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Evaluating Goodness of Fit in
Nonmetric Multidimensional Scaling by ALSCAL
Robert MacCallum
The Ohio State University

Two types of information are provided to aid
users of ALSCAL in evaluating goodness of fit in
nonmetric two-way and three-way multidimensional
scaling analyses. First, equations are developed for
estimating the expected values of SSTRESS and

STRESS for random data. Second, a table is pro-
vided giving mean values of SSTRESS and STRESS
for structured artificial data. This information pro-
vides the empirical investigator with a second com-
parative basis for evaluating values of these indices.

A common problem in the empirical use of nonmetric multidimensional scaling (MDS) is the
evaluation of goodness of fit. In the context of two-way MDS, which involves the analysis of one sym-
metric matrix of proximity measures among p stimuli, goodness of fit is commonly measured by the
STRESS index, first proposed by Kruskal (1964a, 1964b). To attempt to aid the investigator in inter-
preting an observed value of STRESS, Kruskal proposed rough guidelines for values indicating that
fit is excellent, good, and so forth. However, these guidelines have been found to be of limited utility
because of the lack of comparability of STRESS values for different numbers of stimuli and dimen-
sions.

Another approach to evaluating STRESS was provided by a series of studies on the distribution of
STRESS values for completely random data. Early monte carlo work by Klahr (1969) and by Stenson
and Knoll (1969) demonstrated the effect of number of stimuli and number of dimensions on
STRESS, provided information on the likelihood of occurrence of very low STRESS values in random
data, and presented graphs allowing the estimation of the expected value of STRESS in random data.
Later, Spence and Ogilvie (1973) developed a table of expected STRESS values for random data as a
function of number of stimuli and number of dimensions. These studies provide the empirical investi-
gator with sufficient information to aid in some aspects of research design (e.g., choosing the number
of stimuli), as well as to determine whether an observed value of STRESS differs significantly from a
value expected from random data.

All of these studies are relevant only to two-way nonmetric MDS. With the development of
ALSCAL (Takane, Young, & de Leeuw, 1977), researchers now have available a viable method for
three-way nonmetric MDS, which involves the analysis of an N x p x p matrix of proximities, con-
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taining a p x p matrix of proximities for each of N individuals. (Although ALSCAL does offer a met-
ric option, only the nonmetric approach is of interest here.) ALSCAL measures fit using an index
called SSTRESS, which is defined conceptually the same way as STRESS, except that SSTRESS
measures correspondence between squared distances and squared optimally scaled data as opposed
to unsquared distances and unsquared optimally scaled data as treated by STRESS. ALSCAL opti-
mizes SSTRESS, but it also computes and prints STRESS. Mathematically, these measures are de-
fined as follows: 

I

where c4,,, is the distance between stimuli i and j for individual k, and d*,, is the corresponding op-
timally scaled (monotonically transformed) proximity judgment.

Since ALSCAL optimizes SSTRESS rather than STRESS, and since there is another variable (N)
present that may affect the behavior of the fit measure, users of ALSCAL should not rely on the litera-
ture on STRESS for two-way MDS to evaluate goodness of fit of their solutions. The purpose of the
present study is to provide sufficient information to allow investigators doing nonmetric two-way and
three-way MDS via ALSCAL to achieve a sound evaluation of goodness of fit. This will be achieved
through (1) the development of simple method for determining the expected value of SSTRESS and
STRESS for random data as a function of N, p, and r, the number of dimensions; and (2) the presen-
tation of approximate values of SSTRESS and STRESS, which can be expected for data that do in
fact fit the weighted Euclidean model (also called the INDSCAL model; Carroll & Chang, 1970),
which is the model fit by ALSCAL. Though results for both measures of fit will be presented, users
are encouraged to focus on SSTRESS, since that is the measure being optimized by ALSCAL.

Method

A monte carlo study was carried out to determine expected values of SSTRESS and STRESS for
random data. For selected values of N and p, data matrices of order N x p x p were created by gen-
erating each element independently from a uniform distribution in the interval zero to one. (Actually,
since each of the N matrices should be symmetric, only the lower triangular section of each matrix
was generated.) Table 1 shows the actual values of N and p that were used, and the number of data
sets generated for each combination of N and p. For the largest values of N and p, only a few data sets
were needed, since obtained SSTRESS and STRESS values were very stable across replications.
Though not a factorial design, the conditions represented in Table 1 essentially cover sample sizes
from 1 to 40 and numbers of stimuli from 12 to 30, thus encompassing much of the range covered by
empirical two-way (N = 1) and three-way MDS studies. The entire process produced 163 data sets
representing 18 different combinations of N and p.
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Table 1
Conditions Included in Generation

of Random Data --

Each data set was then analyzed using ALSCAL, with scale of measurement specified as ordinal,
indicating a nonmetric analysis, and data specified as conditional, indicating a different monotonic
transformation for each individual. Solutions were obtained in two through five dimensions. Values
of SSTRESS and STRESS were recorded for each solution, and means of these measures were ob-
tained for each combination of N, p, and r. The next objective was to develop simple equations for de-
termining an expected value of SSTRESS or STRESS as a function of N, p, and r. Since it is known
that the relationship of SSTRESS and STRESS to dimensionality is not linear (Klahr, 1969; MacCal-
lum & Cornelius, 1977; Stenson & Knoll, 1969), it was clear that some type of nonlinear regression
method would be needed to allow accurate prediction of SSTRESS and STRESS from N, p, and r.

To accomplish this, the nonmetric regression procedure called MORALS, developed by Young,
de Leeuw, and Takane (1976) was employed. The number of individuals (N), number of stimuli (p),
and number of dimensions (r) were used as independent variables. The number of dimensions was de-
clared to be an ordinal variable, so that the optimal scaling phase of MORALS would rescale the
values of this variable in such a way as to allow an optimal linear equation employing the rescaled
variable. Since this rescaling is monotonic, and thus potentially nonlinear, this approach offers a
simple way of fitting the nonlinear relationship between the number of dimensions and each of the fit
measures. It was also suspected that N might show a nonlinear relationship to SSTRESS and
STRESS, a suspicion that was borne out to be true. To fit this, a quadratic term lV2 was included in
the model. There were, in effect, 72 observations in the regression analysis, representing the 18 com-
binations of N and p, with four different values for r for each combination.
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Results

The regression analyses provided simple equations achieving very accurate estimation of the ex-
pected value of SSTRESS or STRESS for random data. To obtain the expected value of SSTRESS,
given N, p, and r, the user must first obtain the optimally rescaled value of r from Table 2. Let this
new value be r*. Then, the following equation is applied:

To illustrate this procedure, the expected value of SSTRESS for random data when N = 10,
p = 20, and r = 3 would be found as follows:

By a similar procedure, the right-hand section of Table 2 could be employed and the following
equation used to estimate expected values of STRESS:

Table 2

Rescaled Values of Number of Dimensions
for Estimating E(SSTRESS) and E(STRESS)

Multiple correlations for both of these equations were greater than .97. It should also be noted
that standard deviations of SSTRESS and STRESS values within each of the 72 conditions repre-
sented in this study were consistently small, usually less than .01. Thus, goodness-of-fit values showed
little sampling fluctuation, indicating that confidence intervals around the estimated values produced
by the above equations would be fairly narrow.

Discussion and Conclusions

The developments above provide an investigator a simple, accurate method for determining the
expected value of SSTRESS and STRESS from an ALSCAL analysis of two-way or three-way MDS
random data. Users will find that expected values of SSTRESS and STRESS may be quite different,
SSTRESS being higher; this indicates that ALSCAL users must be careful not to transfer their old
frame of reference for evaluating STRESS values from two-way MDS.

To employ these developments in practice, an investigator should compare observed SSTRESS
values from real data to expected values produced from Equation 3 above. If an observed SSTRESS
value is not substantially lower than the expected value for random data, then there is present either
very high measurement error or severe model violation, or both.
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These developments cannot be used directly to determine dimensionality for a given set of data. It
would be tempting to compare observed SSTRESS values from a sequence of solutions of increasing
dimensionalities to corresponding expected values from Equation 3, in the hope that the two series of
SSTRESS values would cross at some point and thus indicate the true dimensionality of the data.
This would be analogous to the parallel analysis technique in factor analysis (Montanelli & Hum-

phreys, 1976) using observed and expected eigenvalues. However, such an approach could not work in
MDS because SSTRESS is measuring overall fit in a given number of dimensions. For instance, a
truly two-dimensional data set would yield a very low SSTRESS value in two dimensions and also in
three or more dimensions. Thus, an investigator should not attempt to determine dimensionality by
simply comparing observed SSTRESS values to expected random values.

Although expected values of SSTRESS and STRESS for random data will be of some value to
empirical investigators, there would be even more value in having some idea about what values of
SSTRESS and STRESS would be likely to occur in nonrandom data, i.e., data that fit, to some de-
gree, the weighted Euclidean model for three-way MDS. At least two monte carlo studies (Hahn,
Widaman, & MacCallum, 1978; MacCallum & Cornelius, 1977) have used ALSCAL to analyze such
data. Mean values of SSTRESS and STRESS for some of the conditions in these studies were ob-

tained and combined (since the methodology was the same in both studies), as presented in Table 3.

Table 3
Mean Values of SSTRESS and STRESS Obtained

for Structured Artificial Data

Because these two studies constructed data that deviated from the weighted Euclidean model only
due to random error, values in Table 3 can be interpreted as expected levels of fit for real data that fit
the model except for error of measurement. Due to the design of the studies cited above, the results in
Table 3 are limited to the three-way MDS case with N at least 10. When N exceeds 10, fit measures in
MDS tend to be essentiallly independent of N; thus, there is no variable N in Table 3.

Using the information presented in this paper, an empirical investigator will have a sound basis
for evaluating goodness of fit of ALSCAL to three-way MDS data. By comparing observed values of
SSTRESS and STRESS to expected values of these indices for random data and for data that fit the
model, the researcher can more confidently draw inferences regarding the degree of some types of
structure in his/her data as well as the empirical validity of an ALSCAL solution.
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Of course, the user must be aware of the limitation inherent in the developments reported here.
First, these results are strictly valid only for the specified ranges of N, p, and r, though they do provide
some useful comparative information for empirical problems whose parameters fall outside of the
given ranges. Second, these results are applicable only to ALSCAL’s two-way and three-way non-
metric MDS analysis; ALSCAL can do a wide range of other types of analyses, though the case
treated here is probably the most commonly used.
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