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Comparison of a Rasch Model Scale
and the Grade-Equivalent Scale for
Vertical Equating of Test Scores
Thomas R. Guskey
University of Kentucky

Wright (1977) outlined procedures for equating
tests and test scores using the Rasch model. This
paper summarizes the results of a study in which
those Rasch model procedures are used to calibrate
and then to link vertically six levels of the Reading
Comprehension Test of the Iowa Tests of Basic
Skills. The derived Rasch ability scale estimates are
then compared to norm-referenced, grade-equiva-
lent scale estimates for scores across the test
levels. The results of these comparisons suggest that
where discrepancies in the two scales emerge, the
more accurate and perhaps more useful measure is
provided by the Rasch scale.

Tests are traditionally equated by adminis-
tering them to a common sample of people and
then by defining as equivalent those scores that
correspond to a common percentile rank. One of
the most widely used scales in which this equiva-
lency of scores is expressed is the grade-equiva-
lent scale. Normative scales, such as the grade-
equivalent scale, enjoy a continuing popularity
among contemporary measurement practition-
ers, primarily because of their supposed sim-
plicity and directness of meaning. Yet as An-
goff (1971) points out, the simplicity of grade
equivalents and other such scales is far more ap-
parent than real, and truly simple scales may
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well be those for which there has been no at-

tempt to capitalize on the use of direct meaning.
A promising alternative for equating tests and

test scores is through use of the Rasch model.
The Rasch model is a latent trait model, with ex-
tensive possibilities for solving measurement
problems. Of all latent trait models proposed for
person measurement, the Rasch model has the
fewest components: just one ability parameter
for each person and one difficulty parameter for
each item. These parameters represent the posi-
tions of persons and items on the latent variable
that they share.
Though the Rasch model offers a precise and

very economical approach to the scaling of tests
and test items, it has yet received only limited
consideration in actual school settings. One of
the most useful aspects of the model is the in-
terval scaling it provides for both test scores and
individual test items on the underlying latent
trait dimension. By using the interval scales pro-
vided by the model, different tests measuring the
same latent trait, or alternate forms of the same
test, can theoretically be linked by including a
set of common items between the tests.

Wright (1977) outlined procedures for linking
tests based upon common items. According to
Wright, as few as 10 good items are all that are
necessary to insure linking quality. In order to
link tests that include these common items, each
level or form of the test is first analyzed using
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Rasch procedures. Through this analysis a pair
of independent estimates of difficulty are pro-
duced for each item that is common to the pair
of tests. According to the Rasch model, these es-
timates of difficulty are statistically equivalent
except for a single constant of translation that is
the same for all items in both tests. In other

words, this constant of translation defines the
difference in difficulty on the underlying latent
trait of the two tests as collections of items. Such
a property makes estimation of the translation
factor between the pair of tests a very easy oper-
ation and, in addition, provides a way to esti-
mate the goodness of the equating. Furthei-

more, Rasch model item analysis provides an
indication of those individual items that may be

ambiguous, inappropriate, or otherwise invalid.
This study was designed to explore the feasi-

bility of Rasch model procedures for equating
test scores and to compare the resulting scale
measures to traditional norm-referenced, grade-
equivalent scale scores.

Method

Data

The data for this study were made available by
the Department of Research and Evaluation of
the Chicago Board of Education. The Iowa Tests
of Basic Skills (ITBS), Form 6, is administered

annually to children enrolled in Chicago public
schools as part of a citywide testing program.
The Reading Comprehension Test of the ITBS,
the test upon which this study focused, consists
of written selections varying in length from a few
sentences to a full page. Each selection is fol-
lowed by a series of 4 to 21 multiple-choice
items. There are 178 items in the test, relating to
20 reading selections. The selections are ordered
sequentially in the test by levels designed to cor-
respond roughly to chronological age. Each stu-
dent is typically administered the level of the test
most appropriate in content and difficulty for
his or her level of educational development. The
six levels of the test included in this study were
Levels 9 through 14. Level 9 is intended to be

most appropriate for children 9 years old, and so
on. Each level starts and ends at a different

point in the sequence of passages. The arrange-
ment of passages and items per level is illus-
trated in Table 1.

Item Calibration

The first step in this study was to analyze and
to calibrate separately each level of the test using
Rasch methods. To do this, a sample of 6,000
pupils who had taken the test during 1976 was
drawn: 1,000 pupils at each of the six levels. The
sample was randomly selected from pupils with
scores between 50% and 80% correct. Restrict-

ing the sample selection in this fashion is the-
oretically unnecessary; earlier studies have
demonstrated that the Rasch model can yield
virtually identical test calibration results for stu-
dent groups of very dissimilar achievement levels

(Wright, 1968). However, since the purpose of
this study was not to validate the test or test
items but rather to investigate the utility of test
score equating procedures, pupils were selected
for whom each test level was most appropriate.
Each level was analyzed using the BICAL pro-

gram (Wright & Mead, 1977) for calibrating
items and scales with the Rasch model. Each
item in the test was then screened with respect to
its conformity to the Rasch model. Conformity
of an item to the Rasch model was evaluated by
fitting the model to the data, calculating the re-
siduals in the data from the values expected
from the model, and then examining these resid-
uals. When the residuals are collected over per-
sons for an item, the magnitude of their mean
square provides an index of the extent to which
the item is fitted (Mead, 1976; Wright, Mead, &

Draba, 1976).
Table 2 lists the fit statistic mean and stan-

dard deviation for items in each level of the test.
This table illustrates that within each level, the
fit mean square statistic was very near its ex-

pected value of 1.00. Therefore, each level of the
test, as a set of items, appeared to fit the model
well.
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Table 1

Arrangement of Items Per Level on the Reading Comprehension Test

Table 2

The Mean and Standard Deviation
of the Index of Fit Statistic

for Each Test Level
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A cutoff for determining the goodness of fit for
individual items can be calculated as the ex-

pected value of 1.00 plus three standard errors.
In this case the cutoff was determined to be 1.14.

Inspection of the individual item fit mean

square statistics indicated that only two items
departed from the model by this criterion. These
items were No. 42 (in Level 11) and No. 168 (in
Level 14) with fit mean squares of 1.17 and 1.19,
respectively. Since the purpose of this study was
to compare two methods for equating test scores
rather than to develop or refine a measurement
instrument, these two items were not removed
from ihe test. Trimming the test by eliminating
these two misfitting items is of no practical con-
sequence in this instance, given that the 176
other items fit well.

Linking

The next step was to &dquo;link&dquo; the separate
analyses of each level. As was evident in Table 1,
many items on each level overlapped with other
levels. Those items common to adjacent levels
provided the basis for linking.
The Rasch model makes no assumptions

about the distribution of abilities in the calibra-
tion samples. Therefore, each item in the test
can be calibrated regardless of the ability distri-
bution of the students taking the test as long as
there is some score variance. The percent correct
for an item may differ dramatically when an-
swered by low ability students and by high abil-
ity students; but theoretically, the Rasch diffi-
culty differences remain statistically invariant
(i.e., within the error of the estimate). This re-
mains true when items appear on different tests.
Because a separate group of 1,000 students took
each level, a pair of separate and independent
estimates of difficulty was produced for each
item common to any two test levels. The mean
difference in these estimates for common items

yielded the translation factor for equating each
adjacent pair of test levels.
As an example of how these translation factors

were determined, consider Levels 9 and 10.

Level 9 consists of Items 1 through 60; Level 10
consists of Items 12 through 79. There are 49
items common to both levels. According to the
test authors, these 49 items represent the most
difficult items of Level 9 but the easiest items in
Level 10. The Rasch analysis calibrates items to
a mean difficulty of zero within each test. If
Level 10 is more difficult than Level 9, the zero
point for Level 10 should be at a higher point on
an overall calibration scale than the zero point
for Level 9. This difference between these points
is the translation factor between Level 9 and
Level 10.
The translation factor can be calculated by

comparing the estimated difficulties of the com-
mon items calibrated on both levels. In this case,
the translation factor is determined by calcu-
lating the mean difference in estimated Rasch
difficulty for the 49 items common to Level 9
and Level 10. A general expression for calcu-
lating the translation factor is

where eta and etb are the estimated difficulties of
item i in test a and test b, and K is the number of
common linking items. This is the constant

necessary to translate all item difficulties in the
calibration of test b onto the scale of test a, or
vice versa.

According to Wright (1977) each difficulty es-
timate has a standard error of about 2.5/N1/2

logits, so that the translation factor (tab) has a
standard error of about 3.5/(NKj112 logits, where
N is the number of persons in the calibration

sample. The precision of this test link can be
judged with the fit statistic S2 a,NK112, which has
an approximate chi-square distribution with

(K-1) degrees of freedom, where

Results

Using Equation 1, translation factors were cal-
culated for each adjacent test level pair. These
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translation factors, together with their standard
errors, are listed in Table 3. Also listed are the
translation factors calculated by Rentz and Ba-
shaw (1975) for several of the same levels of the
ITBS.

Calculation of the translation factors may also
be illustrated graphically. Figures 1 through 5
plot the estimated Rasch difficulties for items
common to consecutive test levels. The solid line
drawn on the graph indicates equal difficulty on

Table 3
Translation Factors and Standard Errors for

Consecutive Test Level Pairs

both levels. Assuming the upper level of a pair to
be a more difficult test than the lower level,
items common to the test levels would be the
easier items on the upper level but the more dif-
ficult items on the lower level. Therefore, all of
the points representing items would be expected
to lie above this line. Items that lie on or below
this line are those with apparent defects.
The dashed line drawn on each graph is a 45

degree line fitted to the plotted difficulties. This
line illustrates how the data fit the model. It
shows that there is continuity in the trait from
top to bottom and that from level to level the di-
mensions measured by items are colinear across
the test. The distance between the dashed line
and the solid line, measured either vertically or
horizontally (both scales are the same) is equiva-
lent to the translation factor between those two
levels of the test.
After calculating translation factors linking

pairs of consecutive test levels, the next step was
to calibrate all levels on a single scale for the en-
tire test. This provided the means by which to
compare the norm-referenced scale for equating
scores from different test levels with the Rasch

ability scale.

To express all measures on a single scale, the
Rasch ability estimates were first listed for each
raw score at each test level. These results had
been obtained through the separate analysis of
each level of the test. Then, centering on Level
11, the translation factors were used to adjust
the ability estimates for raw scores on the other
test levels. These adjusted Rasch ability esti-
mates thus provided a single scaling for raw
scores on each test level. A summary of adjusted
Rasch ability estimates for scores on the various
levels of the test is listed in Table 4. Level 11 was
used to center the ability estimates only because
it fell in the middle of the test range. Actually,
any level could have been used. Although using
another level would alter the scale origin, the in-
terval nature of the scale would remain un-

changed.
Having equated the Rasch ability estimates for

each raw score on every level of the test, the final

step was to compare these estimates with the
norm-referenced, grade-equivalent estimates.
The publishers of the ITBS provide a listing of
estimated grade equivalents for each raw score
across test levels. The Rasch ability estimates
were plotted against these grade-equivalent esti-
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Figure 1
Comparison of Rasch Item Difficulties for Levels 9 and 10

(49 items, Numbers 12-60)

mates for raw scores on each test level. The re-
sults are shown in Figure 6. This plot shows that
changes in grade equivalent correspond closely
to changes in Rasch ability for middle range
scores on all levels of the test. At the extreme
scores for each level, however, Rasch ability esti-
mates increase much more rapidly than the
ITBS grade equivalents. This occurs because the
Rasch test model, similar to all latent trait

models, sets up linearity on the trait rather than
on the test scores. Hence, at extreme scores the
Rasch estimates go toward infinity, whereas the
score-linear grade equivalents do not.
Particularly interesting in Figure 6 is that for a

range of lower test scores, a substantial gap
exists between the two scales regarding esti-
mates on Levels 9, 10, and 11 of the test and
Levels 12, 13, and 14. That is, for this particular
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Figure 2
Comparison of Rasch Item Difficulties for Levels 10 and 11 1

(55 items, Numbers 25-79)

range of scores, students taking a lower level test
(Levels 9, 10, or 11) and students taking an up-
per level test (Levels 12, 13, and 14) may be as-
signed the same ITBS grade equivalent (say 4.0),
whereas estimates of their ability on the Rasch
scale would differ by as much as a logit, a differ-
ence roughly equivalent to a whole grade level in
this region. Along the other dimension, a stu-

dent taking an upper level test may be assigned
the same Rasch ability as a student taking a low-
er level test (say -1.0), differing as much as an
entire year on the grade-equivalent scale. This
relationship is illustrated more clearly in Figure
7.
In order to evaluate this rather large dis-

crepancy between the different scale estimates
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Figure 3
Comparison of Rasch Item Difficulties for Levels 11 and 12

(38 items, Numbers 61-96)

for scores near the fourth-grade level of the test,
an additional round of data collection was be-

gun, gathering information from other results of
the 1976 citywide testing program. Groups of
pupils were sought who had attained scores

within the range of this discrepancy in the scale
estimates.

Three critical points of discrepancy (labeled A,
B, and C on Figure 7) were identified. Point A
represents students who were administered a
lower level test (Levels 9, 10, or 11) and scored at

approximately 4.0 on the grade-equivalent scale
in reading comprehension. Point B represents
students who were administered an upper level
test (Levels 12, 13, and 14) and scored at ap-
proximately the same 4.0 on the grade-equiva-
lent scale. Point C represents students who were
administered an upper level test (Levels 12, 13,
or 14) and scored at approximately 3.0 on the
grade-equivalent scale.
The discrepancy between the two scaling sys-

tems in the fourth-grade range of scores, for
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Figure 4
Comparison of Rasch Item Difficulties for Levels 12 and 13

(57 items, Numbers 80-138)

these levels of the test, may be summarized as
follows: By the grade-equivalent scale, students
at Point A and students at Point B have approxi-
mately the same reading comprehension ability;
by the Rasch ability scale, however, students at
Point B have greater reading comprehension
ability than do those at Point A. In contrast, by
the grade-equivalent scale, students at Point A

have greater reading comprehension ability than
do students at Point C, whereas by the Rasch
ability scale they have approximately the same
reading comprehension ability.
Having identified these three critical points,

groups of pupils were selected who were admin-
istered these particular levels of the test and
whose Reading Comprehension Test scores fell
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Figure 5
Comparison of Rasch Item Difficulties for Levels 13 and 14

(59 items, Numbers 99-157)

within a narrow range around these points (±0.5
grade equivalents). All pupils in the city whose
scores fell within this range were included in the

sample. The mean scores for each of these

groups of pupils on other tests from the ITBS
battery were then tabulated. The results of these
tabulations are listed in Table 5.
The three other test scores that were collected

for pupils whose reading comprehension scores

fell within this narrow range for the particular
test level were from the Reading Vocabulary
Test, the Mathematics Concepts Test, and the
Mathematics Problem-Solving Test. The test

publishers report that scores on these tests are
all highly correlated with scores on the Reading
Comprehension Test. Correlations range from
.75 to .82 with various levels of the Reading Vo-
cabulary Test, from .67 to .73 with the Mathe-
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Table 4

Adjusted Rasch Log Ability Per Raw Score for Each Level 
-

matics Concepts Test, and from .60 to .68 with
the Mathematics Problem-Solving Test. Given
the high positive intercorrelations among these
tests, Reading Comprehension Test scores

would be expected to be quite similar to scores
on these other tests. With this expectation, the
scores of students at each of the three critical

points were compared by analysis of variance
procedures with pairwise contrasts.
The differences between scores of pupils at

Point A and pupils at Point B on these other
tests, as indicated in Table 5, suggest that the

ITBS reading comprehension grade-equivalent
scores for pupils at Point B are perhaps underes-
timates of their actual reading comprehension
ability. The lack of differences between scores of
pupils at Point A and pupils at Point C on these
other tests suggests a similar conclusion: that is,
that the ITBS reading comprehension grade-
equivalent scores of pupils at Point C are also
underestimates. An alternative explanation for
these differences, however, is that they are large-
ly due to different amounts of regression. That
is, due to regression the means on tests other
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Figure 6
Grade Equivalents Versus Rasch Abilities for Raw Scores

on All Test Levels

than Reading Comprehension are likely to move
toward the grand mean for that specific test
level. The amount of this regression would be a
function of both differences between the reading
comprehension mean for the selected subsample
and the grand mean for that age group (level of
test), and the correlation between the Reading
Comprehension Test and the other selected test.
To explore this possibility, predicted means

due to the effects of regression were calculated

for each of the selected tests at each level. These

predicted values were then compared to the
values obtained from the data. The results of
these comparisons, illustrated in Table 6, show
that in every case the obtained value exceeded
that which was predicted for each test. At Point
B, all but one of these differences was statistical-
ly significant. At Point C, three of the six differ-
ences met the criteria of statistical significance.
Those that did not were comparable in magni-
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Figure 7
Approximated Section of Figure 6

tude to the others but were derived from a much
smaller subsample (n = 13). These comparisons
present strong evidence that the grade-equiva-
lent scores are underestimates within this range
of scores and that the Rasch ability scale may
provide a more accurate estimate of reading
comprehension ability.

Summary And Conclusions

The purpose of this study was to explore the
utility of Rasch model procedures for vertical
equating. The results obtained indicate (1) that
Rasch procedures can be applied in a practical
testing situation, (2) that the requirements for
application of the model can be evaluated, and
(3) that the outcomes can help to resolve mea-
surement problems with perhaps greater ac-

curacy than traditional methods provide.

Table 6

Comparisons of Predicted Iteans Due to Regression

Taken from Iowa Tests of Basic Skills: Flanual for Administrators,
Supervisors, and Counselors o Boston: Houghton Mifflin, 19740

* p<.05
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Throughout the range of test scores, the Rasch
ability estimates were found to be at least as pre-
cise as the grade-equivalent estimates and were
perhaps the more precise estimate where dis-
crepancies were found to exist. Both the Rasch
item calibrations and the derived Rasch ability
scale were consistent and stable across test
levels. These results support the feasibility of in-
creasing scaling efficiency through the use of
Rasch analysis techniques and also provide a
model for the cross-validation of other test-scal-

ing and score-equating procedures.
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