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Scaling Distortion in
Numerical Conjoint Measurement
Carol A. Nickerson and Gary H. McClelland
University of Colorado

Proponents of numerical conjoint measurement gen-
erally assume that the technique’s goodness-of-fit mea-
sure will detect an inappropriate composition rule or
the presence of random response error. In this paper a
number of hypothetical and real preference rank order-
ings are analyzed using both axiomatic conjoint mea-
surement and numerical conjoint measurement to dem-
onstrate that this assumption is not warranted and may
result in a distorted scaling.

Axiomatic conjoint measurement and numerical
conjoint measurement (often called conjoint anal-
ysis) have been described as two complementary
approaches to the study of composition rules in
psychology (Green & Wind, 1973; Krantz & Tver-

sky, 1971). Axiomatic conjoint measurement be-
gins with an ordering of the dependent variable and
tests the properties or axioms that this ordering
must satisfy if it is to be represented numerically
according to a proposed composition rule. In con-
trast, numerical conjoint measurement does not test
the ordinal properties of the data but instead searches
(usually through an iterative computer algorithm)
for an appropriate monotonic transformation of the
dependent variable that best satisfies an assumed
composition rule; then it evaluates the correspon-
dence between the assumed rule and the scaled data
with a goodness-of-fit (or badness-of-fit) measure.
The functions of axiomatic conjoint measurement
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and numerical conjoint measurement have been
viewed as complementary because the former is
primarily concerned with model testing and the
latter focuses on scaling. Despite the emphasis on
scaling, it is usually assumed in numerical conjoint
measurement that the goodness-of-fit measure will
detect an inappropriate composition rule or the
presence of random response error. The present
paper demonstrates that such an assumption is not
warranted and may result in a distorted scaling.
Few papers exist that either compare the abilities

of axiomatic conjoint measurement and numerical
conjoint measurement to diagnose an appropriate
composition rule or to assess the accuracy of the
scaling produced by numerical conjoint measure-
ment when the assumed composition rule is invalid
or when there is error in the data. This is no doubt
due to the widely held view that the two approaches
are complementary. Krantz and Tversky (1971),
proponents of axiomatic conjoint measurement, ac-
knowledged this complementarity but argued (1)
that the ordinal properties of the axiomatic ap-
proach allow a more powerful diagnostic test be-
tween alternative composition rules than does the
goodness-of-fit criterion of the numerical approach;
and (2) that although the goodness-of-fit criterion
may indicate that a composition rule is invalid, it

is unlikely to reveal the source of the discrepancy,
whereas a direct test of the critical axioms may
often do so. They did not, however, present any
empirical evidence in support of their position. Such
evidence was provided in a more general context
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by studies (Anderson & Shanteau, 1977; Bim-

baum, 1973; Shanteau, 1977; Zeleny, 1976) which
have decried the use of goodness-of-fit measures,
particularly correlation coefficients, as indices of
model fit. These studies have demonstrated rather

compellingly that correlations between theoretical
or mathematical models and simulated (error-free)
or real (containing error) data can be very high,
even when the model is incorrect. In fact, the cor-
relation of the data with an incorrect model may
be higher than the correlation of the data with the
correct model, indicating that correlation coeffi-
cients should not be used to compare the fits of

competing models.
The opposite position was taken by Emery and

Barron (1979). In a comparative study of axiomatic
conjoint measurement and numerical conjoint mea-
surement, Emery and Barron examined the ability
of the two approaches to identify the simple poly-
nomial composition rules used to generate a num-
ber of data sets. They chose to use error-free syn-
thetic data because there is no adequate error theory
for axiomatic conjoint measurement (although it
should be noted that no adequate error theory exists
for numerical conjoint measurement, either). On
the basis of this study, Emery and Barron con-
cluded that numerical conjoint measurement per-
forms at least as well as axiomatic conjoint mea-
surement, both in diagnosing the data-generating
composition rule and in distinguishing between
possible composition rules. This finding contra-
dicts Krantz and Tversky (1971) in that it implies
that numerical conjoint measurement allows model
tests which are at least as powerful as those of
axiomatic conjoint measurement.
The results obtained by Emery and Barron are

limited for several reasons. First, empirically ob-
tained data sets typically contain error, and any
evaluation of the validity of a proposed composi-
tion rule should take the possibility of error into
account (Krantz & Tversky, 1971). Second, Emery
and Barron compared the abilities of axiomatic

conjoint measurement and numerical conjoint mea-
surement to discriminate between three alternative

classes of simple polynomials: additive, distribu-
tive, and dual-distributive. With few exceptions
(e.g., Coombs & Huang, 1970; Hurvich & Jame-

son, 1955; Spence, 1956; Wallsten, 1972), how-
ever, there is little evidence that distributive and
dual-distributive composition rules describe many
psychological processes. A more common problem
is to determine whether or not a data set can be

considered consistent with a proposed or assumed
additive composition rule (Green & Wind, 1973,
p. 104; Krantz & Tversky, 1971). Third, Emery
and Barron based their conclusions on the values

of two goodness-of-fit measures, though, as has
been noted previously, such measures are suspect
as indices of model fit. Timmermans (1980) made
similar observations in a study in which he ex-
amined the ability of numerical conjoint measure-
ment to determine which of eight composition rules
best described a number of sets of real data. He
concluded that numerical conjoint measurement was
ineffective for this purpose, primarily because of
the robustness of the goodness-of-fit measure. He
cautioned that the use of a goodness-of-fit measure
for testing composition rules should be supple-
mented by the diagnostic axiom tests developed by
Krantz and Tversky (1971) and by tests of predic-
tive validity.

Proponents of numerical conjoint measurement
other than Emery and Barron seem merely to as-
sume that the technique performs well in the pres-
ence of a small amount of random error and that

the goodness-of-fit measure will detect error or an
inappropriate composition rule. There is only an
occasional suggestion that this might not always
be so. For example, Green and Wind (1973), who
have used numerical conjoint measurement exten-
sively in marketing studies, mentioned in a foot-
note that the goodness-of-fit measure may not in-
dicate that &dquo;the model being fitted represents an
incorrect specification&dquo; (p. 122). This caution,
however, has not usually appeared in their empir-
ical applications of the technique. Takane (1978)
observed that it is difficult to evaluate the good-
ness-of-fit of a model to nonmetric data within the

least squares framework. Standard numerical con-

joint measurement algorithms such as ADDALS
(de Leeuw, Young, & Takane, 1976), MONA-
NOVA (Kruskal, 1965), and OPSCOLES (Emery,
1978) are within the least squares framework.

Busemeyer (1980), who is not a proponent of
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numerical conjoint measurement, noted that pro-
cedures that scale a dependent measure by maxi-
mizing the fit of an additive model tend to attenuate
violations of additivity, especially with small fac-
torial designs. Srinivasan and Shocker (1973) stated
that in trying to minimize a badness-of-fit measure
or maximize a goodness-of-fit measure, the non-
metric value estimation procedures typical of nu-
merical conjoint measurement computer algo-
rithms often tie the scaled values of pairs of

alternatives so that the number of tied pairs is likely
to be larger than the number of pairs between which
the individual is truly indifferent. Carroll (1973)
and Kruskal (1965) also briefly noted that under
certain conditions numerical conjoint measurement
is likely to produce degenerate scaling solutions in
which the scaled values of alternatives are tied, and
that this will not be apparent from the value of the

goodness-of-fit measure. As demonstrated below,
the tying of alternatives can lead to a very distorted
scaling.

Despite these caveats, most researchers using
numerical conjoint measurement techniques to study
applied problems appear to be satisfied with its

performance, probably because of an interest in
prediction rather than explanation. The belief is
that numerical conjoint measurement provides good
prediction even when the assumed composition rule
is invalid, because linear compensatory composi-
tion rules can approximate the outcomes of other
composition rules quite well (Dawes & Corrigan,
1974; Green & Srinivasan, 1978; Yntema & Tor-

gerson, 1961), even though better prediction might
actually be obtained using nonlinear noncompen-
satory composition rules (Einhom, 1970).
The present study compares the abilities of ax-

iomatic conjoint measurement and numerical con-
joint measurement (1) to identify correctly an ad-
ditive composition rule when the data contain error
and (2) to reject a proposed additive composition
rule when the composition rule is not in fact ad-
ditive. First, a number of hypothetical rank order-
ings representative of those typically found in con-
joint measurement research were analyzed using
both the axiomatic and the numerical techniques.
The hypothetical rank orderings are described as
&dquo;preference&dquo; rank orderings because many appli-

cations of numerical conjoint measurement tech-
niques are concerned with the quantification of
preference. However, the problem treated here
can obviously occur with other types of rank or-
derings. The set of preference rank orderings was
meant to be illustrative rather than exhaustive; that
is, it was not meant to be a systematic sampling
from the set of all possible orderings. Emphasis is
given to demonstrating that the goodness-of-fit
measure used in numerical conjoint measurement
may not indicate the presence of error or an in-

appropriate composition rule, and to determining
the effect that this has on the resulting scaling.
Then the results of an axiomatic conjoint mea-
surement analysis and a numerical conjoint mea-
surement analysis performed on a collection of 100
empirically obtained data sets are compared in or-
der to show that the hypothetical situations illus-
trated can occur in real data sets and that they ought
to be cause for concern in empirical applications
of conjoint measurement techniques.

Analysis of the Hypothetical Data

Data

Each hypothetical preference rank ordering con-
sisted of a set of 27 choice alternatives formed by
the factorial combination of three variables A, P,
and U, each with three levels. The set of rank

orderings is shown in Table 1. A rank of 27 rep-
resents the most preferred alternative; a rank of 1
represents the least preferred alternative.

Analysis

An axiomatic conjoint measurement analysis and
a numerical conjoint measurement analysis were
performed on each hypothetical preference rank
ordering. The axiomatic analysis consisted of test-
ing the axioms of independence, joint independ-
ence, and double cancellation for the variables A,
P, and U. A rank ordering must satisfy these three
axioms to be consistent with an additive compo-
sition rule. Independence means that the ordering
of the levels of each variable must be invariant
over the levels of each of the other two variables.
Joint independence means that the ordering of every
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combination of the levels of any two of the three
variables must be invariant over the levels of the
third variable. Double cancellation is best illus-
trated by an example. Suppose that the level of any
one of the three variables is held constant, and that
the cells of the resulting 3 x 3 factorial combi-
nation of the other two variables are labeled as
shown in Figure 1. If the rank of cell h is greater
than or equal to the rank of cell d, and if the rank
of cell f is greater than or equal to the rank of cell
b, then the rank of cell i must be greater than or

equal to the rank of cell a if double cancellation is
to be satisfied. For a rank ordering to be consistent
with an additive composition rule, double cancel-
lation must be satisfied for all possible combina-
tions of two of the three variables at every level
of the third variable. (See Coombs, Dawes, &

Tversky, 1970; Krantz, Luce, Suppes, & Tversky,
1971; or Krantz & Tversky, 1971 for mathematical
formulations and illustrations of these three ax-

ioms.) The axioms were tested using the computer
program PCJM2 (Ullrich, Cummins, & Walken-

bach, 1978).
For purposes of this study, numerical conjoint

measurement was equated with the MONANOVA
(Kruskal, 1965) computer program, although other
programs exist (e.g., ADDALS, de Leeuw et al.,
1976; OPSCOLES, Emery, 1978; POLYCON,
Young, 1972; UNICON, Roskam, 1974). MON-
ANOVA was chosen because it is the most widely
used algorithm for numerical conjoint measure-
ment, and because it was the algorithm used by
Emery and Barron (1979). MONANOVA performs
an iterative search for a numerical estimate or scale
value for each level of each variable so that when
the appropriate scale values are added together to
obtain the scaled values of the input data, the rank
ordering of the scaled data points corresponds to
the rank ordering of the input data points as closely
as possible. The degree of difference between the
two orderings is defined by a goodness-of-fit (ac-
tually a badness-of-fit) measure called &dquo;stress.&dquo; A

stress value of zero or nearly zero-the usual cri-
terion of less than .10 or 10% (Green, Carmone,
& Wind, 1972) was adopted here-was inter-

preted to mean that the orderings of the original
data and the scaled data are so close that an additive

Figure 1
The Double Cancellation Axiom

composition rule can be assumed without appre-
ciable loss in predictive accuracy. In the analysis
of the hypothetical rank orderings, MONANOVA
was allowed to iterate until stress equaled zero or
until a maximum of 50 iterations was reached.

Output from MONANOVA includes the stress value
reported as a percentage, a scatterplot of the input
data points plotted against the scaled data points,
and a set of numerical estimates or scale values,
one for each level of the variables A, P, and U.
The range of the scale values for each variable

divided by the range of scale values across all var-
iables constitutes the relative importance of that
variable. The relative importance percentages of
the three variables therefore sum to 100%.

Results

Examples of these commonly occurring types of
preference rank orderings are analyzed below: (1)
the rank ordering contains random response error,
(2) the rank ordering contains one or more outliers,
(3) the rank ordering is not consistent with an ad-
ditive composition rule, and (4) one or more var-
iables are inessential. Comparison of the results of
the axiomatic and the numerical conjoint measure-
ment analyses is undertaken from two perspectives:
(1) a strict or mathematical perspective, and (2) a
more practical, psychological perspective.
Random response error. One type of random

response error consists of a pair of adjacent choice
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alternatives whose ordering is reversed from the

ordering expected if an additive composition rule
is assumed (Coombs, Coombs, & McClelland,
1975). For example, in the preference rank order-
ing shown in Table 1 a, the alternatives with ranks
23 and 24 and with ranks 11 and 12 are reversed.
These adjacent pair reversals cause violations of
independence and joint independence for axiom
tests involving variable A. In the strict sense, the
proposed additive composition rule must be re-
jected because no adequate error theory has been
developed for axiomatic conjoint measurement per-
formed on single-replication data sets. In contrast,
the stress value computed by MONANOVA for
this rank ordering equals zero despite the errors,
incorrectly indicating that the data set is perfectly
consistent with an additive composition rule. From
a mathematical perspective, then, the performance
of axiomatic conjoint measurement is superior to
that of numerical conjoint measurement because it
is able to detect the presence of the adjacent pair
reversals.
From a psychological perspective, the practice

of rejecting the proposed composition rule in the
presence of any axiom violations is unrealistically
harsh, for there is no allowance for chance varia-
tion. In the presence of even a single pair reversal,
it must be concluded that the rank ordering is not
consistent with the proposed additive composition
rule. However, a researcher would probably not
want to conclude that the psychological process
generating the rank ordering is therefore not ad-
ditive. Krantz and Tversky (1971) stated that be-
cause real-world data are typically fallible, any
evaluation of the validity of the proposed compo-
sition rule must take the possibility of error into
account. Accordingly, it seems reasonable to adopt
the strategy used by others (Coombs & Bowen,
1971; Coombs et al., 1975; Fischer, 1976; Nick-
erson, McClelland, & Kegeles, 1981; Ullrich &

Painter, 1974) of allowing a small, prespecified
number of nonsystematic errors before rejecting the
proposed composition rule. Since correction of only
two errors in this data set (i.e., reversing to their
expected ordering the alternatives with ranks 23
and 24 and with ranks 11 and 12) eliminates all
axiom violations, the rank ordering can be consid-

ered consistent with an additive composition rule.
From a psychological perspective, then, axiomatic
conjoint measurement and numerical conjoint mea-
surement performed about equally well in identi-
fying the proposed additive composition rule in the
presence of one or a few adjacent pair reversals.

Although the relative importance percentages of
the three variables computed for the original data
set (A = 5%, P = 60%, U = 35%) and for the
corrected data set (A = 2%, P = 60%, U = 38%)
are nearly identical, examination of the scale values
presented in Table 2a for these two data sets shows
some very mild distortion in the scaling produced
by numerical conjoint measurement. Most impor-
tantly, the scale values for variable A in the original
data set imply that there is no preference ordering
across the first and second levels of A, although
examination of that data set (Table 1 a) shows that
in 7 of the 9 orderings across A in which the levels
of P and U are fixed the first level of A is preferred
to the second. In the remaining two orderings, which
contain the adjacent pair reversals, the second level
of A is preferred to the first. The scaling produced
on the corrected data set more accurately reflects
this preference pattern, since the scale values for
the first and second levels of A indicate that the
first is preferred to the second.

Outliers. An outlier is a choice alternative that
is quite far from where it is expected to be in a
rank ordering. The alternative with rank 21 shown
in Table lb is an example of an outlier. Outliers
are often due to random response error. For ex-

ample, in many preference studies, respondents are
asked to rank order a set of choice alternatives,
each of which is printed on a separate card. The
accidental misplacement of a card can produce an
outlier such as that shown in the data set in Table
lb. An axiomatic conjoint measurement analysis
of this data set shows a substantial number of vi-
olations of independence and joint independence.
From a mathematical perspective, the data are not
consistent with the proposed additive composition
rule. However, because deletion of only the alter-
native with rank 21 eliminates all axiom violations,
it would not be unreasonable to consider the psy-
chological process underlying the preference or-
dering to be consistent with an additive rule.
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Table 2

Scale Values Produced by MONANOVA for the
Hypothetical Data Sets of Table 1
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MONANOVA yields a stress value of zero for
the rank ordering which contains an outlier (Table
lb), incorrectly suggesting that the data are per-
fectly consistent with an additive composition rule.
In a mathematical sense, axiomatic conjoint mea-
surement is superior to numerical conjoint mea-
surement because the latter failed to detect the pres-
ence of the outlier. From a psychological perspectiv~,
however, both approaches appear to perform equally
well in that they both diagnose the composition
rule as additive if a small number of errors is al-
lowed. However, comparison of the relative im-
portance percentages of the three variables com-

puted for the data sets with the outlier present
(A = 0%, P = 100%, U = 0%) and with it deleted
(A = 5%, P = 59%, U = 36%) shows that al-

though numerical conjoint measurement is able to
identify the composition rule as additive, it does

so at the expense of producing a very distorted
scaling. Specifically, the scale values for the three
levels of variable A and the three levels of variable
U are identical, with the result that the relative

importance percentages of A and U are computed
to be zero. This implies that there are no consistent
preferences across the levels of A and U and that
these variables have no effect on the rank ordering
of the alternatives. Examination of the data in Table

lb, however, shows that there are indeed consistent

preferences across the levels of A and U and that
these variables have a definite impact on the rank
ordering.

Nonadditive composition rules. One type of
nonadditive composition rule is the conjunctive/
additive composition rule. In a rank ordering con-
sistent with a conjunctive/additive rule, the choice
alternatives characterized by the least desirable level
(or levels) of one or more of the variables are ran-
domly ordered, whereas the ordering of the re-
maining alternatives is consistent with an additive
composition rule. This type of ordering might be
obtained in the situation where one level of a var-
iable is completely unacceptable so that all alter-
natives described by that level are immediately
eliminated from further consideration, regardless
of the levels of the other variables describing those
alternatives. An example of such a rank ordering
is shown in Table lc: the 9 least-preferred alter-

natives, characterized by the third level of the var-
iable U, are randomly ordered, whereas the re-
maining 18 are consistent with an additive

composition rule. This data set is one example of
the type of data noted by Carroll (1973) and by
Kruskal (1965) as producing a degenerate scaling.
An axiomatic conjoint measurement analysis of this
rank ordering shows large numbers of axiom vio-
lations, all of which disappear if the 9 least-pre-
ferred alternatives are deleted or are reordered to

be consistent with the remainder of the rank or-

dering. Thus, axiomatic conjoint measurement cor-
rectly rejected the proposed additive composition
rule and, because it pinpointed the source of the
axiom violations, suggested the correct composi-
tion rule (Krantz & Tversky, 1971).

In contrast, the MONANOVA stress value for

the rank ordering in Table lc equals zero, incor-
rectly implying that the ordering is perfectly con-
sistent with the proposed additive composition rule.
Since stress is zero, it is unlikely that the user of
MONANOVA would examine the data set and dis-

cover that the composition rule is not in fact ad-
ditive. The scaling would no doubt therefore be
accepted as accurate. However, a comparison of
the relative importance percentages computed on
the original rank ordering (A = 0%, P = 0%, U
= 100%) and on the rank ordering in which the 9
least-preferred alternatives have been reordered to
be consistent with the remainder of the rank or-

dering (A = 11 %, P = 30%, U = 59%), shows
that the scaling is seriously distorted. The identical
scale values for the three levels of variable A and
variable P and the resulting relative importance
percentages of zero for A and P in the scaling for
the uncorrected data set (Table 2c) imply that there
are no consistent preferences over the levels of A
and P, and that A and P have no effect on the

ordering of the alternatives. It is clear from ex-

amination of the data set in Table lc, however,
that at the first and second levels of U, there are

perfectly consistent preferences across the levels
of A and P and that A and P have a definite effect

on the ordering of the 18 most-preferred alterna-
tives. The conclusion is that when the composition
rule is conjunctive/additive, numerical conjoint
measurement can inaccurately identify the com-
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position rule as additive and produce a distorted
scaling, whereas axiomatic conjoint measurement
correctly rejects the proposed composition rule.
A second type of nonadditive composition rule

often found is a composition rule characterized by
interaction between the independent variables. These
interactions can take many forms; two illustrative
examples are shown in Tables 1 d and 1 e. In the

preference rank ordering shown in Table 1 d, the
rank ordering of the 9 choice alternatives at the
first and at the second level of variable U is A 1 P 1,
A2P1, A3P1, A1P2, A2P2, A3P2, A1P3, A2P3,
A3P3. At the third level of U, however, the or-
dering is A1P1, A1P2, A2P1, A2P2, A3P1, A3P2,
A1P3, A2P3, A3P3. For a composition rule to be
additive, the ordering of the alternatives described
by all possible combinations of A and P must be
identical at each level of U; the systematic devia-
tion of the ordering at the third level of U represents
an interaction. An axiomatic conjoint measurement
analysis of this rank ordering shows (1) no viola-
tions of independence or double cancellation for
any of the three variables, and (2) a small number
of violations of joint independence showing that
the combination of variables A and P is not inde-

pendent of variable U. The conclusion is that the
rank ordering is not consistent with an additive

composition rule. The MONANOVA analysis,
however, yields a stress value of zero, incorrectly
implying that the rank ordering is perfectly con-
sistent with an additive rule.
Rank orderings with true interactions cannot be

scaled with MONANOVA, because the data are
not consistent with an additive composition rule.
The regularity of the interaction in Table 1 d sug-
gests that it is a true interaction, rather than one
caused by random response error. It is worthwhile
noting, however, that the correction of only three
errors (i.e., converting ranks 19, 17, 20, 18 to
ranks 20, 19, 18, 17 by performing a series of three
adjacent pair reversals) renders the data set con-
sistent with an additive composition rule. The strat-
egy of allowing the correction of a small number
of nonsystematic errors before rejecting the pro-
posed additive composition rule has been suggested
as a means for dealing with error. Although the
errors in the rank ordering are systematic, there are

very few of them, so that it seems worthwhile to

compare the MONANOVA scaling for the original
data set with the scaling for the data set in which
the interaction has been removed by performing
the three adjacent pair reversals. These scalings,
as shown in Table 2d, are not very discrepant. The
relative importance percentages for A, P, and U in
the uncorrected data set are 0%, 33% and 67%,
respectively, while in the corrected data set they
are 2%, 38%, and 60%. Most of the distortion
occurs in the first, second, and third levels of A
and the first and second levels of P. The scale
values for these levels indicate there are no pref-
erences across the first, second, and third levels of
A and the first and second levels of P, although
the data show that there are.

A different type of interaction is shown in Table
le. At every combination of the first and the third
level of P with all levels of U, the first level of A
is preferred to the second, which in turn is preferred
to the third. At every combination of the second
level of P with all levels of U, however, the third
level of A is preferred to the second, which in turn
is preferred to the first. This preference reversal
represents an interaction. An axiomatic conjoint
measurement analysis of the rank ordering in Table
le shows a large number of axiom violations for
tests of the independence of A and for tests of the
joint independence of A and U from P, leading to
the conclusion that the rank ordering is not con-
sistent with an additive composition rule.
The MONANOVA analysis, however, yields a

stress value of zero, incorrectly implying that the
data are perfectly consistent with an additive com-
position rule. Nine adjacent pair reversals would
be required to remove this interaction, so that it

would probably be unreasonable to conclude that
this ordering is consistent with an additive com-
position rule except for random error. Neverthe-
less, it is interesting to compare the MONANOVA
scalings for the original rank ordering and for the
rank ordering in which the interaction has been
removed (i.e., by reversing the nine adjacent pairs
to convert ranks 16, 17, 18, 13, 14, 15, 10, 11,
12 to 18, 17, 16, 15, 14, 13, 12, 11, 10). The
two scalings, shown in Table 2e, are similar. The
relative importance percentages of A, P, and U for
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the data set with interaction are 0%, 75%, and 25%,
respectively, and for the corrected data set they are
8%, 69% and 23%. The distortion present occurs
in the first, second, and third levels of A. The
identical scale values for these levels indicate that
there is no preference across these levels. How-
ever, in the original data set, the first level of A is
preferred to the second, which in turn is preferred
to the third in six of the nine orderings of these
three levels. As A is the least important variable,
this distortion is not too serious. The important
point to note, however, is that the axiomatic con-
joint measurement analysis indicates the presence
of the interaction, whereas the numerical conjoint
measurement analysis does not. The inability of
numerical conjoint measurement to detect an in-
teractive composition rule has been noted before
(Busemeyer, 1980; Carmone, Green, & Jain, 1978;
Green & Wind, 1973; Nygren, 1980).

Inessential variables. If an individual has no

preference across the levels of one of the three
variables, the ordering of the levels of that variable
will be random. In the data set shown in Table If,
there is no preference across the levels of variable
A. A variable with levels to which an individual
is indifferent is termed an &dquo;inessential&dquo; variable.

(See Coombs’et al., 1975, p. 285, and Krantz et
al., 1971, p. 256, for formal definitions of essential
and inessential variables.) It is also possible for
two of the three variables to be inessential. In this

situation, the rank ordering shows the set of 27
choice alternatives divided into three subsets, each
characterized by one level of the important (essen-
tial) variable, with random ordering within the sub-
sets. In the rank ordering shown in Table Ig the
variables A and P are both inessential.

An axiomatic conjoint measurement analysis of
the rank ordering in Table If, in which the variable
A is inessential, shows violations of independence
and joint independence for axiom tests involving
A. If A is eliminated-either by assigning the same
rank to each set of three alternatives described by
the same levels of P and U and different levels of

A, or by removing A from the design and reducing
the set of alternatives to nine-all axiom violations

disappear. The rank ordering thus corrected is then
perfectly consistent with an additive composition
rule over the two variables P and U.

An axiomatic conjoint measurement analysis of
the rank ordering in Table lg, in which two vari-
ables are inessential, shows violations of inde-

pendence for variables A and P, a violation of
double cancellation, and violations of joint inde-
pendence for all three variables. If A and P are

eliminated-either by assigning the same rank to
each set of nine alternatives characterized by the
same level of U, or by deleting A and P from the
design and reducing the set of alternatives to three-
all axiom violations disappear. The corrected rank
ordering is then consistent with a one-variable com-
position rule. (One-variable composition rules can-
not be additive in the strict sense; two or more

variables are required for additivity.) Thus, in sit-
uations where a variable or variables are inessen-

tial, axiomatic conjoint measurement correctly re-
jects the proposed additive composition rule in three
variables. The pattern of axiom violations suggests
the reason for this rejection and results in identi-
fication of the correct composition rule.
MONANOVA performed on the rank ordering

with one inessential variable (Table 1 f ) and on the
corrected rank ordering, in which the same rank is
assigned to each set of three choice alternatives
described by the same levels of P and U and dif-
ferent levels of A, yields stress values of zero and
identical scale values and relative importance per-
centages (A = 0%, P = 64%, U = 36%) for all
three variables (Table 2f). A MONANOVA anal-
ysis of the rank ordering with two inessential var-
iables (Table 1 g) yields a stress value of .6% and
relative importance percentages of .6%, .3%, and
99.1 % for variables A, P, and U, respectively (Ta-
ble 2g). MONANOVA performed on the corrected
rank ordering, in which the same rank is assigned
to each set of nine alternatives characterized by the
same level of U, yields a stress value of zero and
relative importance percentages of 0%, 0%, and
100% for variables A, P, and U, respectively.
Comparisons of the MONANOVA results for the
original and corrected rank orderings of the alter-
natives suggest that numerical conjoint measure-
ment performs very well in situations in which one
or two of the variables are inessential, because it
identifies the composition rule as additive and pro-
vides a nearly accurate scaling. A completely ac-
curate scaling of a rank ordering in which one or
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two of the variables are inessential can be obtained

by assigning the same rank to all levels of the
inessential variable or variables.

Analysis of the Empirical Data

Data

The data for this analysis consisted of a collec-
tion of 100 empirically obtained preference rank
orderings of a set of 27 hypothetical contraceptive
methods formed by the factorial combination of
three variables, each with three levels. The three
variables and their levels were (1) convenience (very
convenient, somewhat convenient, inconvenient),
(2) effectiveness-reversibility (99% effective and
irreversible, 95% effective and reversible, 65 to
85% effective and reversible), and (3) side effects
(rare, minor, major). Each choice alternative was
printed on a card and a preference rank ordering
was obtained by instructing an individual to order
the cards from &dquo;most preferred contraceptive&dquo; to
&dquo;least preferred contraceptive&dquo;. (See Nickerson et
al., 1981, for a complete description of the study
from which these data sets are taken.)

Analysis

A MONANOVA analysis was performed on each
of the individual preference rank orderings. In or-
der to be considered consistent with an additive

composition rule, the obtained stress value had to
be less than the generally accepted criterion of . .10
or 10% (Green et al., 1972). It was found, how-

ever, that all stress values were either less than 2%
or greater than or equal to 14%, so that the actual
criterion value was 2%. According to this criterion,
74 of the 100 preference rank orderings were judged
consistent with an additive composition rule.
The pattern of the relative importance percent-

ages of the three variables for each of the 74 pref-
erence rank orderings judged consistent with an
additive composition rule is marked by a star or
point in the triangular diagram shown in Figure 2.
(The meaning of the stars and points will be clar-
ified later.) Distance along the abscissa of the dia-
gram represents the relative importance of the side
effects variable, and distance along the ordinate

Figure 2
Scaling of Contraceptive Data Produced By
Numerical Conjoint Measurement Alone

represents the relative importance of the effective-
ness-reversibility variable. Distance from the di-
agonal line into the interior of the triangle repre-
sents the relative importance of the convenience
variable because knowledge of the relative impor-
tance of two of the three variables determines the
relative importance of the third.
An axiomatic conjoint measurement analysis was

also performed on the 100 preference rank order-
ings. Three or fewer errors were allowed before
rejection of the proposed additive composition rule.
The analysis classified the composition rules as

follows: 32 additive rules with three variables es-

sential, 2 additive rules with two variables essen-
tial, 9 one-variable rules, 21 conjunctive/additive
rules with three variables essential, and 2 con-

junctive/additive rules with two variables essential.
Of the remaining 34 preference rank orderings, 6
exhibited substantial regularity but contained more
than three errors and 28 exhibited little or no reg-
ularity.
The 66 preference rank orderings for which com-

position rules could be classified by axiomatic con-
joint measurement were scaled by MONANOVA,
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after random response errors were corrected and
the appropriate adjustments were made for con-
junctive/additive rules, inessential variables, etc.,
as described previously. The pattern of relative im-
portance percentages of the three variables for each
of the preference rank orderings is marked by a
star or a point in the triangular diagram shown in
Figure 3.
Comparison of Figures 2 and 3 shows that the

scalings produced by axiomatic conjoint measure-
ment and numerical conjoint measurement are quite
different. For example, in Figure 3 there are only
2 relative importance percentage patterns in the
lower right comer of the triangle, which represent
an extremely high value for side effects, while in
Figure 2 there are 15 patterns in this comer. Sim-
ilarly, in Figure 3 there are 5 relative importance
percentage patterns in the upper left comer of the

triangle, which represent an extremely high value
for effectiveness-reversibility, whereas in Figure 2
there are 10 patterns in this comer. Other less se-
vere discrepancies between the two figures are also
evident.

There were 74 data sets that the numerical con-

joint measurement analysis judged consistent with
an additive composition rule and 66 data sets that
axiomatic conjoint measurement judged consistent
with a three- or two-variable additive or conjunc-
tive/additive composition rule or a one-variable
composition rule. The points in Figures 2 and 3
represent those 60 data sets that passed both the
numerical conjoint measurement and axiomatic

conjoint measurement criteria (regardless of whether
or not both techniques classified them as additive).
The stars in Figure 2 represent the 14 data sets that
the numerical analysis judged consistent with an
additive composition rule but the axiomatic anal-
ysis was unable to classify. The stars in Figure 3
represent the 6 data sets that numerical conjoint
measurement judged inconsistent with an additive
composition rule but axiomatic conjoint measure-
ment was able to classify. Discrimination is made
between these different kinds of data sets in order
to show that the differences in scaling in the two
figures are not due solely to the different numbers
of data sets in the two scalings.
The scaling in Figure 2 resulted from the use of

Figure 3
Scaling of Contraceptive Data Produced By

Axiomatic Conjoint Measurement Followed By
Numerical Conjoint Measurement

a badness-of-fit measure, stress, as an index of fit

to an assumed composition rule. The scaling in
Figure 3 resulted from using critical axioms to test
the fit of a proposed composition rule. The distor-
tion of the scaling in Figure 2 is primarily due to
the existence of a large number of conjunctive/
additive composition rules which MONANOVA
mistakenly diagnosed as additive. As was dem-
onstrated previously, this misdiagnosis resulted in
a distorted scaling. The distorted scaling in Fig-
ure 2 results in an inaccurate depiction of the con-
traceptive preferences of the individuals who par-
ticipated in the study.

Discussion

The comparison of the axiomatic and the nu-
merical conjoint measurement analyses of the hy-
pothetical preference rank orderings presented above
clearly demonstrates that numerical conjoint mea-
surement was unable to detect common violations

of the assumed additive composition rule. It is to

be expected that slight deviations from a rank or-
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dering perfectly consistent with an additive com-
position rule-a few random pair reversals, an out-
lier, one or more inessential variables, an interaction,
or a conjunctive/additive data set-will produce a
stress value near zero. However, the stress values
for the illustrated rank orderings were not usually
just near zero, but exactly zero, and always below
the usual criterion of 10%. Such stress values give
the misleading impression that there were no im-
portant deviations from the assumed additive com-
position rule when in fact there were. The inability
of numerical conjoint measurement to detect small
deviations from an additive composition rule would
not be serious if it had little or no impact on the
scaling produced. Unfortunately, the scaling can
be extraordinarily sensitive to such deviations. For
example, when the rank ordering contains a single
outlier, the MONANOVA algorithm produced an
extremely distorted scaling.

Although the stress value did not detect small
deviations from the additive composition rule, the
scatterplot of the original data points plotted against
the scaled data points may indicate that a distorted
scaling has been produced (Carroll, 1973; Kruskal,
1965). The scatterplot for a rank ordering that con-
tains no error and is perfectly consistent with an
additive composition rule, such as that in Table 1 h,
will be a relatively smooth mpnotonically increas-
ing function similar to that shown in Figure 4h. If
the scatterplot obtained is of this form, the model-
testing and scaling aspects of numerical conjoint
measurement are likely to be relatively valid. The
scatterplot for the rank ordering with adjacent pair
reversals (Table 1 a) shown in Figure 4a is a func-
tion of this type. As noted above, the existence of
one or a few pair reversals has little practical im-
pact.

If, on the other hand, the scaling produces a step
function, it should be suspected that either the model-
testing or the scaling aspect of numerical conjoint
measurement is seriously in error. The scatterplots
in Figures 4b through 4g are all step functions,
indicating that the MONANOVA results should be
viewed with suspicion. Step functions-also called
&dquo;degenerate solutions&dquo; -occur because, in trying
to minimize a badness-of-fit measure, MONA-

NOVA and other nonmetric scaling programs tend

to tie the scaled values of pairs of alternatives in
order to attenuate violations of additivity (Srini-
vasan & Shocker, 1973). It is important to note,
however, that the presence of a step function can
only suggest the possibility of a distorted scaling;
it does not indicate the cause of the distorted scaling
or even that a distorted scaling has occurred. For
example, the scatterplots in Figures 4b and 4c are
identical, but the one in Figure 4b is produced by
an outlier and the one in Figure 4c is caused by a
conjunctive/additive composition rule. The scatter-
plots in Figures 4e and 4f are also quite similar,
but the one in Figure 4e is caused by an interactive
composition rule and the one in Figure 4f is caused
by an inessential variable.

The existence of error and nonadditive compo-
sition rules in empirically obtained data sets (in the
contraception study discussed above only 11 of the
100 preference rank orderings were error-free and
perfectly consistent with an additive composition
rule) and the possibility of distorted MONANOVA
scalings in the presence of these situations strongly
suggest that numerical conjoint measurement ought
not to be used routinely for model testing. Axio-
matic conjoint measurement and numerical con-
joint measurement should be viewed not as com-
plementary but as sequential analyses, with axiomatic
conjoint measurement providing the model testing
and numerical conjoint measurement providing the
scaling. The recommended course of analysis:
1. Axiomatic conjoint measurement is used first

to locate the source of axiom violations, if any,
and to identify the composition rule.

2. The data are corrected, if possible, on the basis
of the axiomatic conjoint measurement anal-
ysis, allowing some small prespecified number
of nonsystematic errors to be corrected, dele-
tion of inessential variables, etc.

3. The corrected data are input to a numerical
conjoint measurement program such as MON-
ANOVA (Kruskal, 1965) or ORDMET (Leh-
ner & Noma, 1980; McClelland & Coombs,
1975) to produce the scaling. Noncorrectable
data sets should not be scaled.
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