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The primary purpose of this study was to
investigate the invariance properties of the Rasch
model using data from standardized achievement
tests that were not constructed to conform to the
Rasch model. The item responses of approximately
’3,400 examinees (Grades 9, 10, 11, and 12) to four
separately timed sections of the Iowa Tests of
Educational Development were analyzed. The re-
sults indicated that the Rasch model does yield rea-
sonably invariant item parameter and ability
parameter estimates for different tests and different
examinee groups, even though the assumptions of
the model are not met.

As noted by many measurement experts, the
use of latent trait models may help solve some of
the measurement problems frequently encoun-
tered by practitioners (e.g., linking and equating
of tests and building item banks). However,
these models usually require rather strong as-
sumptions about the nature of the data. The
major assumption of all latent trait models is

unidimensionality or, equivalently, local inde-

pendence of items. Additional assumptions are
required for each specific latent trait model.
For dichotomously scored items, the one-

parameter logistic, or Rasch, model, is the sim-
plest latent trait model and consequently makes
the most restrictive assumptions. In addi-

APPLIED PSYCHOLOGICAL MEASUREMENT
Vol. 5, No. 2, Spring 1981, pp. 175-186
@ Copyright 1981 Applied Psychological Measurement Inc.
0146-6216/81/020175-12$1.60

tion to the unidimensionality assumption, the
model assumes that all items exhibit the same

degree of discrimination and that the item char-
acteristic curve (ICC) has a lower asymptote of
zero.

For many tests (e.g., standardized achieve-
ment tests) it may be assumed that the response
data for a group of examinees will not conform

exactly to the Rasch model. Standardized
achievement tests are frequently built according
to a content-by-process table of specifications.
For such tests it is reasonable to conclude that
the assumption of unidimensionality is not met
in any absolute way, although one common fac-
tor usually accounts for a large proportion of the
observed variance. Also, some tests of this type
(e.g., reading comprehension and mathematics
problem-solving) frequently employ clusters of
items based on the same stimulus material. Con-

sequently, the local independence assumption
may be violated to some degree. In addition, it is
highly probable that the items in such tests vary
in discriminating power. Finally, multiple-
choice items are frequently used in these tests
and some students may employ a test-taking
strategy that includes guessing. If guessing is

prevalent, it is probable that the ICC will have a
nonzero lower asymptote.
In view of the above comments, it would seem

that the latent trait models, and particularly the
Rasch model, would not be very useful in mea-
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surement situations involving standardized
achievement tests. However, the potential bene-
fits of the latent trait models are such that it

seems important to investigate the robustness of
these models with data that do not conform in
all respects to the assumptions of the models.
Since the Rasch model has several advantages
relative to the other latent trait models (e.g., the
total score is a sufficient statistic for estimating
ability), investigations of the robustness of this
model are of special interest.
During the last 10 years, many investigations

of the robustness of the Rasch model have been
conducted. The frequency of such investigations
has increased markedly within the last few years.
The results of these studies have not been con-
clusive. Some have found the Rasch model very
robust under a variety of circumstances (see,
e.g., Dinero & Haertel, 1977; Forster, 1976;
Hutten, 1980; Rentz & Bashaw, 1977; Slinde,
1978; Tinsley & Dawis, 1977). Others have re-
ported less encouraging results, at least in cer-
tain situations (see, e.g., Loyd & Hoover, 1980;
Slinde & Linn, 1978, 1979a).
The benefits derived from using the Rasch

model accrue primarily because the estimates of
the item parameters are invariant across differ-
ent groups of examinees and because the esti-
mates of the person parameters are invariant
across different sets of items, if the data fit the
model. The major purpose of the present study
was to investigate these invariance properties for
the Rasch model using data for existing stan-
dardized achievement tests that were not con-
structed to conform to the model.

Method

Sample and Instrumentation

The data used in this study were part of a
larger study that was conducted in the fall of
1978 to equate the seventh edition of the Iowa
Tests of Educational Development (ITED; Iowa
Testing Programs, 1979) to the sixth edition.

Approximately 11,000 students in Grades 9

through 12 in 34 Iowa high schools participated

in this equating study. Based on data from pre-
vious years, the schools were chosen to provide
distributions of examinee scores that were rep-
resentative of the state of Iowa distributions.
Within each school and within each grade, ran-
dom thirds of the students took one of three
forms of the ITED (two new forms and one old
form). The data for the present study were ob-
tained from the responses of approximately
3,400 examinees to one of the new forms of the
ITED.

Four of the seven subtests of the ITED were
selected for analysis:
1. Correctness of Expression (Test E; 81

items);
2. Ability to Do Quantitative Thinking (Test

Q: 54 items);
3. Ability to Interpret Literary Materials (Test

L; 73 items); and
4. Vocabulary (Test V; 60 items).
These tests were chosen because they represent a
variety of test formats and test content and,
therefore, should provide a reasonable examina-
tion of the robustness of the model.
Each subtest of the ITED consists of three

&dquo;blocks&dquo; of items and is divided into two over-

lapping levels, designated I and II. Level I in-

cludes Blocks 1 and 2 and was taken by 944 stu-
dents in Grade 9 and 927 students in Grade 10.
Level II includes Blocks 2 and 3 and was taken

by 899 students in Grade 11 and 650 students in
Grade 12. Note that all examinees took the
Block 2 items. In general, the items in Block 1
are less difficult than the items in Block 2, and
the Block 2 items are less difficult than the
Block 3 items.

Data Analysis

Violations of assumptions. For each of the

four subtests, some assessment of the degree to
which the response data violated the unidimen-

sionality assumption and the equal discrimina-
tion assumption was made. An assessment of the
extent of guessing on the part of the examinees
was not possible.
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To examine the unidimensionality assump-
tion, a principal components factoring proce-
dure was employed with the matrix of tetra-
choric inter-item correlations for both the 9th
and llth grade data. The percent of common
variance accounted for by the first factor in the
unrotated factor solution was used as an index
of unidimensionality.’ 1
To investigate the equal discrimination as-

sumption, the LOGIST program developed by
Wood, Wingersky, and Lord (1976) was used to
estimate the item discrimination parameters for
the two-parameter logistic model. The variation
of these discrimination estimates was used as an
indication of the extent of the violation of the

equal discrimination assumption. The means,
standard deviations, and ranges of these dis-
crimination values were found for each subtest
for Grades 9 and 11.
Invariance of item parameter estimates. The

LOGIST program was used to estimate the per-
son and item parameters for the one-parameter
logistic model. Two main sets of data analysis
procedures were undertaken to investigate the
robustness of the one-parameter logistic model.
The first was concerned with the invariance of
the item parameter estimates across different
samples of examinees. The second focused on
the invariance of the ability estimates across dif-
ferent sets of items.
For the Block 2 items in each subtest, four

estimates of each item parameter were obtained.
These were derived from the following four data
matrices:
1. The responses of examinees in Grade 9 to

the items in Blocks 1 and 2.
2. The responses of examinees in Grade 10 to

the items in Blocks 1 and 2.

1As noted by Urry (1977) and Hambleton, Swaminathan,
Cook, Eignor, & Gifford, (1978) there are several problems
with the use of a factor analytic approach to assess the de-

gree of unidimensionality. However, since this procedure has
been used frequently by other researchers and since more vi-
able procedures do not seem to be widely available, the fac-
tor analytic approach was used in this study.

3. The responses of examinees in Grade 11 to
the items in Blocks 2 and 3.

4. The responses of examinees in Grade 12 to
the items in Blocks 2 and 3.

The Grade 10, Grade 11, and Grade 12 esti-
mates were transformed to the Grade 9 scale

using a procedure described by Wright and
Stone (1979). This procedure yielded four sets of
item parameter estimates, each set having the
same mean value. If the model is robust, the
four estimates for each item should be very
similar.
To gain some insight into the similarity of the

item parameter estimates, correlations between
the 9th grade estimates and each of the other sets
of estimates were computed. Although these cor-
relations provide some help in evaluating the ro-
bustness of the model, the implications of the
variations of the item parameter estimates are
probably best considered by examining the four
raw score to ability score conversions derived
from the four sets of item parameter estimates.2 2

Therefore, for each subtest, four ability esti-
mates were computed for each possible raw
score for the Block 2 items. These four ability
estimates were obtained using the estimates of
the item parameters derived from the four re-
sponse matrices described above.
Invariance of ability parameter esti-

mates. For each of the four subtests, two ability
estimates were obtained for each examinee. For
examinees in Grades 9 and 10, these two esti-
mates were based on the Block 1 and Block 2

items, respectively. For examinees in Grades 11 I
and 12, items in Blocks 2 and 3 were used to ob-
tain the two ability estimates. These two ability
estimates were compared using the &dquo;stan-
dardized difference scores&dquo; procedure employed
by Wright (1968), Whitely and Dawis (1974),
and Slinde and Linn (1978, 1979a). The formula

2Several inferential procedures have been proposed to test
the invariance of the item parameter estimates (see, e.g.,
Gustafsson, 1979; Hashway, 1978; Wright, 1977). However,
none of these procedures was employed in this study. It was
accepted that the assumptions of the Rasch model were vio-
lated to some extent.
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used to obtain a standardized difference score
for an individual, sayD,, is

. where êd and 6,2 are the ability estimates for
individual i on the items for Blocks 1 and 2, re-
spectively, and Sfi and SZZ are the estimated er-
ror variances associated with these ability esti-
mates.

Results And Discussion

Table 1 presents the means, standard devia-
tions, and Kuder-Richardson 20 reliability co-
efficients by grade for each block of items. The
difference between the Grade 12 mean for the
Block 2 items and the Grade 9 mean for the
same items is approximately three-fourths of a
standard deviation unit for each of the four sub-
tests. The increase in the average item difficulty
from Grade 9 to Grade 12 seems to be fairly
typical of such increases for standardized
achievement tests (see, e.g., Comprehensive
Tests of Basic Skills, Form S, CTB/McGraw
Hill, 1974, p. 33). However, the differences be-
tween grade means are certainly less (in stan-
dard deviation units) than the differences be-
tween the means of the examinee groups used in

some investigations of the robustness of the
Rasch model (see, e.g., Slinde & Linn, 1978,
1979a).
The difference between the average p-values

for the two blocks of items for each grade and
each test is generally less than such differences
reported in other studies that have investigated
the item-free characteristics of the Rasch model.

Typically, these other studies have divided a par-
ticular test into an &dquo;easy&dquo; and a &dquo;difficult&dquo; test
on the basis of individual item difficulty indices.
Consequently, the difference between the aver-
age p-values for the two tests is fairly large. For
example, Slinde and Linn (1979a) used this

procedure to form an easy and a difficult

reading test. For high-, middle-, and low-ability
groups, the differences between the average p-
values for the two tests were .24, .31, and .15, re-
spectively. In the present study, only the two
blocks of items for the vocabulary test show dif-
ferences in average p-values of this magnitude
(see Table 1).

Violations of Assumptions

Table 2 presents the first eight eigenvalues as-
sociated with the matrix of inter-item correla-
tions for each subtest.3 The percentage of vari-
ance accounted for by each factor is also shows
in Table 2. The percentage of common variance
accounted for by the first factor ranged from
about 65% (Test L, Grade 9) to approximately
74% (Test V, Grade 11). These values are typical
of those found in other robustness studies in-

volving standardized achievement tests (see, e.g.,
Slinde & Linn, 1979b). In general, it seems rea-
sonable to assume that one very dominant factor
and several minor factors were associated with
each subtest.
Table 3 shows the means, standard deviations,

and ranges of the item discrimination indices
obtained by fitting a two-parameter logistic
model to the response data.4 It is difficult to

compare the results in Table 3 with previous
studies, since different definitions of the dis-
crimination index have been used. However,
these results seem to indicate that the equal dis-
crimination assumption was violated most for
Tests L and V and least for Tests E and Q.

Invariance of Item Parameter Estimates

Table 4 shows the correlations between the
item difficulty parameter estimates for Grade 9
and each of the other sets of item parameter esti-

3Tetrachoric correlations were used. Also, the diagonal ele-
ments of each matrix were communality estimates.
4These discrimination indices were estimated given the dif-
ficulty parameter estimates derived by fitting a one-pa-
rameter logistic model to the response data.
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Table 2

First Eight Eigenvalues
and Associated Percentage

of Common Variance

Table 3

Means, Standard Deviations, and
Ranges of the Estimates of

the Discrimination Parameters

mates. For each set of four correlations, the cor-
relation associated with Test L was the lowest.

However, all of the correlations were .90 or

greater. These results are consistent with the re-
sults reported by Tinsley and Dawis (1975),
Slinde (1978), and Forster (1976) and indicate
that the rank order of the item parameter esti-
mates was very similar for each grade.
As noted previously, the implications of the

differences among item difficulty parameter
estimates are probably best considered by ex-
amining the four raw score to ability score con-
versions defined by the four sets of item param-
eter estimates. Table 5 gives these four conver-
sions for each possible raw score value for Test
E. It seems obvious that the variations in ability
estimates shown in Table 5 are of little practical
consequence. The raw score to ability score con-
versions for the other three subtests exhibited
even less variation than the Test E conversions.
In summary, the Rasch model seems to be ex-

tremely robust with respect to the person-free
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Table 4

Pearson Correlations between the Item Parameter

Estimates for Grade 9 and Each of the Other Sets of

Item Parameter Estimates.

Table 5

Raw Score to Ability Score Conversions for Four Sets of
Item Parameter Estimates: Test E -
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Table 6

Comparison of Ability Estimates Derived from

_ 

D i f f erent Item Blocks: TPht E

property, at least for tests similar to those in the
ITED battery and for examinee groups similar
to those used in this study. These results are very
consistent with the results reported by other in-
vestigators who employed different standardized
achievement tests and used examinees at other
educational levels (see, e.g., Rentz & Bashaw,
1977; Slinde, 1978).

Invariance of Ability Parameter Estimates

The means, standard deviations, and standard
errors for the distributions of ability estimates
and the distributions of standardized difference
scores for each of the four ITED subtests are

given in Tables 6 through 9. As Wright (1968)
has noted, these standardized difference scores
would be expected to have a mean of zero and a
standard deviation of one if the two blocks of
items were statistically equivalent.

In general, the results shown in Tables 6

through 9 provide considerable evidence to sup-
port the contention that the Rasch model is ro-
bust with respect to the item-free measurement
property. The means of the standardized differ-
ence scores for Tests E and L (Tables 6 and 8)
were very close to zero.s These results tend to

agree with results reported by Slinde (1978), Tin-
sley and Dawis (1977), Whitely and Dawis
(1974), and Wright (1968).
For Grades 10 and 12, the means of the stan-

dardized difference scores for Test Q show
statistically significant departures from zero

(Table 7). The practical significance of these de-
partures may be questioned, however. The maxi-
mum departure from zero occurred for the

5The variances of these difference scores are statistically
greater than one; however, the practical implications of the
observed differences seem minimal.
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Table 7

Comparison of Ability Estimates Derived from
Different Item Blocks: Tc~s~

Grade 12 data. The observed difference between
the two ability estimate means for Grade 12 was
approximately .10. This difference represents a
difference of approximately one-half of a raw
score point in the middle of the raw score dis-
tributions and is approximately one-fourth of
the standard error of measurement for scores in
the middle of the ability score distributions. As
Slinde and Linn (1979b) noted, differences of
this magnitude could &dquo;reasonably be tolerated
in relation to the types of decisions likely to be
made with equated tests&dquo; (p. 449).
The means of the standardized difference

scores for the vocabulary test (Table 9) showed
the most marked departure from the expected
value of zero. The Grade 10 data exhibited the
most extreme results. The observed difference
between the two ability estimate means for

Grade 10 was approximately .28. This difference
represents a difference of more than one raw

score point in the middle of the raw score dis-
tributions and is approximately two-thirds of the
estimated standard error of measurement for
scores in the middle of the ability score distribu-
tion. Differences of this magnitude would prob-
ably be considered unacceptable in many mea-
surement situations (e.g., test equating). The
means of the standardized difference scores for
the other grades showed less marked departures
from zero, however.
These vocabulary results are similar to the re-

sults reported by Slinde (1978) for a group of
Grade 5 examinees who received ability esti-
mates on each of two different standardized

vocabulary tests and for a group of Grade 4 ex-
aminees who obtained ability estimates on each
of two different standardized reading tests.

It is interesting to note that the unidimen-
sionality assumption seems more plausible for
Test V than for any of the other tests (see Table
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Table 8

Comparison of Ability Estimates Derived from
Different Item Blocks: Test L

2). Thus, the observed results may indicate that
the unidimensionality assumption is not as criti-
cal as the other assumptions. However, in a

fairly extensive study that compared the fit of
empirical data to the Rasch model, Hutten

(1980) found that unidimensionality was an im-
portant indicator of model fit. For 20 data sets,
the degree of unidimensionality correlated -.55
with a model-fit statistic. For these same data
sets, the degree of variability of the discrimina-
tion indices and the extent of guessing were not
significantly related to the model-fit statistic.6
Two factors do seem to be related to the re-

sults reported in Tables 6 through 9: (1) the dif-
ference between average p-values (see Table 1)
for the two blocks of items used to obtain the

ability estimates and (2) the difference between
average discrimination values for these two

6See Hutten (1980) for the definitions of unidimensionality,
degree of variability, and extent of guessing used.

blocks of items. To investigate the relationship
between these two factors and the degree of de-
parture from expectation, three statistics were
calculated for each of the 16 data sets. The first
statistic was related to the departure of the data
from expectation (assuming the Rasch model
was appropriate). This statistic was the ratio of
the absolute value of the standardized difference
mean to the standard error of the standardized
difference mean. This ratio ranged from .21

(Test L, Grade 10) to 8.53 (Test V, Grade 10).
The second statistic, the absolute difference be-
tween average p-values for the two blocks of
items used to compute the standardized differ-
ence scores, ranged from .02 (Test V, Grade 10)
to .24 (Test V, Grade 9). The absolute difference
between the average discrimination values for
the two blocks of items was the third statistic

computed. The range of this statistic was from
.01 (Test Q, Grade 12) to .23 (Test V, Grade 9).
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Table 9

Comparison of Ability Estimates Derived from
_________ Diff(,reiit ftem Blocks:_Test. L V

For these 16 sets of values, the rank-order cor-
relations between the ratio statistic and the
other two statistics were .82 (absolute difference
in average p-values) and .55 (absolute difference
in average discrimination indices). Both of these
correlations are statistically significant (p < .05).
These findings, if replicated with other data sets,
may have important implications regarding the
use of the Rasch model in the vertical equating
of certain tests.
One final observation should be made. It

would have been possible to derive additional
ability estimates for each examinee. For ex-

ample, the item parameter estimates for Block 2
based on the Grade 12 response data could have
been used to obtain ability estimates for Grade 9
examinees. However, given the results reported
in the section related to the invariance of item

parameters (see Table 5), it is clear that such

estimates would be very similar to the ability

estimates for the Block 2 items based on the
Grade 9 response data.

Conclusions

The major purpose of this study was to investi-
gate the robustness of the Rasch model with re-
spect to the item-free person measurement prop-
erty and the person-free test calibration proper-
ty, using standardized achievement tests that
were not constructed to conform to the Rasch
model. Within the limitations imposed by the
particular set of standardized tests used and by
the nature of the examinee groups used, the re-
sults of this study indicate that the Rasch model
does yield reasonably invariant item parameter
and ability estimates for different tests and dif-
ferent examinee groups, even though the as-

sumptions of the model are not met.
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