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Constrained Multidimensional Scaling,Including Confirmation
Willem J. Heiser and Jacqueline Meulman
University of Leiden

Constrained and confirmatory multidimensional
scaling (MDS) are not equivalent. Constraints refer to
the translation of either theoretical or data analytical
objectives into computational specifications. Confirma-
tion refers to a study of the balance between system-
atic and random variation in the data for modeling of
the systematic part. Among the topics discussed from
this perspective are the role of substantive theory in
MDS studies, the type of constraints currently envis-
aged, and the relationships with other data analysis
methods. This paper points out the possibility of using
either sampling models or resampling schemes to
study the stability of MDS solutions. Parallel to
Akaike’s (1974) information criterion for choosing one
out of many models for the same data, a general sta-
bility criterion is proposed and illustrated, based on
the ratio of within to total spread of configurations is-
sued from resampling.

1. Scaling Analysis and Optimization

The coupling of constraints and scaling, al-

though not new, is still extremely vital. The first
modem scaling model, developed by Thurstone
(e.g., 1927), immediately entailed the necessity of
a judicious choice of constraints, as classified in
the five famous 6bc~sese&dquo; These were internal con-
straints in the sense that the modified model would
still accommodate the same set of observations,
possibly less accurately, but with more predictive

value. Guttman (1946) took a number of important
additional steps. He showed that Thurstone’s s
method, relying on an underlying multivariate nor-
mal distribution, could be replaced by an approach
in which the optimization of a goodness-of-fit func-
tion is the central concept. This was an extension
of similar developments occurring at that time in
test theory and in contingency table analysis (for
current reviews, s~e l~lishisato, 1980, and Gin, 1981)
to the scaling of paired comparison and rank order
data. Moreover, Guttman showed that introducing
an additional type of constraint was not a problem.
The proper objective would be to find scale values
for the stimulus objects that are &dquo;best able to re-

produce the judgment of each person in the pop-
ulation on each comparison&dquo; (Guttman, 1946, p.
14~) and that are also perfectly linearly predictable
from a predeterrrgined set of (design) variables.

Although through hindsight it seems clear that
it would have been possible to formulate a con-
strained multidimensional scaling (MDS) method
within Guttman’s framework, the early paradigm
for MDS was to split the problem into two distinct
steps. From the very first published psychometric
application by Klingberg (1941)-based on earlier
work by Richardson (1938)-to the authoritative
presentation in Torgerson’s (1958) book, it is ev-

ident that the main burden and first step of the

analysis was to find a one-dimensional scale of
psychological distances between pairs of stimulus
objects. This was usually done by any of the var-
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ious Thurstonean scaling methods and preferably
included a statement on the reliability of those dis-
tance estimates, e.g., by reporting the correlation
between distance values obtained for two randomly
selected subgroups of judges. In modern terms-

nology, most effort was directed towards obtaining
a good two-way matrix of dissimilarities. Granted
that they were reliable and truly distance-like num-
bers (which could to some extent be ensured by
selecting a proper zero-point of the scale), the dis-
similarities were next submitted to the procedure
described by Young and Householder (1938) in
order to construct a spatial model of the stimulus
objects. It was not until the well-known Shepard-
Kruskal breakthrough (Kruskal, 1964; Shepard,
1962) that this second step was seriously chal-
lenged. In fact, conceptually, the breakthrough can
be characterized as rendering the first step quite
irrelevant (6‘~i~~~ ~ set of similarities [or dissim-
ilarities] between pairs of &reg;b~~~ts9’) and transform-
ing the second step into an interesting problem of
independent interest and wide applicability (66&reg;p-
timize a goodness-of-fit function which measures
how well any given configuration matches any given
transformation of the dat~’9).

Formulating MDS primarily as an optimization
task has definite advantages. It offers the possibility
of developing and using related computational
schemes for what seems at first to be unrelated

problems emerging from different fields. It pro-
vides a language for communication and a set of
quality criteria so that insights can more easily be
shared and accumulated. Whereas in the classical

approach there are only very limited ways to pre-
scribe specifically how the spatial model should
look, prescriptions of various sorts can rather easily
be translated into constraints on the optimization
task. The reverse of this is that the analysis of one
single (dis)sirnilarity matrix becomes the focal point,
even if these ’data’ ’ were obtained by preliminary
computations on replicated observations. This, in
turn, unduly limits the possibility of computing
some sort of secondary statistic (i.e., a number

indicating how variable, or perhaps how stable, the
resulting configuration seems to be) or other as-
sessments ~f ‘6~vh~t might have be~~.’9 Moreover,
whenever a fair amount of data had been collected

for each of a number of subjects or other data
sources, large systematic individual differences

frequently showed up, urging recourse to a three-
way model, which describes the effects of both
stimuli and subjects and again complicates the as-
sessment of random variability.
Does this imply that MDS is bound to be ex-

ploratory ? If MDS is defined as a class of opti-
mization problems, this is the wrong question to
ask, in much the same way it cannot be discerned
whether or not the computation of a smooth curve
through a number of points is merely exploratory.
However, if MDS is used in the course of analyzing
data, certainly confirmatory actions can be taken.
Then, of course, what it is that has to be confrrmed
needs to be specified more precisely. Sometimes
it is desirable to make sure that what is seen is not

method specific but emerges invariably under dif-
ferent treatments of the data. Sometimes it is de-

sirable to stay within the realm of a distance model
but to require that other pieces of information should
be coherent with it. Sometimes there may even be
a specific theory which can be translated into geo-
metric terms.
A major aim of this paper is to contribute to the

clarification of the methodological status of mul-
tidimensional scaling. Section 2 will distinguish
three broad approaches towards the justification of
applying MDS to real, substantive problems. They
are called model-centered, data-centered, and con-
tent-centered ; their distinctness is somewhat ex-

aggerated, and many of the arguments are certainly
not MDS specific. The role of a substantive theory
is appreciated quite differently in these three ap-
proaches, but there is general agreement on the
idea that constraints should play an important part
in the analysis. Then, Section 3 sketches a provi-
sional classification of constraints, based on their
form and on the place where they enter the model.
Most, if not all, recent proposals can be fitted into
this, admittedly rather pragmatic, scheme. Section
4 discusses some interesting relationships with well-
known objectives in multivariate analysis, thus

pushing MDS beyond its conventional territory.
Section 5 is concerned with the question of how
to evaluate the results obtained from a scaling pro-
gram-either constrained or unconstrained- and

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



383

argues that in the absence of genuine replications,
it is especially useful to examine ( 1 ) the perfor-
mance of the technique by extensive plotting and
(2) a comparison of trends against standard cases.
If there are replications, a statistical stability ar-
gument may be invoked: What seems to be the case
can be confirmed by examining what would have
been the case if the sample were slightly different.
Facing a choice among two or more specifications
of the model, the more stable one should be se-
lected. This is illustrated in Section 6 with the aid
of the so-called Bootstrap technique, which can be
thought of as systematically and efficiently carry-
ing through the split-half reliability idea mentioned
before for the first stage only. Ramsay’s (1977,
1978) maximum likelihood method will be char-
acterized as a radically smoothed version of the
Bootstrap, in which he uses a shortcut to inference
by assuming exact 1&reg;~-n&reg;rrn~lity.

Throughout this paper it will be assumed that
the reader is familiar with the elementary concepts
of MDS, at the level of Kmskal and Wish (1978),
Schiffman, Reynolds, and Young (1981), or Dav-
ison (1983). Some insights from linear algebra (in
Sections 3 and 4) and from elementary statistics
(in Sections 5 and 6) are also employed. For more
technical and specialized reviews, the reader is re-
ferred to De Leeuw and Heiser (1982) and to Ram-
say (1982).

2. Substantive Theory:
Necessary, or Immaterial?

The of Transparency

The primary aim of an MDS method is to give
a full account (or ‘6repr&reg;d~cti&reg;r~&dquo;) of the data. It

is this conceptual’ characteristic that in many ways
has caused controversy about the methodological
status of an MDS analysis. It would give, in prin-
ciple at least, a completely tautological mapping
of the data; with a nonmetric technique complete
reproduction can always be achieved provided a
large enough dimensionality is chosen. Of course,
in practice there is a tendency to avoid high di-
mensionality by being satisfied with a good ap-
proximation rather than by trying to get perfect

reproducibility. However, Guttman (1977) is quite
correct in insisting that the incumbent hypothesis
in the social sciences should be to the effect that

the data are very complex. Therefore, it is very

surprising, indeed, that in most published appli-
cations of R4DS , two- or three-space solutions prove
to be enough to account for the data. In some cases
this may have been overoptimistic (cf. Chang &
Carroll, 1980, who argued that color space is best
described in seven dimensions), and it is still some-
what unclear why this parsimony of description is
attained in such a wide range of circumstances (not
necessarily by nonmetricity, cf. weeks Bentler,
1979).
As a consequence, however, MDS has attained

the trademark of apparel transparency. Here is a

sophisticated visualization technique that maps-
essentially without throwing away important in-
formation-a chaos of numbers and relations into
a form more readily accessible to the human mind:
Euclidean two- or three-space. As soon as there is
access to this mapping, there is a strong tendency
to assume that what is seen must capture precisely
what there is to capture, or maybe even that the
picture has been &dquo;underlying&dquo; the data. Just as

most psychologists are aware of the selectivity of
the human perceptual machinery and know that it
imposes internal rules upon whatever there is to

perceive, most MDS specialists agree that a picture
may be worth a thousand numbers but that the
thousand numbers may not be worth the picture.
Transparency may be an illusion. However, they
seriously disagree in their recommendations on how
to appreciate the situation and what to do about it.
Consequently, there are a variety of answers to
Schonemann and Borg’s (1981) rhetorical ques-
tion: ’ ’What possible justification can there be for
seeking best-fitting numerical representations of the
data, whether or not the assumed model is really
appropriate?&dquo; These answers can be grouped into
three approaches that tend to exclude each other,
at least in primary emphasis.

The Model-Centered Approach

In the spirit of classical statistics it can be said
that initially there must be the assumption that the
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structural model is appropriate and, in additi&reg;~9 a
sampling or error model must be that
encompasses intuitions and experience about the
manner in which every single observed dissimilar-
ity varies about its fitted value. Ramsay (1977) has
argued that a good all-round candidate for the dis-
tribution of a dissimilarity observation, given its

errorless value, is the lognormal, in which the stan-
dard deviation is proportional to the mean. If, in
addition, independence is assumed, then a best-

fitting numerical representation can be found by
maximum likelihood methods.

Note that in this approach it is absolutely essen-
tial to have more than one dissimilarity matrix and
that a purely nonmetric analysis is no longer pos-
sible. As Ramsay (1977, p. 242) has remarked,
&dquo;the nonmetric multidimensional scaling proce-
dures suffer in general from the degrees of freedom
used up in fitting the very general monotone trans-
formations, which they employ, to the dependent
variable. Such transformations ignore such consid-
erations as smoothness, and the fact that certain
types of data will almost certainly require only very
specialized transforrr~atioa~s.5 In a similar vein de-
tailed assumptions can be made about specific data
collection methods in order to extend the reach of
the model to the process that supposedly generated
the dissimilarity information. This has been done
for pairwise comparisons of pairs of stimuli (Ta-
kane, 1978a, 1978b), rating methods (Takane,
19~1), directional ranking methods (Takane & Car-

roll, 1981), and the tree-construction method (Ta-
kane & Carroll, 1982). The work cited deviates
from the usual Shephard-Kruskal framework by
again integrating what was called the first and sec-
ond step in Section 1.

Maximum likelihood methods derive their strength
from an a priori probabilistic theory about response
behavior; they do not capitalize on substantive
knowledge about the stimulus objects. Neverthe-
less, specific constraints on the position of the stim-
ulus points fit naturally into this framework and
are indeed welcomed, for they make the associated
likelihood ratio tests potentially more powerful. In
fact, a whole family of models might be consid-
ered, specified a priori, with that particular member
selected that is most likely in the light of the data.

There is never any certainty whether or not the
appropriate family is considered, and, of course,
some of the many possible members may be over-
looked.

The Data-Centered Approach

The second approach is affiliated with the ’data-
an~lytic~l99 outlook in statistics. Here, the answer
to Schonemann and ~&reg;~°~9s (1981) question would
be something like, 6 ‘If we want to find out what

is going on, we have to look at the data, and at as
many transformations of them as possible.&dquo; Both
the expected and the unexpected must be looked
for. Tukey has emphasized repeatedly that meth-
odologies have no assumptions and can deliver no
certainties. Justification can be obtained only after
a cyclic process of skillful trying and educated
guessing. &dquo;Quantitative methodologies are often,
perhaps usually, developed with a particular ’lead-
ing situation’ in mind.... Their performance in
such a situation-or class of situations-may have
little to do with their practical usefulness, since the
differences between leading situations and practi-
cal arenas are often large, if not catastrophic. If all
we know about our methodologies is their leading
situation behavior, we are truly ill informed9 (Tu-
key, 1980, p. 493).

Thus there must be restraint from tuning the tech-
nique to specific situations. This does not at all

imply that complete trust should be placed in gen-
eral-purpose number crunching; it does imply that
there must be a willingness to try out different

techniques (different ‘‘f~rnilies of r~&reg;dels~9) on the
same data, that techniques be kept as flexible as
possible, and that as much attention should be paid
to the unexpected patterns as to the expected ones
by looking hard at a variety of pictures. Although
whatever is known about the context in which the

data were collected (&dquo;substantive theory&dquo;) is ~~~1-
come to tune the analysis, it is not to be trusted
either. From this perspective, MDS is only one of
the available tools in need of better diagnostic de-
vices, and certainly not to be confused with a par-
ticular geometric model of psychological similarity
(which was merely one of the leading situations
that stimulated its development).
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The data-centered approach tends to reject the
use of sampling models as a general strategy be-
cause these are seen as approximations of unknown
quality. For the study of random variability, it is
advisable to use resampling techniques, such as the
Jackknife and the Bootstrap (see Section 6).

The Content-Centered Approach

Rather than directing the majority of attention
to a family of models or to a variety of tactics and
techniques, the third, content-centered, approach
would advise focusing fully on the design of the
observational framework, whether it be experi-
mental or, say, correlational. If it is ensured that
the variability of the observed dissimilarities across
pairs of objects is genuine (by carefully controlled
experiments or large sample sizes in a correlational
study), there need not be so much concern about
sampling error (exact replication will give the same
gross, irreducible variability). Instead, the problem
of approximation error (i.e., error due to misspe-
cification of the structural model) must be ad-
dressed. Best-fitting numerical representations are
&dquo;bland&dquo; to substantive theory and therefore will
almost surely not give an appropriate model.
The major contention of the content-centered ap-

proach is that an explicit rationale is needed for
the structure found, not so much precisely for the
MDS structure-it should be recognizable by other
methods too, although perhaps in a more round-
about way-but for the systematic variability it-
self. Such a rationale would guarantee that upon
replication with another stratified sample of stimuli
or items from the same &dquo;universe of content,&dquo;
essentially the same regularity shows up. The loss
function may be modified to incorporate these a
priori ideas &dquo;to guide the computations, and thus
obtain results more generalizable than those from
a purely blind analysis. In any event, the config-
uration must be basically the same whether viewed
in the smallest space for it, or in a larger space,
since ... [monotonicity] is required to be satisfied
by metric as well as nonmetric solutions for the
same data, or by content oriented calculations&dquo; 9

(Guttman, 1968, p. 471-472). If the unrestricted
and the restricted spaces are basically different,

presumably puzzlement must be admitted. (For a
quasi-statistical decision strategy towards model
selection from this point of view, see Lingoes &
13&reg;rg9 19~3).
The set of principles and rules that Guttman and

his coworkers have formulated in order to generate
useful designs and hypotheses is called facet the-
ory. This framework was primarily invoked to con-
vince social scientists to use principles of experi-
mental design for their correlational studies. (Of
course, it is not necessary to convince experimental
psychologists to do this: if anything, they must be
convinced to use similarity as a dependent instead
of an independent variable.) Tversky has stressed
that regularities found in human judgments of sim-
ilarity sometimes cannot be described completely
by a simple geometric model because there can be
a familiarity effect, making the similarities asym-
metric, a coincidence effect, making them intran-
sitive, or a variety of other effects (Gati & Tversky,
1982; Tversky & Gati, 1982). Thus he addresses
the issue of approximation error from the other
side: Tversky’s s (1977) feature theory, inspired by
earlier work of Attneave (1950, 1962) and Restle
(1959, 1961), provides an explicit rationale for
constructing stimuli in such a way that their judged
similarity will display certain patterns that are in-
compatible with distances in any space.

From Ideas to Constraints

Overlooking the three approaches, it seems that
despite considerable differences in emphasis and
spirit, it is agreed that substantive considerations
can be used profitably to modify the loss function
and that the best fitting representations arising from
different loss functions should be somehow com-

pared. What form should these modifications have?
It is important to realize that substantive theory

can enter the problem in a variety of ways:
1. As a specific structural translating psy-

chological invariances and transformations into
geometric terms. A good recent example of
this is Shepard’s (1982) derivation of the dou-
bly helical structure of musical pitch.

2. As a theory of response behavior, indicating
how subjects process their internal impression
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of overall similarity into the choices and judg-
ments that are observed. Earlier work in this

area, as reviewed and elaborated in Krantz

(1967), ended up somewhat in the background
due to the upsurge of nonmetric MDS. The

recent series of papers by Ramsay (e , g . , 1977,
1978, 1982) and Takane (e.g., 1978a, 1978b,
1981; Takane & Carroll, 1981) many cause re-
newed interest in these matters.

3. As a theory of and a~ate~°c~cti&reg;~a. Typ-
ically, this takes the form of first giving a

characterization of the objects under study in
terms of physical or semantic aspects, facets,
features, or attributes and then posing a hy-
pothesis about the organization, integration, 9
or redundancy of these characteristics explain-
ing the pattern of similarity or association among
the objects.

4. As a theory of structural coherence. Here are
considered two or more sets of proximity re-
lations arising from different homogeneous
groups of subjects or occurring in different
points in time, under different external con-
ditions, and so forth. Alternatively, there can
be consideration of two or more different em-

pirical relations on the same set of objects,
e.g., a simple ordering and an ordering on
pairs. Then a hypothesis may be posed that
specifies a correspondence between the var-
ious relations-not directly, but mediated by
a psychological space that by itself need not
yet be fully understood.

These different types of theory require different
types of constraints on the optimization task. In

the next section a classification of constraints that
takes account of these various objectives will be
given. In addition, it will turn out that even for

any given idea about geometrical structure, there
are often several ways for translation into con-

straints. This will be illustrated for the general no-
tions of a circular order or and of in-
betweenness of (groups of) with to
each other.

The former case was first considered as a formal

structure in psychometrics by Thurstone (T9~7, p.
183-185) under the name &dquo;cone configuration,&dquo;
but its special status was articulated by Guttman

(1954) and his coworkers in subsequent work. Cir-
cumplexes have been suggested in such diverse
fields as mental ability testing (Guttman, 1957),
perception (Shepard, 1978), and interpersonal be-
havior (Benjamin, 1974; 5~i~~i~s9 Steiger, & Gae-

lick, 1981). The latter is somewhat more general
and thus weaker; if the circumplex is characterized
by saying that every object is somehow in between
its closest neighbors (insistence upon &dquo;every&dquo; forces
the structure to become closed and hollow), then
it will be clear that in-betweenness alone, being a
local condition, allows the specification of a great
variety of special structures. It is a primitive con-
cept in information integration theory (Anderson,
1981), and it is bound to be important in devel-
opmental psychology; but it could also be useful

in more exotic applications of MDS, such as in
aiding the design of chips. In this last application,
the objects are the components of the chip, the
proximities specify how close they should prefer-
ably be due to functional interdependence, and there
are a number of special components that should
not be in between the others because they serve to
communicate with the outside world.

3. A Provisional of Constiraints

At Two Independent Aspects

The core of the modeling process in any 1~~~
method can be displayed in the following fashion:

where for the moment the fact is ignored that fre-
quently the dissimilarities bii are obtained by some
aggregation process on the raw data. For any choice
of distance function, fit function., and class of trans-
formations a different MDS method is obtained.
These are the global choices, and the modeling
process can be adjusted by placing constraints on
the coordinates X of the points, on the distances
dij among the points, or on the transformation that
maps the dissimilarities into the disparities dii, This
constitutes the first, and most important, aspect of
the classification: the place in the model.
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There are a number of ways to refine the clas-

sification. A very fruitful one, which refers to both

substantive considerations and mathematical form,
is to distinguish between equality constraints (i.e. 9
things should be identified with each other) and
i~aeq~~ah~ constraints (i.e., one thing should dom-
inate another). Calling this a distinction in form,
and crossing form and place, gives the classes of
constraints exemplified in the cells of Table 1. It

should be pointed out that these are logical classes;
most of them have not yet been implemented in
generally available programs. In the remaining parts
of this section, all six cells will be considered in

turn, where the upper right one will get most at-
tention.

Constraints on the Coordinates

Probably the oldest type of constraints in the field
are linear equalities on the coordinates. In pro-

grams like POLYGON (Young, 1972) it was al-

ready possible to fix coordinates to some known
value; and in the INDSCAL model the individual
coordinates are constrained to be dimensionwise

equal up to a scale parameter. Bloxom (1978) has
given a generalized framework. Focus in this sec-
tion will first be on his formulation. (In the dis-
cussion section of his paper Bloxom has carefully
pinpointed the partial overlap with other classes of
equality constraints proposed by Rentier and Weeks,
1978; Green, Carroll, and Carmone, 1976; and
Carroll, Pruzansky, and Kruskal, 1980; so these
intricacies need not be repeated here.)

The constraints considered by Bloxom have the
form

X, = U,V, [1]

where X, is the 7 x K matrix of stimulus coordinates
for the ~th replication; the parameters in ~J3. and V,
can be either fixed or free, and some free param-
eters can be restricted to be equal to others. If U,
- ... =U,.=U, and all V, are constrained to be
diagonal, this results in the INDSCAL model; if
V, ==...= ~15 = V and all Us are constrained
to be diagonal, this results in the &dquo;vector weight-
ing&dquo; model included in the Lingoes and Borg (1978)
PINDIS family of models. Other individual dif-

ferences models can be specified similarly.
For convenience, other special cases will be dis-

cussed only in an unreplicated context, i.e.,

X = UV [2]

because their implementation in a three-way con-
text is straightforward. Suppose U is fixed to a

given set of outside variables, then Equation 2 states
that the configuration should be equal to a linear
combination of the given set. The variables in U
can be quantitative, as when there are indepen-
dently obtained rating scales or physical measure-
ments for the objects. Note that Equation 2 does
not describe a one-to-one relationship between spe-
cific outside variables and dimensions; as long as
~~1 is not further restricted, it is simply necessary
to find the K linear combinations of the columns

of U that perfectly predict X, and thus the distances
between the points, which in turn describe the var-

Table 1

Types of Constraints, Cross-Classified

by Form and Place in the Model
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iation among the observed proximities optimally.
If in addition V is restricted to be diagonal, then
each dimension of X will correspond to exactly one
outside variable.

U can also be chosen as a binary table specifying
the design of the objects (rows) in terms of features
(columns). As an illustration, consider Table 2a
representing a 3 x 3 crossed factorial design. A fac-
tor in a design partitions the objects into mutually
exclusive groups that share the same feature (level).
Each level of a factor is represented by a vector (a
row of V), and the combined effect of two levels
from different factors is obtained by adding the
corresponding vectors. The geometrical result of
these operations is shown in Figure la. Differences
between the levels of a factor are represented by
translations; distances between points that are
equivalent in one level remain invariant when mov-
ing to another level of the same factor (compare
A, B, C and D, E, F or A, D, G and B, E, H).
The structural relationships within levels are not

necessarily simple; parallel but irregular regions are
obtained. It might be preferable to obtain regions
that are somehow more homogeneous, because there
is a tendency to think about a factor as a unit, as
a single direction in space. One way of accom-
plishing this is to restrict part of the matrix V to
be zero, as shown in Table 2b. Now each factor

corresponds to one dimension, and objects within
the same level are homogeneous with respect to
that dimension; the points must form a regular grid
(see Figure lb).

How can the idea that certain points should be
in between others be translated into equality con-
straints ? Suppose the set of objects can be parti-
tioned into two subsets, S, and S2, and it is desired
to obtain points for the objects in S, that are in

between selected points corresponding to the ob-
jects in S2. (This approach was taken by Van der
Kloot and Van den Boogaard, 1978, for single and
combined traits in a person-perception experiment,
and by Heiser, 1981, for the row and column ob-
jects of an unfolding analysis). X in Equation 2
can be identified with the coordinates of the S ¡
points; V, with the coordinates of the S2 points;
and U, with a matrix of fixed nonnegative coeffi-
cients, whose rows sum to one. The coefficients
may reflect any kind of weights attached to the S2
points in the spatial model.
How about a circumplex within this framework?

Again, a special fixed binary matrix U and a V that
is restricted to be diagonal (De Leeuw & Heiser,
1980) must be used. Together, this forces the con-
figuration matrix X to have the form given in Table
2c for the case of five stimulus objects. Note there
are as many dimensions as there are objects, yet
simple structure prevails. The squared Euclidean
distances between the rows of Table 2c can be

displayed as the shortest path-length distances in
a so-called circular graph (see Figure 2). The dis-
tance between two nonadjacent nodes is simply the
sum of the values of the links constituting the short-
est path connecting them (e.g., for A to D this sum
is V2 + v3 + v4 + v2, which equals the squared

Table 2

Special Equality Constraints: (a) U for a Cross-Classified
Design, (b) Further Constraints on V to Obtain a Grid,

(c) Combined Structure of the Free Parameters of a Circumplex
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Figure 1
Spatial Representation of a Factorial Design: (a)
Vector Additivity (Translations into Different

Directions) and (b) Intra-Dimensional
Homogeneity (Translations along the Axes Only)

Euclidean distance between Rows 1 and 4 of Table

2c). Thus, a nonmetric MDS program (in full di-
mensionality but with appropriate constraints) can
be used to fit the path-length distances in a circular
graph in which the order of the stimuli is fixed in
advance.

This principle carries over to other discrete struc-
tures specified in a binary matrix, but detailed dis-
cussion of these would be outside the scope of this

paper. Table 1 also mentions placement of points
on curves or surfaces. In the simplest case a de-
composition of the form of Equation 2 is required,
with U and V free but of column (row) order R <

~. This places the points on an R-dimensional flat
or subspace, and if R = 1 on a line. More general,
nonlinear functional relations can also be specified
(De Leeuw & Heiser, 1980; Lee & Bentler, 1980).
The hypothesis of a circular order among the ob-
jects now will take the form of the requirement that
the points should be on a circle. Notice the im-
portant difference with the implementation via Ta-
ble 2c: It is no longer necessary to specify the order
along the circumplex in advance. The line require-
ment and the circle requirement will be combined
in an application in Section 6, where a capital Q
has been fit to a set of color data.

Inequality constraints on the axes can be moti-
vated in many ways. More will be said about them

in Section 4. For now, consider the following ex-
ample of the in-betweenness notion. Glushko (1975)
used the concept that the redundancy of visual pat-
terns should be characterized by the number of
distinct alternatives obtained under rigid rotations

in 90-degree steps or reflections of the original
patterns. According to this definition, a circle or a
cross is highly redundant because both remain per-
ceptually equivalent under the indicated set of

transformations. Glushko partitioned his visual pat-
terns into three groups: highly redundant, very non-
redundant, and a group in between. It need not be
assumed that such a partitioning will explain all
the variation among the observed proximities-
capitalization on such tentative and unrefined mea-
sures is not warranted. There is also no certainty
that MDS will reveal the presupposed order au-
tomatically.

Thus, the coordinate values on the first axis can
be constrained to be of the form

where ~., p, and y denote objects from the three
different groups and it is understood that Equation
3 should be true for all different choices of such

triples. Even if redundancy would not be a strong
explanatory variable, Equation 3 guarantees that it
will emerge as long as there is one corresponding
direction in the space that is needed to describe the

proximities. If it is insisted that the presupposed
order should be dominant, without going so far as
to require unidimensionality, Equation 3 can be
repeated for all axes; if it turns out to be justified,
this will give the configuration the form of a chain
of rectangular regions. In fact, Glushko’s (1975)
unconstrained MDS results already satisfy such
multiple constraints nearly perfectly, which is of

Figure 2
Circumplex as a Circular Graph

with Path-Length Metric
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course strong support for the primacy of his re-
dundancy measure.

Finally, an example of more complex inequality
constraints is worth mentioning. A subset of the
points can be forced to be of limited eccentricity
by restricting the sum of squares of their coordi-
nates. This would be helpful in models that predict
radial expansion of complexity (Guttman, 1954) or
of saturation (as in the Munsell color system).

Constraints on the Distances

Borg and Lingoes (1980) have argued that in-
stead of constraining coordinates, it may be useful
to constrain the distances in an l~I~S For
example, separation between groups of varying re-
dundancy can also be obtained by requiring that
all within-group distances should be smaller than
the distances between groups « - r3 and !3 - ’Y,
which in turn should be smaller than the distances

between the extreme groups. This application is

discussed in Borg (1981), who also remarks that
such a specification might be stronger than intended
because it, in fact, requires the largest within-group
distances to be smaller than the smallest between-

group distances, causing a very compact clustering.
It seems that this can be repaired on a very ad-hoc
basis only, or by abandoning the separation concept
altogether. Fitting a circular order in this approach
can be done by introducing a dummy object that
has missing proximities towards all other objects.
Next, all distances from the dummy point towards
the other points are required to be equal. (For an
example using circular color data, see Borg & Lin-

goes, 1980, p. 30).
Similarly, points can be forced on a tree, a line,

or a grid by selecting appropriate distance con-
straints. Frequently, a difficulty is encountered that
is shared with the &dquo;binary coordinates&dquo; approach:
The ordering of points in the structure must be

known in advance. For instance, for three points
on a line there must be a choice between

depending on which point is to be in between. In
the case of a free tree, the so-called four-point

condition (Buneman, 1971) can be used, which
states that for all ~, j, i°, j’ there must be

4, + di,,, -- max f (di, + d.d~~~)9 (4.~~1~ + dj,)l [5]

but, again, it is not known beforehand which of
the two sums on the right-hand side of Equation 5
will be ‘ ‘r~~~.9 Once the correct selection of con-
straints is known, the remaining computational
problem is not too difficult (Cunningham, 1978).

Constraints on the Transformation

The previous examples already suggest that dis-
tances are a more elementary concept than coor-
dinates (although the latter serve many useful pur-
poses). Indeed, in some applications, obtaining a
configuration of points is not even the prime ob-
jective or the most interesting part of the MDS
analysis. Most interest might be in the way ob-
servable response measures are related to psycho-
logical distance. For instance, in learning experi-
ments the gradient of generalization (the function
relating response strength to interstimulus distance)
may change radically under different conditions of
reinforcement. This was, in fact, one of the major
concerns of Shepard’s (1958) earlier work on 1~~~ .
Thus it might be appropriate to restrict the trans-
formation to a one-parameter class of functions

(e.g., the negative exponential y = exp (- ax)
with discrimination parameter a) and to check a
hypothesis on the change of the parameter value
as an effect of learning.

Another major reason why constrained trans-
formations are interesting is the fact that the ar-

bitrary monotone functions that are relied upon in
ordinary nonmetric MDS methods include com-
pletely flat ones and step functions with one step
only. The possibility of such pathological trans-
formations causes the occurrence off degeneracies
in the configuration: points collapse into clusters
and almost all variability information in the data
gets lost (cf. Shepard, 1974). The problem is par-
ticularly acute when the stimulus objects are rad-
ically distinct rather than gradually connected or
when dissimilarities are missing in a systematic
way (such as in unfolding). Heiser and Meulman
(1983) developed a procedure for smoothed mon-
otone regression, which prevents the function from
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accelerating too strongly. This is an effective de-
vice against degeneracies without imposing strong
demands on the shape of the transformation. Also
relevant in this context is the work by Winsberg
and Ramsay (1980, 1981), who introduced so-called
B-spline transformations as a very flexible way to
get various types of smooth monotonicity.

Prospects

It is hoped that the discussion of constraints has
made clear that there is plenty of scope for action
in MDS. Many of the ideas mentioned in this sec-
tion deserve closer scrutiny in empirical contexts.
Some of them provide challenging optimization
problems; all of them can be combined discreetly
by model builders. It has been emphasized that
often a single vague notion of structure can be
implemented in a number of ways. This is no cause
for alarm as long as the ultimate interest is in the
data, not in the model used to display them. More-
over, it is true that some notions of structure and

approaches have an independent history and exis-
tence outside the class of MDS models. The next
section will point out a few of these similarities.

4. Similarities Objectives in
1~~~~w~~°~~~~ Analysis

The introduction of constraints in the ~I1~S
framework enables the formulation of an I~I7S

counterpart for many of the general objectives that
have become standard in multivariate analysis
(MVA). No attempt will be made to give a full
account of the various interrelationships that exist
between these two classes of techniques, but some
of the more obvious correspondences will be pointed
out.

That there is a very close connection between

principal components analysis (PCA) and classical
MDS has been aptly pointed out by Gower (1966), 5
and the various optimality properties of PCA plots
in terms of reconstructed distances have been em-

phasized by Gabriel (1971). Recently, much effort
has been directed towards the analysis of special
structure in co variance matrices (Bentler, 1980;
Joreskog, 1978). If the distributional assumptions
(which are invoked in this approach to guide the

selection of certain special structures over others)
are separated from the structural ideas themselves,
there is much overlap with constrained MDS. The
imposition of a circumplex, for example, amounts
to the specification that the factor pattern matrix
should have the form of Table 2c. Just as in the
MDS approach with linear equality constraints, the
order of the points along the circle must be known
in advance. Without such an order, the detection
of a circumplex by means of ordinary PCA must
be done by carefully looking at the complete ei-
genvector decomposition (Wiggins et al., 19 1) be-
cause the circular components need not be the ones
that account for most variance. Yet ordinary dis-
tance models are preeminently suited to capture the
nonlinearity immediately (Lingoes & Borg, 1977).

Comparing More Than Two Configurations

Another rich source for making comparisons be-
tween 1~~A and MDS is the &dquo;S sets matching&dquo;
or generalized canonical correlation problem (Car-
roll, 1968; Horst, 1961; Kettenring, 1971; Mc-

Keon, 1968; Van de Geer, 1980) against three-way
scaling. In ordinary canonical correlation there are
two sets of variables, say X, ~nd X,, and the idea
is to find a linear transformation of each, say X iL i
and X,L,, which renders them maximally similar.
Maximum similarity can be translated as follows:
There must exist a common space X (the canonical
variates) such that

for s = 1, 2. This may not be the most usual
formulation of the problem, but it is the most con-
venient one for the purposes of this section. In the
first place, if there are S > 2 sets, Equation 6 is
still valid when s = I , ... , S is specified. This
generalized problem is intrinsically more difficult
than the two-set case. There are many ways to put
identification constraints on X and thc ~,S , and a
variety of optimality criteria can be used to fit Equa-
tion 6 in case no perfect common space exists.
However, if S = 2, most of these criteria become
essentially identical (Gifi, 1981, chaps. 6 & 7).
Now suppose the linear transformations are re-

quired to be orthogonal, which implies that they
can be split up into a rotation and a rescaling of
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axes. Equation 6 can be rewritten into

for s = 1 ~ ... 9 ,~ with T, a rotation matrix and
~ a diagonal rescaling matrix. The orthogonality
requirement is crucial, because otherwise X is left
unidentified. For it is always possible to define X*
XA and L* s = L~A without invalidating Equa-
tion 6 whereas Equation 7 always holds. On the
other hand, generality is lost because the analysis
will no longer be invariant under preliminary ar-
bitrary linear transformations (i.e., Xi = ~S~s.)9
the classical requirement posed by Hotelling (1936),
but only under preliminary rotations. Also note that
imposing more stringent constraints on the trans-
formations, such as that they should be rotations
plus a uniform stretching (i.e., (D, is required to
be a scalar matrix-a case usually called gener-
alized Procrustes analysis; G&reg;~~er9 1975; Ten Berge,
1977) reintroduces a rotational indeterminacy. For
now any rotation matrix T can be chosen to post-
multiply both sides of Equation 7 leaving its mean-
ing unchanged (if T, and T are both rotations, so
is T,T).
An optimality criterion for fitting the structural

Equations 7 to a given set of X,s still has not yet
been selected. Suppose Equation 7 is put into the
equivalent form

for s = 1, ... S and the criterion is chosen that
the Euclidean distances between the rows of the S

matrices on the left-hand side of Equation 8 should
be approximately equal to the Euclidean distances
between the rows of the S matrices on the right-
hand side. Then the fact can be used that Euclidean

distances between the rows of two matrices U and
V are equal if and only if UU’ = ~V’ . This leads
to the following approximation problem (where =
denotes &dquo;approximately equal in the least squares
sense’ ’): e

which is precisely the problem solved by Carroll
and Changes (1970) CANDECOMP method to fit
the INDSCAL model (with 4Jj2 identified as the
matrix of weights or saliences). It is obvious that
this is a particularly clever way to solve the gen-

eralized canonical correlation problem because the
individual rotations have disappeared in Equation
9 ~ On the other hand, it should not be surprising
that the INDSCAL common space has a unique
orientation of axes since actually the matching
problem in Equation 7 is being solved.
Some might remark that the above development

is purely formal and not relevant methodologically;
after all, INDSCAL is designed as a model to fit
three-way dissimilarity data. This may be true, but
is it not a good methodological idea to approach
the three-way scaling problem by first doing sep-
arate MDS analyses on the individual dissimilari-
ties and next attacking the problem of comparing
configurations in its full generality? This position
has been especially advocated by Borg and Lingoes
(1978) and by Gower (1979). The weights of an
INDSCAL analysis represent both the strength and
the weakness of the method. The strength is that
a simple display of individual differences is pos-
sible : the so-called subject space can be plotted
independently from the stimulus configuration(s).
Although the practical importance of such a display
can hardly be overestimated, there are very rea-
sonable alternatives to this INDSCAL feature (see,
for example, Gower, 1971). The weakness is that
the alleged simplicity is only apparent: The precise
properties of the weights depend on the program
used to fit them; but mostly poomess-of-fit, certain
interaction effects, and genuine stretching are con-
founded. At the least, nonstandard so-called direc-
tional statistics are needed to further analyze the
subject space (Schiffman, Reynolds, & Young,
1981, chap. 13).

Symmetry in Treatment of Sets

Thus various types of restricted three-way MDS
can be regarded as fitting various special cases of
the multivariate matching problem. Similarly, two-
way MDS with constraints on the coordinate axes
can be compared with two-sets canonical correla-
tion analysis. In both of them there are two spaces
characterizing the objects, and it is their commu-
nality that is of particular interest. The idea of a
space in between the spaces given again follows
naturally if it is appropriate to treat the sets sym-

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



393

metrically, i.e., to distribute the approximation er-
ror evenly over the sets.

For S sets, a symmetric treatment will almost
always be reasonable; for two sets, however, it
seems that a more asymmetric treatment is fre-

quently called for. The most radical treatment is
to project one set onto the other. In case one set
contains only one variable, as for instance in mul-
tiple regression and discriminant analysis, the cri-
terion is projected onto the set of predictor vari-
ables. This reflects the requirement that the best
predictor should be contained in the predictor set
at hand; a direction in between would serve no
practical purpose. Recently, a more asymmetric
treatment for the case of multiple variables in both
sets has been recommended (Muller, 19~1; Stewart
& Love, 1968; Van den Wollenberg, 1977), the
argument being that rather than mutual similarity,
variance-accounted-for should be optimized in one
of the sets.
To apply these considerations in constrained MDS,

consider the situation with one set of dissimilarities
and one external variable, say an independent rat-
ing of psychological complexity. A symmetric
treatment is exemplified by Ramsay’s (1980) ap-
proach : he has set up a loss function in which the
object points should simultaneously have distances
approximating the dissimilarities and a direction
among them that satisfies approximately the spac-
ing given by the external variable. The object con-
figuration is the common space that conveys in-
formation about both psychological complexity and
dissimilarity of the objects. An asymmetric treat-
ment is provided by Carr&reg;11’s (1972) PREFMAP
philosophy: first an unrestricted MDS is performed
on the dissimilarities, possibly perfectly fitting them;
next an optimal direction is found for the external
variable, probably not accounting for all its vari-
ance. Alternatively, in the approach taken by Bent-
ler and Weeks (1978), Bloxom (1978), De Leeuw
and Heiser (1980), Heiser and Meulman (1983),
and Noma and Johnson (1979), the external vari-
able its e.~., along the first dimen-
sion, in the course of approximating the dissimi-
larities. Obviously, the first dimension need not be
important in the sense of explaining much variance
among the dissimilarities; just as in the case of the

first canonical variate, it simply enforces a &dquo;cor-

rect&dquo; direction.

If there are several external variables, the situ-
ation does not change very much for Ramsay’s
(1980) and Carroll’s (1972) approach: simply more
directions are fit simultaneously or the PREFMAP
procedure is repeated independently from earlier
found directions. For the third approach the ques-
tion arises, can several variables be fit by con-
straining successive orthogonal coordinate axes

without acknowledging the correlation pattern that
will generally exist among the constraints? The
answer to this question is somewhat too involved
to be fully explained here, but it can be said that
if there are enough (say M>K) external variables

spanning the same K-dimensional space of the dis-
similarities, then an M-dimensional restricted MDS
solution (where each axis corresponds with one
external variable) will be of rank and can be
rotated to the correct common space. Thus, the use

of many constrained dimensions does not neces-
sarily imply that the common space is high dimen-
sional (an analogous situation exists in confirma-
tory factor analysis). If the set of constraints is

correlated, this will give the configuration a certain
shape (see Kruskal, 1972, for a discussion of this
concept), which can be studied, for instance, by
computing its principal components.

This approach will now be illustrated with a clas-
sical example concerning the perception of facial
expressions, using the dissimilarities collected by
Abelson and Sermat (1962) and three median rating
scale variables obtained for the same 13 objects by
Engen, Levy, and Schlosberg (1958). The objects
are selected photographs from the &dquo;Light-
foot-scries&dquo; in which an actress expresses the emo-

tions listed in Table 3. The columns of this table

reflect judgments on the attributes &dquo;pleasant-un-
pleasant&dquo; (P-U), &dquo;attention-rejection&dquo; (A-R), and
&dquo;tension-sleep&dquo; (T-S). The restricted MDS anal-
ysis was performed with the program SMACOF-
II (Meulman, ~Iciser9 & de Leeuw, 1983), which
can treat both dissimilarity and rating scale values
nonmetrically. Thus, a three-dimensional config-
uration was computed so that the order of the ob-
jects on the first coordinate axis corresponds with
the order given by P-U; on the second one, with
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A-R; and on the third one, with T-S. As a result,
the three-dimensional solution is ordinally equiv-
al~r~t t&reg; th~ thre~-di~~r~si&reg;r~~l c&reg;r~~~a~r~ti&reg;r~ ~iv~~alent to the three-dimensional configuration given
in Table 3. The monotone transformations of its
columns are chosen in such a way that the distances

among its rows approximate a monotone transfor-
mation of the dissimilarity data (stress = .098).
The eigenvalues (measuring shape as the dispersion
of the points along the principal axes) are .533, 9
.374, and .083, indicating that the configuration is
a reasonably flat disc; its first two principal com-
ponents are displayed in Figure 3, in which the

attribute vectors were obtained by projecting the
coordinate axes of the three-dimensional solution
onto the principal plane.

This principal plane is still a satisfactory rep-
resentation in the following sense: The stress of
the ordinal distance-dissimilarity relationship its .145;
the attribute vectors fit ordinally with correlations
of .980, .968, and .994 for P-U, A-R, and ‘~‘-,S9
respectively; and the percentage of variance left
unaccounted for with respect to the three-dirnen-
sional configuration is ~~7&reg;. The conclusion must

be that the attribute judgments and the dissimilarity
judgments are coherent; they can be represented
together as in Figure 3. This is not to say that the

attributes describe werythi~g the dissimilarities have
to tell. The order of the stimulus projections on the
direction perpendicular to the principal plane is

given as the fourth column of Table 3: it presents
the psychologist with the challenge to find an at-
tribute that contrasts maternal love, anxiety, and
light sleep with savoring a Coke, extreme pain,
and physical strain. Or should this residual effect
be regarded as random variation?

5. Confirmatoz-y Scaling Analysis

Evidently, the possibility of constraining the MDS
solution in various ways greatly enhances the op-
tions for analyzing data in a confirmatory fashion.
Yet confirmation means trying to establish the bal-
ance between systematic and random effects. The
question is how to decide in the MDS framework
what is to be called systematic and what random
variation. One strategy is to make this decision

beforehand and to check its validity against a chance
hypothesis. A case in point is that of Davison’s
(1980) proposal to analyze binary or ordinal re-
sponse pattern data by Goodman’s (1975) contin-
gency table methods under an order hypothesis. It
may be perfectly sensible to do so (provided the

Table 3
Median Rating Scale Values of 13 Facial Expressions
on Three Schlosberg Scales (Engen et al., 1958);
the Fourth Column is the Rank Order of Projections

on the Third Dimension Omitted in Figure 3
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Figure3
Principal Plane of the Three-Dimensional
Constrained Solution for the Combined

Facial Expression Data

number of items is not too large); yet it would be
a fallacy to regard this as confirmatory scaling.

l~~~is~r~’s (1980) method may be seen as an
attempt to improve ~&reg;&reg;dr~a~’s (1975), but it does
not scale anything. That is, it does not fit the pa-
rameters of a distance model, nor does it determine
some optimal reordering of the rows/columns of a
data matrix. Davison (1980) simply assumes that
the scaling has already been done: ‘6~’&reg; be testable

via the methods presented in this paper, an order
hypothesis must satisfy one condition. It must di-
vide the set of potential subject response patterns
into two non-overlapping, complementary sets, a
set of admissible response patterns and a set of
inadmissible response patterns&dquo; (p. 124). The pre-
ferred division may turn out to be better than chance,
but shouldn’t it also be checked against others which
might be even better? Indeed, Davison’s procedure
can be regarded as a particular loss function, eval-
uating for any single order of the items how well
it fits the data. To return into the realm and spirit
of scaling there should be a systematic search in
the space of all possible orders for the one that
minimizes the loss function under the hypothesis
of unidimensionality.

Next consider the situation where there are S

square symmetric tables of proximities available.
Now a hypothesis on the order of the proximities
may be confirmed by utilizing the statistical ma-
chinery of isotonic regression (Barlow, Bartholo-
mew, Bremner, & Brunk, 1972). There would have
to be found I(I- 1)/2 mean values satisfying an
increasing trend if arranged in the preconceived
order; their variation would be the systematic part
and could be compared with the residual variation
in order to reject the chance expectation of equal
rather than increasing mean proximity values. Again,
this may be useful in some circumstances, but a

typical MDS analysis will try to solve a completely
different problem: Find one matrix of numbers rep-
resenting the S original tables (its values may be
means, but also medians, root mean squares, or
still other representative numbers) and another one
with numbers satisfying the metric axioms (and
possibly much more than that) that are somehow
maximally similar. Attempting an MDS analysis
implies abandoning the idea of one a priori defined
independent variable. It implies that the chance
expectation of equal mean proximities can be re-
jected in favor of some MDS solution. In cases of
doubt, any reasonable MDS analysis can be per-
formed on one subset of the S tables and the re-

sulting order of distances can be tested on the re-
maining data.

In conclusion, there is a tradeoff between con-
finnation in the narrow sense and doing ~1DS .
Scaling models, constrained or not, reflect a pos-
teriori systematic variability, and the real problem
is not to decide between &dquo;effect&dquo; and 6 ‘~&reg; effect&dquo; 9

but to go beyond that and to evaluate several al-
ternative specifications of the effect. For in most
applications, the data would be asked very little
indeed if the only interest were in finding out whether
or not the expert’ accumulated experience is better
than chance. Before pursuing the issue of model
selection, however, some remarks will be made
about the assessment of the quality of any single
solution.

Diagnostic Plotting

In order to check whether the loss function has
been successfully minimized, it is imperative to
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examine auxiliary plots relating certain aspects of
the model to the data. The scatterplot of distances
versus disparities can reveal outliers, 9 cluster ef-

fects, or misfit of small dissimilarities (in this last
case it will be pear-shaped, a phenomenon almost
always observed with ALSCAL). The transfor-
mation plot of disparities versus dissimilarities can
give information about the way subjects utilized
the dissimilarity scale (e.~.9 showing a ceiling ef-
fect), or about apparent inconsistency (e.g., ex-
hibiting large plateaus in the step function). In case
external variables were used to constrain the axes,
it is also recommended that transformation plots
be examined for the same types of reasons. A good
review of diagnostic plotting is Chambers and Klei-
ner (1982).
Adding extra information into the standard plots

of the results is almost always helpful. For ex-
ample, Van der 1~1&reg;&reg;t and Kroonenberg (1982) in-
cluded a number of ’&dquo;pseudo-subjects&dquo; in their
TUCKALS analysis to check the apparent individ-
ual differences against a priori defined pure types.
A suggestion by Kruskal and Wish (1978) is to

check apparent trends the raw data. For
example, Figure 3 could be characterized by saying
that there are essentially three clusters: the joyful,
the frightful, and the introverted expressions. Al-
ternatively, it could be supposed-remembering
the phenomenon that one-dimensional structures

tend to become V-, C- or ,f-sh~ped if analyzed in
two dimensions (Shepard, 1974)-that there is a

bent chain here, going from SURPRISE through
SLEEP to DISASTER. Either possibility could be
substantiated in followup research with a larger
number of stimuli from the same domain; but can
one or the other be favored by relying on the data
at hand? For the cluster conjecture, all small dis-

similarities should correspond to within-cluster dis-
tances only; for the chain conjecture, all small dis-
similarities will correspond to distances between
groups of points consecutive along the chain; and
if neither of them holds, then connecting highly
similar points will produce a network extending in
every direction. In Figure 4, all points have been
connected whose dissimilarity value is smaller than
3.5 (which constitutes the lowest 27% of them).
The chain conjecture is clearly supported.

Figure4
Configuration for 13 Facial Expressions..

with Each Dissimilarity Smaller
Than 3.5 Indicated by a Line

This has another interesting consequence for un-
derstanding the relationships between the variables
used as constraints. As is apparent from their al-
most orthogonal position in the plot and from their
direct product-moment correlation of 18, the var-
iables P-U and A-R are almost uncorrelated. How-

ever, because the stimuli tend to form a bent chain,
the variables appear to be not unrelated. Upon in-
spection of their original scatterplot, it turns out
that a quadratic curve fits with r = .67. Thus A-
R can be predicted reasonably well from P-U, but
not the reverse. This establishes that P-U is the
more basic of the two, whereas A-R is merely a
nonlinearly related effect. The constrained MDS
analysis establishes the stronger result that the dis-
similarities confirm the same tendency.

Goodness-of-Fit and Stability

Evaluating goodness-of-fit measures for the case
~S°=1 is still largely a matter of experience. Some
guidance can be obtained from monte carlo work
(Spence, 1983; Spence & Graeff, 1974), mainly
for the determination of optimal dimensionality. In
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comparing a constrained solution with an uncon-
strained one, the former will generally have worse
fit. In this situation, it can be useful to add extra

parameters to the constrained model, as to make
the degrees of freedom of the models comparable
(cf. Bentler & Weeks, 1978). For instance, sup-
pose the points are constrained to be on a circle,
then 7 free parameters can be added to the model
(a third dimension, or I unique dimensions) to bring
the degrees of freedom on the same level as for an
unconstrained two-dimensional solution. The en-

riched constrained model now has a fair chance to
be better in the sense of goodness of fit.

For 5’ > 1 this type of idea can be implemented
more rigorously. Assuming that the S data matrices
are indeed replications, goodness of fit can now be
evaluated against the stability of the results under
the supposition that the data might have been slightly
different. That is, in selecting a model for the data
there must be a willingness to exchange a certain
decrease of fit for an increase in stability (cf. the
well-known problem of selection of predictors in
multiple regression). Conventional rules for doing
this are primarily derived from the maximum li-
kelihood principle. It was Ramsay (1977) who in-
troduced these types of considerations in the MDS
field. Suppose that IW z~s~y9s approach is followed
by adopting a log-normal distribution, independent
sampling errors, and the log-likelihood function as
a goodness-of-fit measure. Then a nested series of
models can be tested by evaluating the ratio of their
likelihood against the x2-distribution with the ap-
propriate number of degrees of freedom.

There are definite advantages, however, to fol-
lowing a slightly different procedure, using the
AIC statistic (Akaike, 1974, 1977) defined as

AIC (Tr) = - 21nL(Tr) + 2n~ 191

where the log-likelihood InL(n’) is corrected for the
number n, of independently adjusted parameters in
model IT. The relative magnitudes of AIC may be
directly compared across models that are not nec-
essarily nested, and the one associated with the
smallest value of AIC should be chosen as being
statistically best. Here &dquo;best&dquo; means that the model

is most stable in the sense that it will predict future
observations (i.e., from the same distribution) most

accurately (AIC may be considered as an estimate
of the expected prediction error). This very useful
secondary statistic was introduced in psychome-
trics by Takane (1978a, 1978b, 1981) and subse-
quently used by Winsberg and Ramsay ( 1981 ) and
Stoop, Heiser, & de Leeuw (1981). Note that if
two models have the same number of free param-
eters, the AIC criterion simply states that the one
with best fit should be chosen.

With both the likelihood ratio test and the min-

imum AIC criterion, a very abstract and idealized

reasoning is applied for choosing among alternative
models. In the next section a class of procedures
will be outlined that attempts to answer the same

type of questions while remaining closer to the
data. The stochastic elements are brought in by
monte carlo methods, and actual computations will
replace theoretical calculation.

6. Stability Analysis by Resan8piing

With the usual maximum likelihood methods,
inference is obtained at the price of having to as-
sume that the dissimilarities are sampled from in-
dependently distributed random variables with an
a priori specified joint distribution F with unknown
parameters. If such specific assumptions are un-
suitable, the stability of the representation can still
be investigated by resampling from the nonpara-
metric maximum likelihood estimate of F, which
is essentially the empirical distribution of the ob-
servations itself. Such resampling schemes are dis-
cussed in Efron (1979, 1982), Efron and Gong
(1983), and Gifi (1981), are particularly suited to
situations like those presented in this paper, where
the combination of structural model, unknown dis-
tribution function, and complicated loss function
renders a standard statistical analysis unwieldy.
One such resampling scheme, the so-called

Bootstrap procedure introduced by Efron (1979),
is illustrated. The example concerns data collected
by Ramsay (1968) on the perceived differences
between 21 color patches of constant value in terms
of the Munsell color system. Ramsay obtained ratio
judgments of dissimilarity with respect to one pair
of standard stimuli for 20 subjects, with great re-
liability in terms of internal consistency. Thus, re-
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garding each whole dissimilarity matrix as one sin-
gle observation, there is a (muitivariate) dis,sa~cllc~~°ity
distribution characterized by 20 independent dis-
crete values. Now, the idea of the Bootstrap is that
an indication of the variability of the results may
be obtained by resampling from this empirical dis-
similarity distribution in order to obtain new data
matrices of the same size that &dquo;just as well could
have been observed.&dquo; The resampling is done with
replacement and repeated, say, B times. Then, an
MDS analysis is performed on each of the j6 Boot-
strap samples with identical options, and conse-
quently j6 values are obtained instead of a single
one for each numerical result of interest (coordi-
nates, stress, and possibly further diagnostic num-
bers).

As a first analysis, a two-dimensional nonmetric
scaling on the mean ratio judgments was per-
formed, rep~~t~d ~ = 2&reg; times. Because the opti-
mal distances remain unchanged under arbitrary
rotation of the coordinate axes, the 20 configura-
tions were matched through separate orthogonal
Procrustes rotations (Cliff, 1966) towards the so-
lution for the original data. Now each stimulus is
associated with a cloud of 20 points, and the ques-
tion arises how to describe these succinctly. An
irregular contour could be drawn so that each of
the points lies precisely inside it, but the shapes of
such contours would be heavily dependent on ex-
treme points only, and the location of the bulk of
the points would essentially be ignored. Instead a
restricted class of contours has been chosen: the

family of ellipses through which the major char-
acteristics of the cloud can be grasped from their
elongation and orientation. Precisely how this was
done is described in Meulman and Heiser (1983).
Here it suffices to say that the Bootstrap variances
and covariances were used to estimate the shape
and that the size of the ellipses to be considered
below has been determined so as to include 95%
of the Bootstrap points.

The final result of this series of operations is

shown in Figure 5. Each ellipse is labeled with the
Munsell notation for hue (e.g., 5YR denotes the
fifth yellow-red), with a chroma designation for the
1&reg;~’s only because all the others are approximately
of chroma 6. Except for the yellow-to-green comer

Figure 5
95°7&reg; Confidence Ellipses Based on Bootstrapping

Ramsay’s Data without Constraints
(20 ~~r~ples9 Solutions Matched)

all ellipses are neatly nonoverlapping and rather
small. According to the intention of the Munsell
system the equal-chroma hues should be circularly
arranged; however, there seems to be a slight ten-
dency towards a pentagon. Also, there seems to be

only weak evidence for equal spacing along the
circular order.

Suppose the lack of equal spacing is considered
to be of minor importance, and it is decided to

study the restricted model enforcing the equal-
chroma colors on a circle with both center and

radius unknown and the yellows of varying chroma
on some straight line: this is the Q configuration
described in Section 3, and it appears to be so well
established that it should not be discarded too

quickly. The program SMACOF-11 (Meulman et
al., 1983) was used for the constrained scaling.
Applying the same Bootstrapping scheme as before
gives the constellation shown in Figure 6.
Most ellipses in Figure 6 are smaller (not all of

them, however, cf. 5B), and again relatively large
ones are found in the yellow-to-green region. Some
diagnostic measures are summarized in Table 4.
These include the stress values for the original un-
restricted and Q-restrieted analyses, which are not
too different; using the idea that the number of
model parameters should be approximately equal
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Figure 6
95% Confidence Ellipses Based on Bootstrapping

Ramsay’s Data with Constraints
(20 Samples, Solutions Matched)

for a fair comparison, one free dimension has been
added to the Q-restricted model and the superior
optimum stress value of .0616 was obtained. It

should be noted here that the Q-restricted part of
the configuration stayed primarily in the plane of
the first two principal components, so that indeed
it can be argued backwards that the two-dimen-
sional Q is already sufficient. In what way do the
Bootstrap results confirm the same conclusion?

A Criterion for Comparing Different
Bootstrap Solutions

Not much work has yet been done on the pos-
sibility of defining decision criteria on the basis of
the Bootstrap distribution of configurations. A good
criterion to compare MDS models in terms of over-
all stability is to look for the smallest Within/Total
(WlT) ratio of sums of squares, in which Within
is the pooled sum of squared distances from points
in a single Bootstrap cloud to its centroid and Total
the sum of squared distances from all points to the
origin. If instability prevails so that all Bootstrap
clouds overlap almost completely, the ~I/°I’ ratio
will approach one; if there is a completely stable
situation, it will become zero. As Table 4 indicates,
the data are very homogeneous according to this

definition: For both models the Within variance is

less than .5~/&reg; of the Total variance. Again, the Q-
restricted model turns out to be the better one (its
W/’T ratio is smallest).
The W/T ratio can be interpreted as stability

corrected for fit, because it can be shown that T

equals B - l(r2 where o7, is the stress of Bootstrap
b (at least for an algorithm properly minimizing
KmskaFs stress). This normalizes the coefficient
in a desirable fashion: If a restricted solution would

be relatively stable but associated with high stress,
the ~/~’ criterion will tend to reject it. Research

currently under way into the behavior of this ratio
indicates that the correction for fit might not be too
crucial in many cases; for it turns out that-con-

trary to what might be surmised on a priori grounds-
restricted solutions are not necessarily more stable
than unrestricted ones in terms of W (Meulman,
1983). This is especially true if constraints that are
unreasonable are imposed: these already have a
higher value of W and will certainly be rejected by
the minimum 6~/~’ criterion.

A detailed comparison will not be attempted of
the present authors’ results with those obtained by
Ramsay (1978) using his MULTISCALE method
on the same data. Obviously, there is considerable
conformity of objectives. Ramsay relies on the
asymptotic normality of ML estimates and, as Ef-
ron (1982) has remarked, &dquo;Fisher’s familiar theory
for assigning a standard error to a maximum like-
lihood estimate is itself a ’bootstrap theory,’ carried
out in a parametric framework&dquo; (p. 29). Rather
than deriving variability information directly from
the empirical dissimilarity distribution, Ramsay
(1978) is willing to accept a certain multivariate
log-normal model and obtains a parametric or

smoothed estimate of the unknown F, say ~’Smaoth.
He could then execute the Bootstrap algorithm ex-
actly as is being done in this paper, starting with
Fsmo,,t,. However, it is not necessary to actually
carry this out because a shortcut is possible by
means of theoretical calculations, due to the choice
of a narrow parametric family of models. Evidently
this saves considerable computing time but it could
easily give somewhat overly optimistic results if
the specific distributional assumptions do not pro-
vide a fair approximation. The correct comparison
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Table 4

Diagnostic Measures for Ramsay’s (1968) Color Data

would be to check the standard MULTISCALE

results against a Bootstrapping scheme using the
MULTISCALE loss function but ignoring the es-
timated standard errors.

The analysis presented here differs from Ram-
say’s in that Kruskal’s loss function was used, the
mean data were treated n&reg;nmctrically, and no power
transforms were estimated for each replication. It

has been illustrated that the employment of stability
analysis as a diagnostic tool need not be confined
to the framework of parametric maximum likeli-
hood estimation. Given enough raw computing
power and a criterion like the one proposed, the
performance of both premeditated and ad hoc models
on a given set of data can always be studied. To
be sure, there must be replications. In case the
proximities are collected in judgment experiments,
this will frequently be no problem, except when
there is particular interest in individual differ-
ences-for individuals cannot simultaneously be
modeled and resampled. If the proximities were
computed as measures of distance or association
(correlation, confusion, joint occurrence), then re-
sampling can be applied on the raw observations, 9
and the slightly different versions of the proximity
matrix thus obtained can be repeatedly scaled.

Conclusion

Choice of dimensionality is not the only feasible
way to influence the arrangement of points in geo-
metric models of data. Additional specifications
can be introduced to mold the model into a partic-
ular shape. Such specifications will generally aim
to enhance simplicity or order, and some of them
have clear precedents in related fields of data anal-

ysis. They require an adaptation of the general MDS
optimization problem that is definitely more in-
volved than setting dimensionality equal to a fixed
number. Their introduction does not automatically
transform 1~I75 from an exploratory into a confir-
matory technique.

Exploration refers to a mode of analysis in which
there is more concern about finding out what seems
to be the case than about the correctness of expec-
tations. In this r~&reg;d~9 a constrained analysis may
be useful because it can reveal patterns that would
otherwise have been left unnoticed.

Confirmation involves the assessment of the in-
fluence and balance of systematic and random ef-
fects in the data. As things stand now, only partial
knowledge exists on how particular systematic ef-
fects reveal themselves in the modeling process. It
is also important to realize that sampling and spec-
ification errors are confounded if only one matrix
of proximities is available for analysis. As always,
replicated observations form the only sound basis
for attempts to make general statements. They are
a prerequisite for both sampling models and resam-
pling techniques that can be used to reduce uncer-
tainty. In this mode of analysis, the advantage of
constrained S is in the possible increase in power
and precision.

This paper has not touched upon algorithms and
programs, in part because they are treated else-
where, in part because the development of flexible
and reliable software seriously lags behind the the-
oretical possibilities. This lag seems unavoidable
in view of the enormous investments in time and
effort that are required for proper implementation.
It does not alter the fact, however, that the pros-
pects for constrained MDS look bright.
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