with the entire
quantitative section against that for the items cal-
ibrated as an homogeneous subset.

Since different calibrations of identical items are

represented in the two rows of Table 5, a test of
independence was not performed. Nonetheless, it

obvious that any multidimensionality occurs
within the item type and not across the three quan-
titative item types.

Further examination of the items and their di-

rections led to the hypothesis of another type of
dimensionality problem. Due to a probleim-solving

response set, some examinees who did not know
the answer to a quantitative comparison item might
be more likely to answer D, &dquo;the relationship can-
not be determined from the information given,&dquo; 

9

than others of equal quantitative ability, in which
case the poor model fit of these items might be
explained. This problem-solving response set would
contribute to a lack of model fit regardless of the
keyed response. If the correct answer were A, B,
or C, some examinees with a given ability would
be less likely to select the correct answer than oth-
ers because of their propensity for response D. If
D were the correct answer, these same examinees
would be more likely to select the correct answer
than the model predicted. There is no way to test
this hypothesis with available data.

Table 3 indicates that the three-parameter lo-
gistic model fit analysis of explanations items less
well than the other analytical item types. Like

quantitative comparison iterns 9 these items all share
a single response format:

Directions: For each set of q~~sti&reg;r~s9 ~ fact
situation and a result are presented. Several
numbered statements follow the result. Each

statement is to be evaluated in relation to the

fact situation and result.
Consider each statement separately from

the other statements. For each one, examine
the following sequence of decisions, in the
order A, ~, C, D, E. Each decision results
in selecting or eliminating a choice. The first
choice that cannot be eliminated is the correct
answer.

A Is the statement inconsistent with, or contra-
dictory to, something in the fact situation, the

Table 5

Comparison of Model Fit for Homogeneous
and Heterogeneous Calibrations of

- - 

Quantitative Comparison Items
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result, or both together? If so, choose A.
If not,

B Does the statement present a possible adequate
explanation of the result? If so, choose B.
If not, 9

C Does the statement have to be true if the fact
situation and result are as stated?
If so, the statement is deducible from some-

thing in the fact situation, the result, or both
together; choose C.
If not,

D Does the statement either support or weaken
a possible explanation of the result?
If so, the statement is relevant to an expla-
nation ; choose D.

E If not, the statement is irrelevant to an expla-
nation of the result; choose E.

Table 6 presents a test of independence between
keyed response and model fit. Analysis of expla-
nations items keyed B or E were not fit well by
the model. In fact, some of the B-keyed items are
not monotonically increasing; more able students
frequently chose the D response. Figure lf presents
the most extreme example, found in the present
study, of such an item. Factor analysis (Swinton
& Powers, 1980) has provided additional evidence
of keyed response- specific factors for analysis of
explanations items.

Table 6

Comparison of Model Fit
for Different Keyed Responses of

_ Analysis of Explanations Items

x2 = 25.07 with 4 df, p< .0001

Discussion

The analysis of item-ability regressions has pro-
vided insight into the fit of the three-parameter
logistic model to GRE data. The question remains:
how likely is this technique to clarify model fit for
other test data? In this research, each of more than
800 items were administered to at least 3,000 ex-
aminees. Most researchers will not have the luxury
of these sample sizes.

Since this is a heuristic method that has not been

widely used, it is difficult to know the minimum

number of examinees and items required for useful
analysis. Certainly, the number of examinees could
be reduced to whatever size sample a researcher
thought sufficient for accurate parameter estima-
tion. For the three-parameter logistic model with
joint maximum likelihood estimation (e.g., LOGIST)
and reasonable constraints on the estimation of the
lower asymptotes, sample sizes of about 1,000
should be more than adequate. With marginal max-
imum likelihood estimation (e.~., BILOG), consid-
erably smaller sample sizes should be acceptable.
The power of this analytical technique depends

on the number of items and the degree of misfit.
Relative misfit was clear within the 76 analysis of
explanations items, but not within the 395 verbal
items. Although it is suggested that other research-
ers using this technique try to use samples of at
least 100 items, even an analysis of about 50 items
should indicate misfit, if the degree of misfit is

sufficiently large.
It should also be noted that the identification of

misfitting subgroups of items from a larger set of
items can be confounded with the proportion of
items in that subgroup. For example, if a test ad-
ministered to high school students consisted of 90
vocabulary items and 10 geometry items, the vo-
cabulary items would dominate the definition of
the latent trait. The geometry items would probably
appear not to be fit by a unidimensional latent trait
model, even though, if they were calibrated sep-
arately, they would be fit. In fact, it is not the

geometry items that are at fault, but the researcher
who believes that vocabulary and geometry mea-
sure the same latent trait. Nonetheless, if the test
had consisted of 10 vocabulary and 90 geometry
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items, the analysis of item-ability regressions would
produce a different result. Using approximately equal
numbers of items within each subgroup should al-
leviate this confounding. Having examined a num-
ber of factor analyses in addition to the data re-
ported herein, it is believed that no such confounding
affects the results of this study.

Conclusion

The analysis of item-ability regressions appears
to be a useful exploratory tool for the investigation
of factors influencing item-response behavior and
the fit of item response models to observed data.
In this research, the three-parameter logistic model
seems to fit all of the verbal item types and two of
the analytical item types, logical diagrams and an-
alytical reasoning, better than the three quantitative
item types and the analysis of explanations items.
Of the latter four item types, regular mathematics
and data interpretation items seem to be fit almost
as well as some of the &dquo;good fitting&dquo; item types.
Analysis of explanations items keyed other than B
or E were fit by the model quite well (less than 5%
of the items keyed A, C or D had a model fit score
of 2 or greater), but those keyed B or E had the
highest proportion of model fit scores of 2 or greater
of any of the item classifications considered (53%).
Quantitative comparison items were difficult to fit
the three-parameter logistic model.
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