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Homogeneity Analysis of
Test Score Data: A Confrontation
with the Latent Trait Approach
Dato N. M. de Gruijter
University of Leyden

In homogeneity analysis, or dual scaling, weights
for item categories are obtained that maximize Cron-
bach’s alpha. In this paper these weights are compared
with the optimal scoring weights in the latent trait ap-
proach. This is done on the basis of data generated ac-
cording to the two-parameter logistic model. As ex-
pected from a theoretical analysis, the homogeneity
weights show less variation than the optimal weights
of latent trait theory. It is argued that the homogeneity
weights should not be used for item selection.

Homogeneity analysis, a data-analysis approach
with a long history (see de Lee~~.~, 1973; Nishisato,
1980), became well-known with Guttman’s prin-
cipal components analysis of the Guttman scale
(Guttman, 1950). In homogeneity analysis a com-
mon metric for item categories and units of mea-
surement, mostly persons, is obtained. The quan-
tifications of the item categories can be called weights
and the quantifications for persons, scores. The

weights and scores have symmetrical roles. When
a person’s score is defined as the average of the
category weights endorsed, category weights are
proportional to the average score of the persons
who choose these categories. This reciprocal re-
lationship is the basis for one of the algorithms for
obtaining weights and scores. It is, however, pos-
sible to obtain weights without simultaneously de-
riving the scores.

Once a solution is obtained, residual data can be

computed and then a second solution can be ob-
tained. This process can continue as long as a sig-
nificant amount of variation can be explained. When
this is done, the multivariate structure of the data
is disclosed. However, dimensions other than. the
first can be spurious. This is the case, for example,
in the homogeneity analysis of the essentially
unidimensional Guttman scale: A multiplicity of
weight vectors is obtained with weights that have
a predictable relationship with the weights for the
first component (Guttman, 1950). Also, other non-
linear latent trait models can be expected to produce
additional components (I~cb.7&reg;n~ld ~ Ahlawat,
1974). These components are not discussed here,
but attention is concentrated on the first compo-
nent.

Lord (1958) demonstrated that the category
weights of homogeneity analysis maximize coef-
ficient alpha. This is one of the properties that
makes such an analysis attractive, but the question
arises how these &dquo;maxalpha&dquo; weights can be in-
terpreted (~cI~&reg;~~ld, 1983) and whether they cor-
respond to weights based on latent trait theory.
Some preliminary results on this topic for data that
conform to the Rasch model are given in Gifi (1980).

This paper reports an analysis for data generated
according to the two-parameter logistic model. Only
two item categories, correct and incorrect, are in-
volved when there are no missing data, and in order
not to complicate matters, it is assumed that this
is the case. With binary data, the computational
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burden can be diminished. This is done by intro-
ducing the item weight, the difference between the
weight for correct and the weight for incorrect.
Lord (1958) pointed to the fact that item weights
can be obtained from a principal components anal-
ysis of the inter-item correlation matrix: The max-
alpha weights equal the loadings on the first prin-
cipal component of the correlation matrix divided
by the corresponding item standard deviations. The
category weights can be constructed from the item
weights by stipulating that the average score on
each item equals zero. For constant item weight,
the weight for the correct category becomes more
extreme as the item becomes more difficult.

Optimal ~~~ Weights

Several definitions of best weights are possible.
A general treatment of the weighting problem is
given by h4cDonaId (1968). In this section two

weighting problems, the maximization of alpha and
the maximization of reliability, are discussed for
the situation with n congeneric measurements

Xi(i = 1, ... , n). In this situation the elements
of the population variance-covariance matrix can
be written as:

where Pi is the slope of the regression of mea-
surement G on true score, and <p¡ is the error vari-

ance.

The reliability of the weighted composite 7-wiXi
can be written as: e

where w is the vector with weights,
~ is the matrix with observed score vari-

ances and covariances, and
W is the diagonal matrix with error vari-

ances. e

The &dquo;maxrho&dquo; weight vector, the vector with

weights maximizing p, is given by Overall (1965)
and Joreskog Y 9~ ~ ) e

R4axrho weights should be distinguished from
the maxalpha weights. The latter weights maximize

where A is the diagonal matrix with elements or,;.
Both problems, however, require the maximization
of a function: a

In the maxalpha problem V equals A and in the
maxrho problem V equals 4b.
Differentiation of X with respect to w and setting

the derivative equal to zero results in the matrix
equation:

Premultiplication of Equation 6 by V - 1’2 and sub-
stituting W=V-112 u results in:

The weight vector that maximizes p or 01. equals
V - 112 times the first principal component u.

Inspection of the cells of V - 1/2 reveals
that the optimal weights associated with the max-
imization of p are

that is, the weight of measurement equal the
slope divided by the error variance for this mea-
surement.

In the maxalpha problem V - I’23lV - 1’2 equals the
correlation matrix, R, and the optimal weights are
equal to the first principal component of this matrix
divided by the standard deviations of the corre-
sponding measurements. An impression of what
the weights look like can be obtained from a related
problem&horbar;that of finding the first principal com-
ponent of R*, the correlation matrix with com-
munalities in the diagonal. The loadings for this
problem are

with corresponding &dquo;weights,&dquo; 
9

Gifi (1980), quoting a result due to Bunch, Niel-
sen, and Sorenson (1978), noticed that there is a
simple relationship between the loadings M* and
the principal components of R. The first principal
component of R is proportional to

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



387

where X, is the first eigenvalue of R. From Equa-
tion 11 the final maxalpha weights are obtained.
When A, is relatively large, the maxalpha weights
are approximately proportional to the w* . Com-
paring Equations 8 and 9, it is clear that the max-
alpha weights can be quite different from the maxrho
weights. Further, from Equation 10 it might be
concluded that the maxalpha weights are popula-
tion dependent.

The Two-Parameter

Logistic rvi-odel

The two-parameter logistic model can be written
as:

where Pi(O) is the probability of a correct response
on item !’ given latent ability 0, 9

bi is the difficulty parameter, and
a; is the discrimination parameter of the

item.

When the Os are estimated by the maximum like-
lihood method, the weighted sum Ew,(6)~ with
item scores xi = I for a correct response and x; = 0

for an incorrect response, and with best weights

w,(6) == P/ (0)/lP«0)Q«0)1 , (i3)

with Q;(8) = I - P,(0) and P; (6) - 3P;M/~,
evaluated at x = 0, plays a role. Notice the resem-
blance between Equations 13 and 8: The best weight
is equal to the local slope, divided by the local
error variance (see also I~c~&reg;nald9 1982). From

Equations 12 and 13, it is found that the best weights
are independent of latent ability 0 in the two-pa-
rameter logistic-the weights are equal to the dis-
crimination parameters ai.
An interesting question is whether the maxalpha

weights correspond to the weights ai from item
response theory (IRT). An answer is provided by
a simulation study. First, however, a theoretical

analysis is presented. This analysis is based on the
fact that the nonlinear tracelines of the two-param-

eter logistic model can be linearly approximated.
Such an approximation seems especially reason-
able when the spread of the ability parameters is
relatively small.

Since the Os and bs are defined on an interval
scale-a* = c-la, b* = cb and 0* = c9 satisfy
Equation 12 as well as the original parameters-
it is convenient to choose the scale with jis = 0

and U2, = 1. Further, it is assumed that the Os are

normally distributed; this distribution seems a rea-
sonable approximation to the more or less sym-
metric distributions with not too heavy tails that
frequently are encountered in practice. Finally, for
the present the two-parameter logistic is approxi-
mated by the two-parameter normal ogive:
P,(6) ~L&dquo;~ 1~1(&dquo; &dquo;’i).Y ° (14)
When the scaling constant D is set equal to 1.6, 9
the difference between the logistic and normal den-
sities is small, and in addition the cumulative curves
are in close agreement for the middle region (Mo-
lenaar, 1974).

Given a standard normal distribution for the Os,
Equation 1~~ can be linearly approximated as:

P,(0) - TT,+p,(})(~,)e , (15)
where ai = <~(&horbar;p~,) is the item proportion cor-
re~t9 ~ is the normal density, xi equals pibi, and

p, a-° ,~1/ (~ ~~?+ ~.)1~~ (16)

(I~c~&reg;n~ld, 1982, pp. 221-222) is the point-
biserial between item i and the latent trait.

Clearly, the item weight can be approximated
as:

w, - ~i~(~~)~1‘~r(~ -’~°L)~ . (17)
The corresponding weight for the correct response
is

wi, ~-’i~i 1~(~i) , (18)
that is, the weight equals ~Li., the mean 0 given a
correct response to item (cf. de Gruijter ~~ van
der i~~rr~p9 1984, p. 17~-). A similar result holds
for the weight for incorrect.

Approximating 4)(x) by the logistic density, the
following is obtained:
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Substitution in Equation 17 results in:

~ ~ 1 ~ &dquo;’ I~’’ F 9 (20)
that is, the maxalpha weights are expected to be
related to the point-biserials. From this, it is ob-

vious that maxalpha weights will differ from the
ai, the best weights in the context ofIRT. The size
of the effect will depend on the general level of
the as. With high as, the effect will be stronger.
Or, for a constant level of a values, the effect will
be stronger for more heterogeneous distributions.

A Simulation

In order to verify the extent to which the ap-
proximations in the previous section hold, a small
simulation study was done with 15 items and 2,500
person parameters, randomly generated from the
standard normal distribution. The relatively large
sample size was chosen in order to avoid the pos-
sibility that effects become inconspicuous in the
presence of sampling deviations. The first five items
had b - 1.759 1.&reg;9 0.0, 1.0, and I.75, re-

spectively, and an a = .5. The next five items had
the same b values, but an a = 1.0, and the last five
items had a = 1.5. The particular choice of bs-
symmetrical around zero-was expected to facil-
itate the appearance of the pattern of weights sug-
gested in the previous section.
The total score, the sum of the item scores with

x = 1 for a correct response and x = 0 for an in-

correct response, is a reasonable and reliable mea-
sure of persons’ abilities in many test theoretical
applications. Therefore, satisfactory starting values
for the category weights and consequently the item
weights are easily obtained. Recalling the reci-

procity property of weights and scores, for each
category the average score of persons endorsing
the category can be computed and the overall mean
can be subtracted. The resulting weights might be
biased, however, due to the fact that a score equal
to 1.0 has been added to all scores of persons en-

dorsing the correct category, whether the item dis-
criminates or not. This spuriousness has been no-
ticed in connection with the item-test correlation.

Henry sson (1963) proposed to correct this corre-
lation. In the numerator of the formula for the cor-

rected correlation, one point is subtracted from the
average score of the correct category and p, the
item proportion correct, is subtracted from the overall
mean. This results in alternative starting values for
categories with corresponding starting values for
the item weights equal to ~+ &horbar; 1 &horbar;~_, where

~+ is the average score of the persons with a correct

response to the item, and I- is the average of

persons with an incorrect response. The choice of
the starting values for the maxalpha weights further
seems to be justified on the basis of results pre-
sented by Nishisato and Sheu (1980).
The results of the homogeneity analysis are given

in Table 1, together with the corrected starting val-
ues. The item weights in the table were obtained
by multiplying the outcomes from the analysis with
a constant such that the average of the weights for
items with a = 1, was equal to 1. From Table 1,
it is clear that the homogeneity analysis underes-
timates high a values relative to low values as ex-
pected from the theoretical analysis.

Further, the starting values are very close to the
final item weights, and alpha for the unweighted
scores (a == .67) is nearly as high as the maximum
alpha (a _ .~9). These results are to be expected
with test items like the simulated items, with re-
sponses scored correct and incorrect.

Discussion

From this study, it is clear that item weights
based on homogeneity analyses are not optimal in
terms of IRT. In a simulation study based on the
two-parameter logistic model, high a values were
underestimated in a homogeneity analysis and low
a values were overestimated. Neither can the weights
be used as a basis for item selection as suggested
by Nishisato (1980, p. 102). For item selection the
information function is relevant, not the item dis-
crimination parameter or the item-trait point-
biserial.

Nevertheless, homogeneity analyses of test data
can be useful. The strong point of homogeneity
analyses lies where strong models do not fit, are
computationally difficult, or are even nonexistent.
For example, homogeneity analysis might be useful
for multicategorical data, as an analysis in its own
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Table 1

Item Weights from Homogeneity Analysis

right or as a provisional analysis before an analysis
with a model based on strong assumptions, like the
multicategory rating Rasch model.
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