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Solving Measurement Problems with
an Answer-Until-Correct Scoring Procedure
Rand R. Wilcox

University of Southern California

Answer-until-correct (AUC) tests have been in use
for some time. Pressey (1950) pointed to their ad-
vantages in enhancing learning, and Brown (1965)
proposed a scoring procedure for AUC tests that
appears to increase reliability (Gilman & Ferry,
1972; Hanna, 1975). This paper describes a new
scoring procedure for AUC tests that (1) makes it
possible to determine whether guessing is at ran-
dom, (2) gives a measure of how "far away" guess-
ing is from being random, (3) corrects observed test
scores for partial information, and (4) yields a mea-
sure of how well an item reveals whether an ex-
aminee knows or does not know the correct re-

sponse. In addition, the paper derives the optimal
linear estimate (under squared-error loss) of true
score that is corrected for partial information, as
well as another formula score under the assumption
that the Dirichlet-multinomial model holds. Once
certain parameters are estimated, the latter formula
score makes it possible to correct for partial infor-
mation using only the examinee’s usual number-
correct observed score. The importance of this for-
mula score is discussed. Finally, various statistical
techniques are described that can be used to check
the assumptions underlying the proposed scoring
procedure.

When an examinee responds to a multiple-choice test item, the response made might not reflect
his/her true state. The most obvious example, and the one of central concern here, is that an ex-
aminee might guess the correct response without knowing what it really is. The common solution to
this problem is to assume that guessing is at random. That is, if there are t alternatives from which to
choose, and only one is correct, the probability of a correct response when the examinee does not
know is 1/t. Simultaneously, however, it is recognized that to assume random guessing is inde-
fensible. One possibility is that an examinee might be able to eliminate one or more distractors with-
out knowing the correct response. In support of this possibility are empirical investigations of formula
scoring in which it was found that the probability of guessing is substantially higher than would be ex-
pected when random guessing occurs (Bliss, 1980; Cross & Frary, 1977). Although it might still be as-
sumed that guessing is at random, this can have serious consequences in terms of test accuracy (e.g.,
Weitzman, 1970; Wilcox, 1980).

The purpose of this paper is to examine how an answer-until-correct (AUC) testing procedure
might be used to take into account the effects of guessing. One advantage of the proposed scoring
procedure is that its efficacy can be empirically checked in several different ways. The model contains
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number-correct scoring as well as the assumption of random guessing, as a special case. Thus, as will
be illustrated, when observed test scores suggest that the model holds, the appropriateness of the two
more common scoring procedures can be checked. On a related matter, the model can be used to test
whether items are &dquo;ideal&dquo; in the sense defined by Weitzman (1970); this means that a random guess-
ing assumption can be tested. Using the entropy function, it is also possible to measure how &dquo;close&dquo;
the probability of guessing is to 1/t. This is important because when the probability is not close to Ilt,
this suggests it might be possible to improve the distractors which in turn will improve test accuracy.
The exact sense in which this is true is explained below. Another advantage of the model is that it
yields a measure of test accuracy that is not ordinarily available. Two new formula scores are also de-
rived, the advantages and disadvantages of which are discussed below.

A scoring rule for an AUC test has been proposed by Brown (1965) and has been empirically in-
vestigated by Gilman and Ferry (1972) and Hanna (1975), who found it to be more reliable than
number-correct scoring. Moreover, an AUC testing procedure has been advocated from the stand-
point of enhancing learning (Pressey, 1950). ne goal in this paper is to propose a different sconng
rule that corrects for partial information.

Assumptions

It is assumed that when an examinee responds to an achievement test item, he/she can be de-
scribed as either knowing or not knowing the correct response. In the terminology of Reulecke (1977),
this means that the model includes a binary structure variable or, following Harris and Pearlman
(1978), that examinees are described in terms of a dichotomized latent trait. It can also be said that an
examinee either has or has not acquired the &dquo;psychological structure&dquo; of a task (Spada, 1977). This
means that the model is deterministic in the sense that if an examinee’s latent state is known, and if
there are no errors at the item level, it would be known whether an examinee would produce a correct
response. The model, however, includes what Reulecke (1977) calls an intensity variable; in particu-
lar, it is assumed that an examinee who does not know the correct answer might give a correct re-
sponse. The probability of this event is unknown, but it can be estimated with the scoring formula
and probability model described below.

Following Horst (1933), it is assumed that when an examinee does not know, he/she can eliminate
at most t - 2 distractors from consideration. Once these distractors are eliminated, the examinee
chooses an answer at random from among those that remain. An examinee who knows always gives
the correct response. Finally, an AUC scoring procedure is assumed. This means that an examinee re-
sponds to a test item until the correct alternative is chosen.

Three Types of Guessing
Three types of guessing can be described. The first, Type I guessing, applies to a situation in

which randomly sampled examinees respond to the same multiple-choice item. In this case, guessing
is defined as the probability of a correct response, given that the randomly sampled examinee does
not know. The second, or Type II guessing, is defined in terms of a single examinee responding to an
item randomly sampled from some item domain. The rate of guessing for the examinee is the proba-
bility of a correct response to a randomly sampled item that he/she does not know. The third, Type
III guessing, is the probability of a correct response over independent repeated trials where a single
examinee responds to a specific item he/she does not know. Wilcox (1977a) has examined some latent
structure models that are relevant to this case, but there are some practical difficulties (Wilcox, 1979)
that limit their use. Only Type I and Type II guessing are considered in this paper.
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A Model for AUC Tests and Type I Guessing
Consider a randomly sampled examinee responding to a specific test item using an AUC test. For

convenience, particular attention is given to the case in which the multiple-choice test item has t = 4
alternatives from which to choose, one of which is correct. The results are readily extended to any
value of t. Based on the above assumptions, the examinee belongs to one of t = 4 mutually exclusive
groups. In particular, the examinee either knows the correct response or can eliminate 0, 1, or 2 dis-
tractors. Let ~ be the proportion of examinees who know, and let ~, be the proportion of examinees
who can eliminate i distractors. The probability of a correct response the first time a randomly selec-
ted examinee chooses an alternative is

The probability of an incorrect response on the first choice and a correct response on the second is

The probability of two misses and then a correct response is

and the probability of three incorrect responses is

More generally,

where i = 2, ..., t.

For a random sample of N examinees let x, be the number who correspond to the event associated
with p,. For example, x, is the number of examinees who are correct on the first alternative chosen,
and x2 is the number of examinees who are incorrect and then correct. The x,’s have a multinomial
probability function given by

where

Since ~ = p, - p2,

is an unbiased estimate of C. From Zehna (1966) it also follows that 4 is an unrestricted maximum
likelihood estimator. Proceeding in a similar manner also yields unbiased, unrestricted maximum
likelihood estimates of the ~,’s, namely,
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Note that the model assumes that

Maximum likelihood estimates of the C’s are available under this restriction of the p,’s, as noted by
Barlow, Bartholomew, Bremner, and Brunk (1972). For example, the maximum likelihood estimate
of C, assuming Equation 12 holds, is given by Equation 8 when x, > x2, and it is 1 = 0 otherwise.

Using the Model to Analyze Achievement Test Items

Macready and Dayton (1977) have described a probability model based on Type I guessing that
might be used to analyze mastery tests consisting of equivalent items. This section illustrates how the
above model can be used to analyze achievement test items in a similar but different fashion

Suppose, as is customary, it is decided that an examinee knows the correct response if the first al-
ternative chosen is the correct answer and that, otherwise, the examinee does not know. In this case a
test constructor would like to know the accuracy of the decision about a typical examinee based on
his/her response.

The cells in Table 1 give the probability of the four possible outcomes when an examinee responds
to an item. Thus, for a randomly sampled examinee, the probability of a correct decision about an ex-
aminee’s latent state is the proportion of agreement in Table 1, namely,

An unrestricted maximum likelihood estimate of P is just

where C, ~o, Z~ and ~2 are given by Equations 8 through 11. For any t,

P can also be estimated, assuming Equation 12 holds, as is illustrated below. In many instances, this
will yield the same estimate of P as is given by Equation 14, but this is not always the case.

Table 1
Four Possible Outcomes When an Examinee Attempts an Item 

-
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Using Equation 13, it would seem that for any fixed C, the accuracy of an item is maximized when
guessing is at random, i.e., when C, = ~2 = 0 and C. = 1 - ~. This can be established in a more formal
manner as follows: The inequality

holds whenever jci ~ xz < ... < xN if and only if

and 2c, = 2b, (e.g., Marshall & Olkin, 1979, p. 445). It follows that P is maximized when C, = ~2 = 0,
since Equation 17 holds when c = (C, CO, ~l’ ~2) and b = (C, 1 - C, 0, 0).

Another way to characterize Table 1 is to use the &dquo;del&dquo; measure developed by Hildebrand, Laing,
and Rosenthal (1977), which for the situation at hand is equivalent to Cohen’s kappa (Cohen, 1960).
In terms of the C’s, this measure of association is

where

Following Hildebrand et al. (1977), x can be interpreted as follows: Suppose it is desired to mea-
sure the extent to which an examinee’s latent state can be &dquo;predicted&dquo; according to the decision rule
being used. The off-diagonal cells in Table 1 represent the error rates. The index x represents the pro-
portional reduction in the number of cases in the pair of error cells when a shift is made from statisti-
cal independence with the population marginals to the actual probability structure. Note that Equa-
tion 18 is the value of x assuming the model holds.

A Measure of Item &dquo;Idealness&dquo;

Weitzman (1970) has described an asymptotic test of whether an item is ideal. As previously indi-
cated, an item is defined to be ideal if guessing is at random. In the above notation, this corresponds
to having C, = ~2 = 0, which implies that pz = p3 = p4. A practical problem is that the null hypothesis
that ~2 = p3 = P4 might be tested and rejected, when in fact ~2, ~, and p4 are nearly the same in value.
This, in turn, might lead to efforts in improving the distractors when the item is already close to being
ideal.

The simplest approach to this problem is to estimate C, and ~2 and to see how close they are to
zero. If they are not, simply examine the distractors and decide whether any of them can be improved.
Some additional possibilities are described and illustrated below.

When trying to determine whether C, and ~2 are both close to zero, it might be desirable to take
into account their combined effect on how close the item is to being ideal. Looking at C, and C2 sep-
arately, they might appear to be close to zero; but together, perhaps, the item could be improved by a
substantial amount. The problem becomes more complex when more than three distractors are used.
Thus, it would be convenient to have some measure of how well an item approximates the ideal situa-
tion where Co = 1 - C.

One approach is to estimate C, which yields an estimate of the proportion of agreement in Table 1
for the case Co = 1 - C. Thus, the maximum possible value of P for fixed C is estimated, say Pmax, which
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corresponds to the estimated value of ~. For t = 4, P&dquo;,~ = 3/4 + ~/4. Next, estimate P, which yields an
estimate of

This gives a measure of how ideal the item really is. When the model holds, A > 0; and the closer A is
to zero, the better the item.

Employing the A measure seems to be intuitively appealing, and in some situations it might suf-
fice. However, there are at least two objections to its use. First, it has been suggested (e.g., Marshall &
Olkin, 1979, p. 408) that measures of inequality should have certain properties, namely, they should
be Schur-convex, or strictly Schur-convex. Here the goal is to measure the inequality of p2, p3, and p4.
This requirement was first formulated by Dalton (1920), and steps in this direction were taken by
Lorenz (1905) and Pigou (1912). Thus, as a measure of the inequality ofp2,p3 andp4, A might be objec-
tionable because it is not Schur-convex. To see this, it is sufficient to observe that A-as a function of
p2, ~3, and p4-is not symmetric.

The second objection is that even when the model holds, the estimate of C, and ~2 can be negative,
and the estimate of ~. can be greater than one. In this case, A cannot be interpreted as a difference of
two probabilities. Perhaps A could be used anyway, but an investigator might prefer to use a more tra-
ditional index of inequality.

For the problem at hand, the index of inequality that suggests itself is the entropy function. The
entropy of a probability mass functionpk > 0, k = 1,..., r, is

where &dquo;’i¡Jk = 1. (In some instances, the logarithms in Equation 21 are taken to the base 10 or the base
2; see Kullback, 1959, p. 7.) The function H provides a measure of the degree of uniformness of a dis-
tribution. That is, the larger H is, the more uniform the distribution. The minimum value of H occurs
when pi = 1; its maximum value occurs when p, = ... p,. = 1/r; and it is Schur-concave (implying that
H is Schur-convex; see Marshall & Olkin, 1979, chap. 13, sec. E). To measure the idealness of an
item, the inequality of p2, p3, and p4 needs to be measured, which suggests that H(q,, q2, q3) be used
where q, = p,+1 / (1 - pl), i = 1,2,3. In this case, the maximum possible value of H occurs when
q, = 1 / (t - 1). An additional reason for using the entropy function is given in the next section of the
paper. Brown (1965, sec. 3) also used the entropy function but in a slightly different fashion.

Empirical Checks on the Model

From Equations 1 through 4, various restrictions on the p,’s are evident in order for the model to
hold. For instance, it requires having p, > />2 ~ p3 > p4. This assumption can be tested using results
reported by Robertson (1978). It should be noted that when Pt = p2, the probability of having xi b x~
approaches .5 as N, the number of examinees, gets large. Thus, there is a reasonably high probability
that the usual estimate of thep~’s will indicate that the model does not hold when the p,’s are approxi-
mately equal in value. Of course, the hypothesis p2 = p3 = p4 can be tested, but this does not give a di-
rect measure of how ideal an item is. The null hypothesis might be rejected, for example, but this does
not directly indicate the extent to which p2, p3, and p4 are unequal. Another approach might be (1) to
estimate H, especially when the data suggests the model might not hold and (2) if H is reasonably
close to its maximum value, to decide that the item is ideal. It is not suggested that hypothesis testing

’The meaning of a Schur-convex function is not given, since it does not play a direct role in the results to follow. The interested
reader is referred to Marshall and Olkin (1979, chap. 3).
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be discarded altogether; the point is that the entropy function gives some additional information that
is otherwise unavailable about how close an item is to being ideal. It might help to note that a similar
situation occurs in the analysis of variance (Hays, 1973, pp. 484-488).

Another requirement of the model is that p4 < 1/4, otherwise, ~o > 1. For similar reasons the
model requires that p3 - p4 < 1/3 and p2 - p3 < 1/2. However, pi a pz ~ /J3 > p4 implies that these
additional inequalities are true.

Illustrations

The results given above are illustrated with test scores for students enrolled in an undergraduate
psychology course at the University of Southern California. Each item had t = 5 distractors. There
were four test forms, and each form had 40 items. For simplicity, only 4 items are analyzed and only
one test form is used. A more extensive analysis of the data, together with some new theoretical re-
sults, will appear in a forthcoming report.

Table 2 gives the observed frequencies of the number of examinees who answered the item cor-
rectly on the ith attempt (i = 1, ..., S). For example, there were 42 examinees who were incorrect on
their first attempt but were correct on their second attempt of Item 2.

The first step when applying the results given above is to test the hypothesis that Equation 12
holds. As previously mentioned, this is accomplished with results in Robertson (1978). This was done
for all 40 items on the test using a .01 level of significance. For Items 1 and 2 in Table 2, applying
Robertson’s test is not necessary, since the estimate of the p,’s already satisfies Equation 12. Item 3
was highly nonsignificant, but the null hypothesis was rejected for Item 4.

For 21 of the 40 items, Robertson’s test was unnecessary, since the estimate of the p,’s satisfied
Equation 12. For the remaining items, the null hypothesis was rejected only once; this was for Item 4
in Table 2.

Table 2
Number of Examinees Who are Correct on the

ith Attempt of the Item

Next, suppose a test constructor wants to determine whether a conventional scoring procedure
will yield reasonably accurate decisions about whether an examinee has acquired the skills repre-
sented by Items 1, 2, and 3 in Table 2. An estimate of P via Equation 15 yields a partial solution to
this problem. For Items 1 and 2, the estimate of ~ is (139 - 14) / 168 = .744 and (100 - 42) / 168
= .345, respectively. Thus, the corresponding estimates of P are .917 and .75.

As for Item 3, estimatinga andp4, under the assumption that Equation 12 holds, requires an ap-
plication of the pool-adjacent-violators algorithm in Barlow et al. (1972, pp. 13-18). The result is
ÎJJ = P4= (29 + 16) / (2(168)) = .134. The estimate of ~ is .202, and so the estimate of P is .797. Note
that using the pool-adjacent-violators algorithm yields the same estimate of P as is obtained when
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Equation 15 is used and when p, is estimated with x, / n. However, when x, < x2, using/?. = x, / N will
yield different results. The reason is that the maximum likelihood of C, assuming Equation 12, is
4 = 0 when x, < x2, and it is (x, - x,) / N otherwise. Consider, for example, Item 4 in Table 2. 4 = 0,
and the maximum likelihood estimate of p2, assuming Equation 12, is .369. Thus, the estimate of P is
.63. If, however, p, = x, / N is used, the estimate of P is .446.

Suppose the first three items in Table 2 constituted the whole test. Another important point is
that the estimates of P yield an estimate of y, the expected number of correct decisions for the n items
on the test. The estimate is simply the sum of the estimated P values. For the case at hand, y is es-
timated to be 2.46. Thus, when a conventional scoring procedure is used to determine whether an ex-
aminee knows the correct response to an item, the expected number of correct decisions for the first
three items in Table 2 is estimated to be 2.46.

If any of the P values is small, one possible way to improve the item is to improve the distractors.
For example, efforts might be made to improve the least frequently chosen distractor.

To measure the effectiveness of the distractors, the entropy function is applied. For Item 1 lIl
Table 2, q, _ .483, q2 = .31, q3 = .138, and q4 = .069. Substituting these values into Equation 21
yields H = 1.172. The maximum possible value of H occurs when q, = .25 (i = 1,2,3,4), in which case
H = 1.386. For Item 2, H = .99; and for Item 3, H = 1.347. Thus, the test scores indicate that the item
with the most effective distractors is Item 3, followed by Item 1. The distractors for Item 2 are the
least effective, having achieved 71.4% of the maximum possible entropy.

It should be pointed out that the above estimate of H for Item 3 was not made under the assump-
tion that Equation 12 holds. If Equation 12 is assumed, and the pool-adjacent-violators algorithm is
applied, this yields P. = .405, p2 = PJ = p4 = .1568, and ps = .125, in which case H = 1.382. In either
case, Item 3 has the most effective distractors.

A Model for Type II Guessing
In many instances a test consists of items representing skills that are thought to be most impor-

tant. Moreover, there are situations in which the skills on a test are the only ones that are of interest to
the test constructor. However, in other situations (see, e.g., Hambleton, Swaminathan, Algina, &

Coulson, 1978) the items on a test are intended to be a representative sample of some larger item do-
main. The goal is to use test results to make inferences about what an examinee knows relative to the
item pool. In either case, the results in the previous section are of interest. This section considers how
an AUC test might be used to solve certain measurement problems when generalizing results for a
single examinee to an item domain.

For a specific examinee, let I be the proportion of skills among a domain of skills that he/she has
acquired. Further, suppose that each skill is represented by a multiple-choice test item having t al-
ternatives from which to choose. Again, for convenience, emphasis is given to the special case t = 4.
Let t (i = 0, ..., t - 2) be the proportion of items for which the examinee does not know and can
eliminate i distractors. Once i distractors are eliminated, the examinee is assumed to guess at random
from among those that remain. Let r, be the probability of a correct response on the i&dquo; attempt. Then,
for t = 4,
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If for a random sample of n items, y, is the number of items the examinee has correct on the ith alter-
native chosen, an unbiased estimate of the l,’s can be derived just as unbiased estimates of C,’s were
derived in the previous model. In particular, an unbiased estimate of I is

Equation 26 is an estimate of true score that is corrected for an examinee’s partial information.
Note that Equation 26 contains the usual correction for guessing formula score as a special case.

The Optimal Linear Estimator of I

Let z be a random variable that is an unbiased estimate of the unknown parameter 8. Under
squared error loss, Griffin and Krutchkoff (1971) show that the optimal linear estimator of 0 is

6 = az + 6 [27]
where a = Var(9) / Var(z) and d = (1 - a)E(9). In mental test theory, Equation 27 is known as Kel-
ley’s linear regression estimate of true score (Kelley, 1947, p. 409). The point made by Griffin and
Krutchkoff (1971) is that if an unbiased estimate of an examinee’s true score is used, Equation 27 is
optimal regardless of the shape of true score distribution. Wilcox (1978) compares Equation 27 to
several other estimators, assuming the binomial error model holds but where observed scores are gen-
erated according to a two-term approximation to the compound binomial error model. The results
suggest that when simultaneously estimating the true score of several examinees, the Griffin-Krutch-
koff (1971) estimator should be used when an ensemble squared error loss function is being used. Fur-
thermore, the results suggest that Kelley’s linear regression estimate of I be employed.

It is assumed that the y,’s have a multinomial distribution and that observed test scores for N ex-
aminees are available. An estimate of E(l), Var(l), and Var( y, - y,) is needed to apply results in Grif-
fin and Krutchkoff (1971), where the expectations defining these quantities are over the population of
examinees.

Let

where i = 1. 2. Then

Since cov( y,, y2 ~ p,, Pz) = &dquo;2~~~, it follows that

Thus,
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and

Letting y,, and v,, be the true value of y, and v,, respectively, for the lh randomly sampled examinee,
the above results suggest that E(l) be estimated with

and E(~2) with

Thus, an estimate of Var(l) is

The variance of the marginal distribution of observed scores ( y, - y2) l n can be estimated in the
usual manner, and so an estimate of the optimal linear estimator of I is obtained by substituting the
results in Equation 27. Of course, the results just given contain, as a special case, the optimal linear
estimator under the assumption guessing is at random.

Numerical Illustration

As a simple illustration, suppose there are five examinees with observed y values as shown in the
first two rows of Table 3, where the test length is n = 10. Then A, = .42, i,, = .2, and so &~ _ .0236.
The estimate of Var(( y, - y,) / n ) is .0687. Therefore, the estimate of a is a = .3435, and so the esti-
mate of the optimal linear estimator is

The values of l~ for the five examinees are given in the last row of Table 3.

Table 3
~

Values of yl , Y2 and E With n=10 and N=5

Before continuing, some additional comments about the above results are in order. First, the esti-
mate of Var(l) can be negative, in which case a = 1 is used. The same phenomenon occurs in the case
considered by Griffir. and Krutchkoff (1971). Second, the optimal linear estimator of I derived above
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does not assume the model holds. It is the optimal linear estimator of p, - pz, but no insistance is
made that pi b pz. If the model holds, implying that pi > />1., Equation 33 is no longer true; and so the
condition of having an unbiased estimate of 1, as is assumed by Griffin and Krutchkoff, is no longer
satisfied. (For further comments on this approach to estimation, see Griffin and Krutchkoff, 1971,
and Wilcox, 1978.)

A Stmng True Score Model

This section assumes that for any examinee, y, and y2 have a multinomial probability function
given by I

where, as before, I = pl - p2 and 0 < I = 1 is assumed. Equation 39 can be justified under an item-
sampling model, or it might give a good approximation to the joint probability function ofyl andyz. It
should be noted that Equation 39 implies that y, has a binomial probability function, and so when
every examinee takes the same n items, the items have the same level of difficulty (Lord & Novick,
1968, chap. 23). On theoretical grounds, this implication of Equation 34 is unjustifiable. However, for
certain measurement problems, it appears that this might not be a serious restriction (Algina & Noe,
1978; Wilcox, 1977, 1978; see also Subkoviak, 1978).

Strong true-score models attempt to extend assumptions such as Equation 39 to a population of
examinees. The basic problem here is to find a family of distributions that approximates g(~,p2), the
joint density of I andp2. Once this is done, various measurement problems can be solved (e.g., Huynh,
1976; Lord, 1965; Wilcox, 1977).

Past experience with this type of problem (Keats & Lord, 1962; Lord, 1965; Wilcox, 1979) sug-
gests approximatingg(~, p,) with a bivariate Dirichlet function given by

where r is the usual gamma function, v, > 0 (i = 1, 2, 3) are unknown parameters and 0 < ~ + p < 1.

(Marshall & Olkin, 1979, pp. 306-307 describe two other distributions to which the name &dquo;Dirichlet&dquo;
is attached. Here, only Equation 40 is considered.)

To estimate the v,, proceed as follows: First, observe that the marginal distribution of I is beta
with parameters vi and v, + v3 (e.g., Wilks, 1962). It follows that

where, as before, p, is the mean of I over the population of examinees. For similar reasons,

where IA, is the mean of]12. It is also known (e.g., Wilcox, 1977) that

where
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Summarizing these results in matrix notation yields

As previously indicated, yi and y) can be estimated, which yields an estimate of s. An estimate of p2 is
N-l&dquo;2.Y2J’ and so Equation 44 yields an estimate of the v,’s.

Mosimann (1962) applies the Dirichlet-multinomial model to two real data sets, discusses how to
check the implications of the model, and gives several other results that have practical value; thus,
these issues are not discussed further. Since the Dirichlet-multinomial model is the multivariate
analog of the beta-binomial model, additional insights into the appropriateness of the model are
available from Wilcox (in press-a). The point is that the Dirichlet-multinomial model can be applied
to AUC scoring procedures and so can solve various measurement problems, as previously indicated.
An advantage of the model is that it allows guessing to vary over the population of examinees.

An important point is that if the model is assumed to hold, and in particular 0 ~ ~ ~ 1, this sug-
gests estimating I to be zero even when i < 0. In this case, the estimates of E(~) and E(~2) are not jus-
tified for the reasons given above, but they are still appropriate for the reasons given by Wilcox (1979).

One point that deserves special mention is that a new formula score can be derived that corrects
for partial information. The derivation is essentially the same as the derivation of Equation 4 in Wil-
cox (1979). Thus, it is merely noted that

where B is the usual beta function. Thus, once the v,’s are estimated, onlyyl is needed to estimate ~.

Discussion

One objection to the assumptions that were made is that the resulting model is too simple. For in-
stance, it does not allow for the possibility of knowing and being incorrect or the possibility of having
misinformation. Brown and Burton (1979) describe a real situation in which the latter problem oc-
curs. Frary (1980) gives an interesting account of how misinformation can affect various scoring pro-
cedures, and Wilcox (1980) indicates the seriousness of the former problem when determining the
length of a criterion-referenced test. Although the present model does not correct these problems, em-
pirical checks on the appropriateness of the model can be made. It should be mentioned that models
have been proposed for handling the two errors just described (e.g., Dayton & Macready, 1976; Dun-
can, 1974; Macready & Dayton, 1977). However, these models require additional assumptions that
might not be met. The Macready-Dayton (1977) model, for example, assumes that equivalent items
are available for measuring a particular skill. The assumption of equivalent items can be checked us-
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ing a goodness-of-fit test (Macready & Dayton, 1977), using a procedure described by Hartke (1978);
and results reported by Baker and Hubert (1977) might also be useful in this endeavor (see also Wil-
cox, in press-b). Here it is assumed that empirical investigations fail to support the existence of equi-
valent items, or it is decided a priori that equivalent items do not exist. Finally, the Duncan (1974)
model corrects for misinformation, but it assumes guessing is at random. The goal here is to avoid
this restriction or to find ways in which it can be empirically checked.

Another possible objection to the model is that it characterizes examinees as belonging to one of
two mutually exclusive classes, namely, &dquo;knowing&dquo; and &dquo;not knowing.&dquo; The relative merits of this ap-
proach are discussed in a more general context by Reulecke (1977), Hilke, Kempf, and Scandura
(1977), Scandura (1971, 1973), and Spada (1977).

In some situations, the scoring procedure for Type II guessing might be objectionable because it
penalizes an examinee for having partial information. That is, if an examinee wants to maximize
his/her score (the estimate of ~) the strategy would be to minimizey2. This could be done by choosing
an answer, and if it is wrong, by deliberately choosing another response that is believed to be incor-
rect. In this case, the examinee is not behaving in the manner assumed, and so the model is inappro-
priate. One approach to this problem is to have an examinee always mark his/her first and second
choice without revealing which response is correct. Letting y~ be the number of times the examinee’s
first choice is correct, and letting)’2 be the number of times the second choice is correct, I is again esti-
mated with ( yi - y2) l n. Indeed, all of the previous results still hold.

However, this might not eliminate the problem under discussion. Suppose, for example, that an
examinee can eliminate all but two of the alternatives from consideration for every item on the test. If
an examinee’s two choices correspond to these two alternatives, the expected estimate of I is 0. How-
ever, if an examinee’s first choice is between the two alternatives that contains the correct response,
and if the examinee is deliberately incorrect on the second choice, the expected estimate of I is .5. One
way to minimize this problem is to subject the items to an analysis that attempts to ensure that guess-
ing is at random. It was already indicated how this might be done. Another solution is to apply the Di-
richlet-multinomial model. If estimates of the v,’s can be made available, the information on the ex-
aminee’s first choice (the value of y,) is all that is needed in order to estimate 1. Several other strong
true-score models are currently being investigated that might be useful when addressing this prob-
lem. Another possibility is to check the assumptions of the model; if they do not hold, simply score the
test using traditional techniques.

For practical purposes, perhaps the problem just described will be inconsequential; this remains
to be seen. Also note that this problem is irrelevant in terms of the results given under Type I guess-
ing.

In practice, the scoring rule proposed by Brown (1965) results in scoring t - i points when the cor-
rect response is chosen on the i‘’‘ attempt of an item, where, as before, t is the number of alternatives
from which to choose (e.g., Frary, 1980). Thus, the sooner an examinee identifies the correct answer,
the higher his/her score will be. In some cases, however, this scoring procedure is also inadequate.
First, it gives credit to an examinee when a test constructor unintentionally produces ineffective dis-
tractors. Second, and perhaps most importantly, it gives a measure of partial information, but it does
not tell us what an examinee knows in the sense of estimating 1. The same is true of the other scoring
procedures cited by Frary (1980), the scoring rule proposed by Coombs, Milholland, and Womer
(1956), as well as the subset selection rule proposed by Gibbons, Olkin, and Sobel (1977, 1979). No
claim is made that these procedures be abandoned; but, as argued by Morrison and Brockway (1979),
estimating I can be important.

Another point is that only two responses to each item are needed in order to estimate I for each
examinee. The additional responses are needed only for checking the appropriateness of the model,
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and in particular for justifying (y, - y,) / n as an estimate of 4. In some cases, n will be too small to
test the model accurately. Determining whether this is the case can be accomplished with the statisti-
cal techniques described under Type I guessing.

Finally, it was suggested that the Dirichlet-multinomial distribution be considered when trying to
find a strong true-score model that fits the data. It should be stressed, however, that considerably
more experience with this distribution is needed before it is routinely applied. Wilcox (in press-c) ob-
tained good results with the distribution using real data, but the extent to which it gives a good fit to
mental test data is not known. An empirical investigation is currently underway in an attempt to par-
tially resolve this problem. Consideration will also be given to several other strong true-score models.
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