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The Nature and Use of State Mastery Models
George B. Macready and C. Mitchell Dayton
University of Maryland

This paper provides a review of a class of prob-
abilistic models that has been developed for use in
the assessment of trait or competency acquisition.
Consideration is given to the relative merits and
limitations of this class of state models, under
which trait acquisition is conceived as being "all-or-
none," as compared with those occurring under an
alternative conceptual framework, in which trait ac-

quisition is assumed to be gradual. In addition,
some of the applications of these state models are
presented, including the establishment of mastery
classification decisions and the assessment of con-

sistency with respect to items and classification.
Finally, some extensions to the class of state
models, which may be helpful in increasing the ap-
plicability of this class of models, are presented.

An important element of the criterion-referenced approach to testing is the assessment of individ-
uals in terms of absolute standards of attainment for traits or competencies of interest; and within
this context, the concept of &dquo;mastery&dquo; has played a central role. To deal with this classification prob-
lem, a variety of strategies have been suggested (see Hambleton & Eignor, 1979). Meskauskas (1976)
pointed out that most of these strategies can be grouped into two general classes based on the under-
lying conceptualization of the trait being assessed. Within the first class, called continuum models,
trait acquisition is assumed to be gradual and mastery is viewed as an interval on a test score scale.
Within the second class, called state models, trait acquisition is conceived of as an &dquo;all-or-none&dquo; pro-
cess and mastery is viewed as the presence of trait acquisition.

Limitatlons of Continuum Models

From the perspective of continuum models, mastery of a trait is based on &dquo;sufficient&dquo; partial ac-
quisition of that trait. Thus, mastery classification involves a judgmentally established point or set of
points on the trait continuum. An integral part of procedures used to establish rules for mastery clas-
sification within the framework of continuum models, mentioned by both Linn (1978) and Glass
(1978), is their fundamentally judgmental nature, resulting in rules for classification that are arbi-
trary. This arbitrariness presents a problem for effective implementation of the procedures; and as
might be expected, consistency of mastery classifications both within and across procedures often is
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not high (see Andrew & Hecht, 1976; Meskauskas & Webster, 1975). Yet, there is no clear way to
make choices among the available procedures. Presently, there is only limited methodology available
to be used in an attempt to provide an effective means of assessing either the absolute or the relative
adequacy of some of the more logically well-founded procedures within the class of continuum
models. Even though general recommendations and concerns that may be of some use in both
selecting and implementing procedures have been presented (e.g., Hambleton & Eignor, 1979; Jae-
ger, 1979; Shepard, 1979), the available technology provides a less than adequate means for choosing
among various procedures.

An equally serious issue related to continuum models, raised by Glass (1978), deals with the logical
incompatability between the conception of trait acquisition on a continuous scale and the concept of
mastery defined in terms of some &dquo;optimal&dquo; dichotomy of that continuum. Such an &dquo;optimal&dquo; di-
chotomy, Glass argues, does not exist; and it would appear that the use of the concept of mastery un-
der such circumstances may be highly misleading, especially to the general public.

The seriousness of the problems that arise when the concept of mastery is defined within a con-
tinuum model framework of trait acquisition suggests the need for a thorough review of the char-
acteristics of state models to determine if they provide a viable alternative for defining the concept of
mastery. The purpose of this paper is to provide a review of state mastery models with respect to their
strengths and weaknesses relative to each other as well as to continuum models. In addition, a num-
ber of model extensions are presented that may be helpful in increasing the applicability of this class
of models.

State Mastery Models

General Characteristics

Within the framework of state models, it is assumed that there is a common set of required skills
necessary to respond correctly to all items in a domain of interest. Thus, the presence or absence of
those skills define the two mutually exclusive and exhaustive states of mastery with the proportion of
nonmasters (k=1 ) and masters (k=2) being designated A, and A2, respectively.

Here, masters are those individuals who have acquired the complete set of common skills re-
quired to respond correctly to all items within the domain. Thus, for three items from a single do-
main, a master’s true score response pattern on the items would be 111, where a &dquo;1&dquo; indicates a cor-
rect response to an item. Conversely, nonmasters are those individuals who have not acquired the
complete set of common skills required to respond correctly to any item within the domain; thus,
their true score response pattern would be 000, where &dquo;0&dquo; indicates an incorrect response to an item.
In most real-life situations, however, the true state of an individual will be latent and the individual’s
observed item response pattern may show deviations from the response pattern representative of the
true latent state. These deviations are assumed to be due to the existence of &dquo;intrusion&dquo; and &dquo;omis-
sion&dquo; errors that are inconsistencies of observed item responses from the expected latent response for
nonmasters and masters, respectively.

The likelihood of occurrence of errors for thej&dquo; item defines the probabilities of a false positive
response, a,, by a nonmaster and a false negative response, {3j, by a master. Similarly, I-a, and 1-pj,
respectively, represent the conditional probability for avoiding the above types of errors for some item
j.

Previous papers that have considered state mastery models have either implied or explicitly de-
fined the above errors in terms of guessing and forgetting as well as other psychological-environmen-
tal factors, such as cheating. This perspective is extremely limiting, since in addition to the long list of
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psychological-environmental factors that might result in errors, there is at least one additional set of
factors to which errors may be attributed. In many cases, this latter set of factors may be a far more

important source of errors. One potentially important factor within the realm of cognitive skills deals
with the relation of the sets of necessary and sufficient skills required for an individual to generate
positive responses to specific items within the domain of interest.

For some specified item, j, it may be that in addition to the set of &dquo;common&dquo; required skills for all
items, a set of additional required skills may be necessary to generate an appropriate positive re-
sponse to the item. This would result in a high omission error rate, ~3&dquo; for such an item. Alternatively,
some items may tend frequently to be initially learned in a rote fashion so that it is possible for a posi-
tive response to be generated by an individual who has not acquired the common set of required skills
necessary for all items. This would result in a high intrusion error rate, a,, for such an item. The po-
tential for the above kinds of errors might suggest that a review of the error probabilities related to
items would be useful for assessing the adequacy of domain specification rules. This is because gen-
eration of domains that are highly homogeneous may be desirable, as has been suggested by Mac-
ready and Merwin (1973) and Harris (1974).

Since there is no way to tie the above mentioned error probabilities to any specific closed set of
factors, it is here contended that a, and ~3, should be perceived only as conditional probabilities re-
lated to the likelihood of item responses conditional on latent mastery state. Under this less restrictive
conception of the error probabilities, it also becomes possible to apply what here are called state mas-
tery models to any trait, cognitive or otherwise, which is assumed to exist at two mutually exclusive
and exhaustive latent levels (see Lazarsfeld & Henry, 1968). An example within genetics would be the
use of phenotypic information about an organism to assess the latent genotype.

With the assumptions (1) that local independence occurs among responses (i.e., the occurrence or
nonoccurrence of intrusion or omission errors are assumed to be independent across items), (2) that
the latent trait exists at two mutually exclusive and exhaustive levels, and (3) that items are dichoto-
mously scored, the probability for each of 2&dquo; possible response vectors U, (representing the possible
item response patterns for an n-item test) conditional on the latent mastery state may be designated

where X,., = {0,1} is the score of thej&dquo; item found within the rth response pattern. Similarly, the
probability of an observed response pattern, U&dquo; across mastery states may be designated as
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Thus, for three items, the probability of the occurrence of the response vector U, _ (101)’ is

Equation 2 delineates the most general form of state mastery models (as defined above) that has
been presented to date (see Besel, 1973, 1975; Macready & Dayton, 1977, 1980; Roudabush, 1974;
van der Linden, 1978). This general model, here called the a¡{3¡ model, subsumes as restricted mathe-
matical forms all other two-state mastery models that have previously been generated. The con-
straints defining restricted forms of this model deal with restrictions placed on a, and /3, for
j=(1,...,n) such that subsets of these parameters are fixed and/or equated to each other. In addition,
these subsumed models differ in terms of item domains of interest, with some models restricting
themselves to replications of a single item or equivalent items.

Constrained Forms of Two-State Models

The first subcategory of constrained models are those that equate conditional probabilities (i.e.,
equating intrusion and/or omission errors). One such model is the a(3 model, which has been consi-
dered by Davis, Hickman, and Novick (1973), Emrick (1971), Emrick and Adams (1969), and Mac-
ready and Dayton (1977). This model equates all intrusion errors, as well as all omission errors. Thus,
the following constraints are imposed on Equation 2: a,=a and (3;=~3 for j=(1,...,n). This model may
be particularly viable when test items of interest are replications of a single item or are sets of equi-
valent items. A second model within this class is the a,=~3, model, presented by Wilcox (1977b) as a
means of assessing pairs of items. This model equates omission errors with intrusion errors for each
item such that a;=(3, for j=(1,...,n); Wilcox considers only the case of n=2. This model would be rea-
sonable if the assumption that false positive and false negative errors are equally likely for a given
item. A similar model within this class that was considered by Wilcox (1977a), a constrained form of
the a,=(3, model, is the a=(3 model. Here, all errors across items are equated such that a;=a&dquo;-=(3;=(3,~ ,
forj,/=(l,...,n). However, Wilcox has presented this model as a means for assessing the stability of a
single item on two occasions. Thus, this model from an &dquo;item&dquo; perspective provides a logically com-
patible counterpart to the a,=P, model, if error probabilities do not change over occasions as the a=~3
model assumes. Note that for the two-item case, the expected frequencies for the response patterns U,
generated under this model (using maximum likelihood parameter estimates) are identical to those
obtained when a McNemar (1947) chi-square test of change for correlated proportions is applied.

The second subcategory of constrained models are those that fix one or more of the conditional
errors. The least restrictive of these models are those that set one class of errors equal to zero. They
are the a, model and the (3, model presented by Wilcox (1977b), with the latter model also considered
by Harris and Pearlman (1978). The a, model assumes that omission errors do not occur and sets ~,==0
for j=(1,...,n), whereas the (3, model correspondingly assumes that intrusion errors do not occur and
sets a,=0 for j=(1,...,n). This pair of mathematically equivalent models may be considered as a single
model with different interpretations given to the defining parameters. Both of these models have been
presented within the context of item pairs; however, as with all of the models presented in this paper,
simultaneous consideration of more than two items (or two occasions) is possible. These models pro-
vide a potentially viable perspective when individuals in the appropriate latent mastery class always
respond in a deterministic fashion.

Harris and Pearlman (1978) have attempted to establish a rationale for the constraints incor-
porated within the (3, model by arguing against any potential for guessing with free-response-type
items. This argument is at best questionable, based on the earlier discussion of conditional probabili-
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ties ; and for this reason, it is recommended that the fit obtained under this model be statistically com-
pared with that obtained under the unconstrained ai3J model before it is incorporated for use. Simi-
lar arguments might also be developed for all of the constrained models presented in this paper. This
will, however, require the simultaneous consideration of at least four items (or occasions), since only
then can &dquo;fit&dquo; of the a}3J model be statistically assessed.

Two additional mathematically equivalent models (which are also constrained forms of the a, and
~3; models) are the a model and the ~3 model, both of which were presented by Wilcox (1977a), with the
latter model also discussed by Harris and Pearlman (1978) and Knapp (1977). Here, in addition to one
class of errors being fixed at zero, the errors within the other class are equated. Thus, the a model
contains the following constraints: a;=a;- and (3,=0 for j, j’=(1,...,n). The ~3 model incorporates simi-
lar restrictions: a~=0 and f3J=f3j’ forj, j’=(1,...,n). Both of these models were presented for the case in
which a single free-response-type item is presented on two occasions. Within that context these
models would appear to be logically compatible with their mathematically subsumed counterparts,
the a, and P, models, if error probabilities do not change over occasions as the models assume. In an
attempt to establish a rationale for the assumption a,=O for the (3 model, Harris and Pearlman (1978)
used an argument similar to the one they advanced regarding the (3; model; thus, the authors’ earlier
specified concerns and recommendations are again in order.

A final model within this subcategory of constrained models, called the a.f3. model, was con-
sidered by Roudabush (1974). This model allows the conditional errors related to a first (criterion-ref-
erenced test) item to be free, while fixing those related to a second (criterion) item at zero (e.g.,
~2=~2=0 are the constraints incorporated within this model). Note that an expanded form of this
model would incorporate n>2 items of which only the last item would have its conditional errors fixed
at zero. The rationale for the constraints imposed within this model is that the last item provides per-
fect differentiation of masters from nonmasters. This contention may be reasonable in some cases of
interest, especially when the trait of interest is non cognitive and the last item is an a posteriori cri-
terion (i.e., job acquisition, organ malignancy, or egg fertility). However, for many traits such criteria
may be difficult or impossible to obtain.

An interesting alternative conceptualization of some of the mathematical functions that define
mastery models described above (namely, a ; (3; f3J; and a=(3 models) has been considered by Wilcox
1979a, 1979b). He allowed these models to characterize a single examinee (as opposed to a population
of examinees) in terms of a domain of items. Within this context, these models designate the likeli-
hood of the occurrence of omission and intrusion errors for randomly sampled items from the item
domain, while å2 designates the proportion of items in the domain that have been acquired by the
individual of interest. The conceptual framework that Wilcox considered with the above four models
may also be applied to the mathematical equations that define all the aforementioned mastery
models. Thus, this conceptual framework allows the mathematical models to be used in situations
where examinees are not located within one of two mutually exclusive and exhaustive latent classes.
However, the limitations attached to continuum models will present a problem under this conceptual
framework.

Mnltt-state Mastery and Additional Latent State Models

In addition to the mastery models that are constrained forms of the ajf3J model, two other models
have been presented in the literature (see Bergan, Cancelli, & Luiten, 1980; Knapp, 1977). Both of
these models may be conceptualized as constrained forms of a &dquo;multi-state model&dquo; in which there are
more than two mutually exclusive and exhaustive latent states defining mastery. The unrestricted
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multi-state model, which is presented in a broader context by Lazarsfeld and Henry (1968), is defined
as follows:

where

At is the proportion of individuals in the kth latent state, and
y;k is the probability of a positive response to thej’h item for individuals in the kth latent state.

Note that Equation 4 differs from Equation 2 only in its incorporation of a third term, which relates
to the probability of attainment of the observed response pattern U, by individuals within the latent
classes 3 through K. The assumptions underlying this general model, here called the a;~3;y,k model, are
comparable to those for the a;(3, model.

The first of the multi-state mastery models was presented by Knapp (1977) for the assessment of
replication data for a single selection type item here called the (3y,k model. This model assumes that
there are five levels of mastery, four of which are special types of nonmastery. These four nonmastery
states are defined as follows:

k=1 are those nonmasters who guess on neither of two replications of an item;
k=3 are those nonmasters who guess on the first, but not on the second, replication of an item;
k=4 are those nonmasters who guess on the second, but not on the first, replication of an item; and
k=5 are those nonmasters who guess on both of two replications of an item.

Probabilities of intrusion errors are fixed at values that correspond to the likelihood of false positive
responses to an item presentation by the various types of nonmasters ’guessing’ correctly, while the
probability of omission errors are equated across replications. Thus, this model contains the following
constraints:

where
d is the number of item choices,

1-AZ is the total proportion of all types of nonmasters, and
g is the proportion of nonmasters who on any given presentation of the item decide to guess.
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Notice that for a completion type item, where d may be assumed to be infinite, this model is equi-
valent to the (3 model presented earlier. In addition, there is a similar rationale under this model for
fixing conditional probabilities related to nonmasters (based on guessing) as was presented for both
the ~3, and P models. Thus, similar concerns and recommendations are suggested regarding its use.

The second multi-state mastery model, called the YJ3 model, which is also a constrained form of
the a;(3;y,k model, was presented recently by Bergan, Cancelli, & Luiten (1980). This model (which is a
special case of the &dquo;quasi-independence&dquo; model presented by Goodman, 1975) incorporates three la-
tent states: nonmasters, (k=1); masters, (k=2); and &dquo;intrinsically unscalables,&dquo; (k=3). The model as-
sumes that individuals within the mastery and nonmastery states respond in a deterministic fashion,
with masters always responding correctly and nonmasters always responding incorrectly to all items.
Thus, it is only the third class of individuals who are able to attain all of the 2&dquo; possible item response
patterns. The restrictions on the general o/~y~ model that defines this model are a, _ (3; = 0 for j =
(1,..., n).

In a sense, this model may be conceived as an &dquo;additional latent state model&dquo; that falls some-
where between two-state mastery models and continuum mastery models. This is because continuum
models assume an infinite number of states of trait acquisition; thus, Equation 4 provides an approxi-
mate representation of such a model as K becomes large. This may suggest that if better fit to data is
obtained by increasing the number of latent states, consideration of continuum models may be in or-
der ; however, lack of improved fit does not necessarily negate the viability of continuum models. In
any case, comparisons of the above type are recommended as standard procedure for assessing the
adequacy of state mastery models. An appropriate model to compare with a given state mastery
model may be a restricted form of the O’j{JJYJk model with equivalent restrictions to the state mastery
model being assessed but with one additional unconstrained latent class. This may be preferable to
using the Yj3 model because only the a,(3;y,k model subsumes all state mastery models presented, and
thus an assessment of relative fit is possible. In addition, Dayton and Macready (1980) have presented
some conceptual problems with quasi-independence models of which the yj, model is a special case.

Independence Models

Models that are constrained forms of the general models a,(3, and a;(3,y,k but that themselves are
not mastery models form the so-called class of independence models. These models assume that there
is only one class of individuals, in other words, A, = 1.0. Since there is only one class of individuals
within these models, the assumption of local independence among items becomes an assumption of
independence among items. The first model within this class is the 1~ model, which has as its only
constraint that A, = 1.0. This model is viable in those cases in which there is only one level of the (la-
tent) trait being assessed. The second model within this class is the Ia model, which is a constrained
form of the Ia, model with equal probabilities of positive responses for all items and is defined by the
following constraints: A, = 1.0 and a, = a for j=(1,...,n). Notice that one or both of these indepen-
dence models is subsumed as a mathematically constrained form of every mastery model considered.
These independence models are important to consider, since they provide simpler means for concep-
tualizing data. Thus, unless a mastery model can provide statistically better fit than the most complex
independence model that it subsumes, a question may be raised as to whether that mastery model
(from the perspective of parsimony) provides an appropriate framework for describing the relation
between the latent trait and the observed data. This is true even if that mastery model provides ade-
quate absolute fit to the data.
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Implementation and Use of State Models

The state models that are described in this paper have been discussed by previous authors with re-
spect to a number of different issues. These issues deal with strategies for selection and implementa-
tion of models as well as their applications. Some of the important areas that have been considered in-
clude parameter estimation, assessment of model fit, implementation of mastery classification, and
assessment of consistency.

Parameter Estimation

The first of these areas is of particular importance, since without adequate procedures for param-
eter estimation, the models are of little practical use. These models contain nK + K - w - 1 indepen-
dent parameters, where w is the number of independent constraints placed on the general model.
Maximum likelihood estimates of these parameters can be obtained (given a sufficient number of
items for an identifiable model) by means of the Newton-Raphson iterative procedure presented in
Rao (1965) or the iterative proportional fitting procedure described by Goodman (1974). It is fre-
quently desirable to utilize these procedures, since it is not always feasible to obtain explicit formulas
in terms of sufficient statistics. In addition, computer programs that incorporate these procedures are
available (see Clogg, 1977; Dayton & Macready, 1977). Furthermore, the Newton-Raphson procedure
has the added advantage of providing estimates of sampling variances and covariances of the maxi-
mum likelihood estimators. However, for the case in which n = 2, explicit formulas for maximum
likelihood estimates have been generated for many mastery models that are identifiable for that case
(see Wilcox, 1977a, 1977b).

A number of other estimation procedures that are not maximum likelihood have been developed
(see Blischke, 1964; Emrick, 1971; Houang & Harris, 1980; van der Linden, 1980). Some of these
procedures, however, are of limited use because they require one parameter value to be specified or
restricted to an assumed amount. This has been pointed out by Wilcox and Harris (1977) and van der
Linden (1980), respectively, for the &dquo;Emrick&dquo; and &dquo;Endpoint&dquo; methods of estimation. In addition,
there are other procedures that have been found to provide parameter estimates that are highly
biased and/or have large standard errors when used with data sets where number of respondents is as
large as 100 (see Blischke, 1964; van der Linden, 1980).

For the a{3, the {3, and the {3j models (which are the only models that have thus far been empirically
evaluated), however, there are one or more procedures available, including some that are based on
rather simple noniterative techniques that have been shown to provide accurate parameter estimates
with minimal bias (see Blischke, 1964; Houang & Harris, 1980; van der Linden, 1980). If the number
of items is sufficiently large, this appears to be true even when the number of respondents is as small
as 20. For small numbers of respondents, minimally sufficient numbers of items appear to be some-
where between 5 and 10, depending on the model in question. In contrast, Hayek (1978) has found for
the a{3 model that when insufficient numbers of items are considered (i.e., five or fewer items) maxi-
mum likelihood estimation procedures provide biased estimates of the proportion of masters, even
when the number of respondents is in the hundreds.

Assessment of Model Fit

A second important area that must be considered if an adequate mastery model is to be identified
deals with assessment of model fit. The effectiveness with which mastery models provide an accep-
table representation of individuals’ true states of mastery may be based on both absolute and relative
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statistical assessments as well as judgmental assessments of the estimated parameters. Assuming that
the necessary parameters have been estimated, a chi-square goodness-of-fit test may be used to assess
a specified model’s absolute fit by utilizing Equation 2 or 4 to obtain expected frequencies for the 2&dquo;

response patterns. These expected frequencies may be used, in turn, to generate a likelihood ratio
statistic that is asymptotically distributed as chi-square with 2&dquo; - Kn - K + w degrees of freedom,
where w is the number of independent parameter restrictions for a given model.

Macready and Dayton (1977) have pointed out that a potential source of lack of fit is the unten-
ability of the assumption that mastery is &dquo;all-or-none.&dquo; Thus, they suggest that when fit is not ob-
tained, a possible strategy is to subdivide the itern domain into two or more subdomains and assess
these subsets for fit. In combination with statistical tests of fit, they also recommend that judgmental
assessment of parameter estimates be considered. This is because parameter estimates, along with
their estimated standard errors, may reveal logical inadequacies in the values generated and thus may
raise a question regarding the adequacy of the model.

Finally, as Dayton and Macready (1976) suggest, it is possible to compare the statistical fit pro-
vided by a given mastery model with other models that (1) it subsumes as a constrained form or that
(2) subsume it as a constrained form. This may be done by taking the difference between the likeli-
hood ratio statistic for the two models in question. This difference is asymptotically distributed as chi-
square with degrees of freedom equal to the difference in degrees of freedom for the two statistics on
which it is based. This &dquo;difference&dquo; chi-square statistic may be used to assess whether the more con-
strained model provides poorer fit than the subsuming model to which it is compared. Thus, it is pos-
sible to make comparisons among a number of different mastery models. Such comparisons may be
useful in determining what, if any, restrictions might be imposed on general unconstrained models.
In addition, it is also possible to use the above difference chi-square statistic to compare fit provided
by mastery models relative to subsuming additional latent state models and identity models, as was
suggested earlier in this paper.

Implementation of Mastery Classification

A major potential application of state mastery models is providing a method of mastery classifica-
tion that is nonjudgmental in nature. One such decision rule was generated by Emrick and Adams
(1969) and has more recently been presented by Emrick (1971) and Davis, Hickman, and Novick
(1973). This decision rule, which is appropriate for use with the a(3 model and all models it subsumes,
results in the location of a cutoff score that minimizes expected loss due to misclassification. The cut-
off score, which defines the lower bound of total test scores for individuals classified as masters, is de-
fined as follows:

where A is an established loss ratio of false negative loss over false positive loss.
Macready and Dayton (1977) and Bergan et al. (1980) have developed similar optimizing decision

rules, which in the generalized form presented here may be used with the a;(3, model, the apjy,,:
model, or any of the models they subsume to minimize expected loss due to misclassification. However,
this procedure implements mastery classification by separate assessment of each observed response
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pattern rather than by assessment of total scores. This is because under these general models the joint
probability between a specified mastery state k and a response pattern U, is not necessarily constant
for all response patterns that result in the same total score. Here, classification of individuals ob-
taining a special response pattern U, to some mastery state k’ is based on that level of k’ that mini-
mizes the following quantity:

where

1kk’ is the loss associated with assigning an individual who is a member of mastery state k
to mastery state k’,

lkk = 0, and
P(U,flk) is the joint probability of the occurrence of response U~ with mastery state k.

Another issue that involves mastery classification, which has been addressed with respect to state
models, deals with the minimally sufficient number of items required for mastery decision rules to at-
tain an acceptable expected level of correct classification. In order to obtain this information, it is
necessary to designate the maximum acceptable proportion of misclassified individuals, the loss ratio
A to be used in making classification decisions, as well as the identification of the assumed underlying
mastery model. It is then possible to apply procedures presented by Macready and Dayton (1977) for
estimating the number of items required under the a(3 and aj{3j models or any models they subsume.
In addition, they present tabled values generated for use under the a(3 model.

Assessment of Consistency
A final area of analytic development that relates to state models deals with the assessment of item

reliability for dichotomous platonic (i.e., all-or-none) true scores. Early work in the area of item re-
liability for platonic true scores (see Klein & Cleary, 1967, 1969; Levy, 1969) dealt with the tenability
of classical test theory assumptions for platonic true scores, which present a dilemma for obtaining
acceptable item reliabilities. However, later work by Werts, Linn, and Joreskog (1973) has shown that
by incorporating a congeneric model for use with platonic true scores and dichotomously scored
items, it is possible to generate an equation for estimating item reliabilities while maintaining the ten-
ability of the usual underlying assumptions.

The function defining item reliability which was generated by Werts et al. (1973) for some given
item j is

Note that the definition for reliability given in Equation 7 is compatible with the a,(3; model or any of
the state mastery models it subsumes.

In addition to the work of Werts et al. (1973) based on a congeneric model, a number of indices
related to consistency between manifest and latent state have been developed. Knapp (1977) has pre-
sented three indices for designating level of item consistency over two occasions, which may be used
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within the framework of his multi-state mastery model as well as (if appropriately extended) within
any of the two-state model frameworks for which parameter estimates can be obtained. Although
Knapp considered these indices for use with data based on a single item on two occasions, they might
also be used with data based on two different items.

One class of the indices that Knapp presents designates the proportion of individuals within a
specified level of mastery who obtain a manifest two-item response pattern Un which is consistent
with the &dquo;ideal&dquo; response pattern for their latent state. The ideal pattern for a given mastery state
is the manifest pattern that would be obtained by all individuals within that state if item classification
errors did not occur. The following two equations define extended forms of Knapp’s indices for non-
masters and masters, respectively, which may be used with the ai3JYik model or any model it sub-
sumes, given n=2,

and

Notice that for two-state models, the last term in Equation 8 is equal to zero.
In addition to the index of consistency for each level of mastery, Knapp (1977) has also presented

a weighted average index of consistency across levels of mastery. This index may be defined as fol-
lows :

Harris and Pearlman (1978) have suggested a slightly modified form of the index defined in Equation
10 that designates consistency between observed and ideal scores for a single item on one occasion.
This modified index is obtained by simply restricting ‘ j&dquo; in Equations 8 and 9 to a single level. It
should be pointed out that although these indices presented by Knapp are useful for the one- or two-
item (or occasions) case, the extensions of these indices allowing for more than two items or occasions
(obtained by replacing &dquo;2&dquo; with &dquo;n&dquo; in Equations 8 and 9) is troublesome, since the magnitude of
such indices are negatively related to number of items.

An index similar to those presented by Knapp, which was alluded to by Macready and Dayton
(1977), specified the expected proportion of correctly classified individuals. This index is defined as
follows:

h b - { 0 if individuals with response pattern Ur are classified as nonmasters,were &horbar; 1 otherwise. .
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This index may be used with any of the two-state models and with minor modification is applicable
for all state models. In addition, it has the desirable property of being positively related to number of
items (or occasions).

A general comment regarding the indices defined in Equations 8 through 11, which has not been
previously set forth, is that they are not necessarily affected by variability in observed scores. This
means that the usual prerequisite of variability in observed scores required for using most reliability
indices is not necessary. Thus, these indices may be helpful in dealing with the potential problem in-
volved in assessing consistency for criterion-referenced tests due to lack of variability, which was
raised by Popham and Husek (1969).

Limltatlons of State Models

Conceptual Issues

State mastery models, similar to continuum models, have certain attributes that, under some cir-
cumstances, present limitations to their applicability. One major limitation for state models is that
they provide an unreasonable representation of trait acquisition for traits that are highly hetero-
geneous in content. For cases in which traits are so defined, it may be preferable to incorporate a con-
ception of trait acquisition on a continuous scale. Heterogeneous trait definitions may occur either
because such definitions are consistent with the task at hand (e.g., assessment of general reading abil-
ity as a single entity) or because definitions that result in instructionally meaningful homogeneous
traits sometimes may not be easily established.

Thus, if it is not possible for an investigator to identify one or more homogeneously defined traits
of interest, this class of state models would appear to be conceptually incompatible with trait acquisi-
tion. This is because it is less than reasonable to assume that there is a meaningful set of common
skills that all items in a heterogeneous domain have in common as necessary prerequisites for the oc-
currence of an &dquo;appropriate&dquo; positive response. In addition, it is suspected that the statistical fit at-
tained under state models for heterogeneously defined traits will be frequently less than adequate.
This problem due to heterogeneously defined traits has been avoided by some model builders, such as
Wilcox (1977a) and Knapp (1977), by considering items within the framework of single items pre-
sented on two or more occasions. Such a scope may be useful for answering questions about the char-
acteristics of specific items; however, for many educational questions, it will provide a highly limiting
framework.

This is not to say, however, that homogeneously defined traits are not desirable. In fact, within
the instructional setting, homogeneously defined traits may be far more useful to educators than
heterogeneous ones for identifying what it is that students do and do not know. In those cases in which
it is both possible and desirable to define traits in a homogeneous fashion, there is evidence from the
field of learning that provides some empirical support for both conceptions of trait acquisition (see
Gazda & Corsini, 1980). Thus, under such circumstances, it is at least reasonable to empirically in-
vestigate the adequacy of state models as well as continuum models.

A second limitation for state models, pointed out by van der Linden (1978), relates to the assumed
nature of intrusion and omission errors. More specifically, all nonmasters are assumed to have equal
intrusion error rates per item. A similar constraint is also present for masters and their omission error
rates. This means that irrespective of other potentially relevant factors such as experience, aptitude,
and creativity, the probability of incurring an inappropriate response is the same for all individuals
within a given mastery class (e.g., fifth-grade students who know how to solve square root problems
have an equal chance of incurring an omission error as their math teacher, who also presumably has
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acquired this skill). This may place limitations on the kinds of populations of individuals with which
state models, as they are presently defined, should be used. The populations considered should be
homogeneous enough that the assumption of equality of error rates for all individuals within a given
state of mastery on any specified item is reasonable.

Practical Issues

In addition to the above-mentioned conceptual limitations for state models, there are two prac-
tical issues that present limitations for state models. The first of these practical issues deals with the
application of these models in situations in which there are large numbers of items (or item replica-
tions). For any of the restricted forms of the model that have no unique item parameters (e.g., the a/3
model), large numbers of items present no problem, since the number of parameters to be estimated
remains small and total score frequencies provide sufficient information for parameter estimation.
However, for the less constrained forms of state models, the simultaneous consideration of large num-
bers of items (e.g., n > 15) is problematic. This is because of the large number of parameters to be
estimated and because estimation accuracy becomes increasingly low for samples of individuals that
are realistic in size. The limitation is, however, of small practical consequence, since for most uses of
state models, small numbers of items prove to be sufficient (see Macready & Dayton, 1977).

The second practical issue related to state models deals with the requirement that the observed
item scores are dichotomous in nature, since in many cases it may be desirable to differentiate among
more than two categories of responses for a given item. This may happen in a number of commonly
occurring situations in testing including

1. Situations in multiple-choice testing where differentiation among response alternatives is de-
sired,

2. Testing situations in which it is desirable to differentiate between incorrect responses and omis-
sion of responses, and

3. Testing situations in which it is desirable to give partial credit to items.

Under the present framework for state models, multichotomously scored data must be dichotomized
in some logically reasonable fashion if these models are to be applied.

Arbitrariness

A final criticism that has been lodged against all mastery classification procedures (and thus by
inclusion must be considered an indictment against classification strategies based on state models) is
that they are intrinsically arbitrary in nature. The rationale for this criticism is that all classification
strategies contain one or more inherently judgmental steps resulting in classification decisions that
are suggested to be arbitrary. This contention has been made by many applied measurement special-
ists including Glass (1978), Jaeger (1979), Linn (1978), and Hambleton and Eignor (1979). Nonethe-
less, the criticism is at best inaccurate and, in our view, clearly incorrect, since once a model has been
selected, the only step in classification that requires any judgment for a state model procedure is the
establishment of a loss ratio. This by itself is not enough to reasonably call the decision-making pro-
cedure arbitrary, since all decision-making implicitly or explicitly must incorporate a consideration of
relative losses. However, explicit judgment may be eliminated from the classification process simply
by using &dquo;unweighted&dquo; misclassification as a criterion for decision-making while &dquo;ignoring&dquo; relative
loss (i.e., by setting the loss ratio at 1.0).
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This improper inclusion of state model procedures within the class of appropriately criticized
procedures may in part be explained by the lack of a clear distinction of these procedures from other
&dquo;mathematically&dquo; based procedures. This is suggested in a comment by Glass (1978) about decision
theoretic approaches (within which he has included some state model procedures) that investigators
who use these procedures &dquo;eschew questions of how any particular ‘criterion score’ is justified or how
it is selected. Rather, they proceed from the point at which someone ... has determined a criterion&dquo;
(p. 251). This criticism is clearly incorrect for state model procedures.

Extensions of State Models

In an attempt to deal with some of the limitations of previously developed classes of state mastery
models, in this section a number of model extensions are proposed, in some sense addressing the criti-
cisms in question. One criticism that is easily addressed is the requirement that observed variables are
dichotomously scored. This may be dealt with by simply redefining the most general form of the
model specified by Equation 4 in a way that allows for each item j to have S, > 2 observable outcomes

where

U,* is the r&dquo;‘ response pattern across the multichotomously scored items;
Xm is the score on they’ item found within the r‘&dquo; multichotomous response pattern; and

T.1, Ik is the probability of the score X, conditional on the ~ level of mastery.
This model, which has been considered in a broader context by Lazarsfeld and Henry (1968), has as-
sumptions comparable to the previous class of models, with the exception that the items are not con-
strained to be dichotomous. It also subsumes, as constrained forms, all previously discussed state
models. In addition, for multichotomous data, the incorporation of appropriate restrictions on Equa-
tion 12 results in constrained models that are similar to those found in models considered earlier in
this paper. Notice that K may be set at one, two, or some larger integer depending on whether an in-
dependence, two-state, or multi-state/additional latent state model is desired.

One means of attempting to deal with the restriction that error rates for observed item responses
are constant across individuals within a specified mastery state is to consider a more general model
that incorporates &dquo;covariate&dquo; information. Such information may relate to one or more discrete vari-
ables with underlying scales that are nominal or higher. However, these &dquo;covariates&dquo; should be re-
lated to the level of error rates for observed item responses attained by either masters and/or nonmas-
ters. Because covariate information will be treated as nominal data, it is possible to combine one or
more multichotomously scored covariates to form a single covariate with C levels such that any level c
of that variable corresponds to a unique combination of levels of the original variables. Given such a
covariate, it is possible to define a general model (here called the aJJ3JCókC model), which is specified as
follows:
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where

Ur* *is the r&dquo;‘ response across the n dichotomous items on the traits of interest followed by ob-
served covariate score, c’,

d~ 1~ is the probability of observed response c’ on the covariate, which is contained within Fur**,
conditional on nonmastery (k=1) and true level c on the covariate,

de’2eis the probability of observed response c’ on the covariate, which is contained within U,**,
conditional on mastery (k=2) and true level c on the covariate,

a,c is the probability of a false positive response to item j conditional on nonmastery and true
level c on the covariate,

{3Je is the probability of a false negative response to item j conditional on mastery and true level
c on the covariate,

Aic is the proportion of individuals who are nonmasters and have a true level on the covariate of
c, and

/).2e is the proportion of individuals who are masters and have a true level on the covariate of c.

The lXJJ3Jedke model subsumes as restricted forms all previously discussed two-state models for
dichotomous items. Notice that by setting C=l and 6c,~c = de’2e =1 1 Equation 13 equals Equation 2. As
might be expected, this new model is based on comparable assumptions to those for two-state models,
plus similar assumptions for the covariate except that it is not constrained to be dichotomous. The
additional parameters that are incorporated within Equation 13 permit differentiation among indi-
viduals at specified levels of mastery. More specifically, the framework of the present model allows for
differential error rates (per item, j) for individuals within a given state of mastery who are at a speci-
fied level of the covariate (i.e., ac and {3JJ. It also incorporates parameters that designate probabilities
for errors in specification of levels on the covariate (i.e., de’ke when c’~c), which are conditional on
both individuals’ true level c on the covariate and their mastery state k. In addition, differential rela-
tive proportions of masters to nonmasters for each level of the covariate are allowed. This is accom-
plished through the use of separate nonmastery and mastery classes for each level c of the covariate
(i.e., 41~ and /).2e)’

Just as with other classes of state mastery models, there are a variety of constrained forms of the
model defined by Equation 13 that might profitably be considered. One subcategory of constrained
models related to this general model places no restrictions on latent state proportions. Two con-
strained models contained within this subcategory that are of particular interest are the lXJe{3Je model
and the lXe{3e model. Both of these models are similar, not only in their incorporation of covariate in-
formation, but also in their assumption that response specification of level on the covariate is an er-
ror-free process. This assumption for many covariates may at least be closely approximated. This as-
sumption accounts for all the parameter constraints that define the lXJe{3je model, namely, that d~·,~ _
de, 2e = 1 if c’=c, or 0 otherwise. However, the lXcf3e model is a further constrained form of the a,~~3,~
model and requires that intrusion errors and omission errors for a specified level of the covariate do
not differ across items. Thus, the lXe{3e model requires in addition to the above specified restrictions on
deike, the following parameter restrictions: a,, = a,,, and (3,~ = {3j’e for at,/ = (1,...,n). It is interesting to
note that the maximum likelihood parameter estimates obtained under these two models are the
same, respectively, as those obtained under the correspondingly constrained two-state models with no
covariate when parameter estimates are obtained separately for subgroups of individuals falling at
each level of the covariate.

A second subcategory of models (here called the c=l models), which are constrained forms of the
lXJe{3Jedke model, are those that restrict the number of latent mastery and nonmastery classes to one
each (i.e., there are no unique parameters for levels of mastery at each level of the covariate). These
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models provide a means for assessing whether covariate level is related to the likelihood of occurrence
of omission and intrusion errors (i.e., whether a multi-state covariate model provides better fit to
the data than a two-state covariate model that ignores levels of the covariate). This may be accom-
plished by assessing the difference in likelihood ratio chi-square statistics of models from this sub-
category with correspondingly restricted models from the general class of covariate models without
the above restrictions on the number of latent states. The least restricted model from this subcategory
is the a,,P,,6,.,: c=l model. The constraints defining this model are simply that the parameters of non-
masters at each level of the covariate are the same and that the parameters of masters at each level of
the covariate are equal. Two other more constrained models from this subcategory are the ajc{3jc: c=l
model and the a J3c: c=l model. These models, in addition to the above restriction on the number of
latent states, also have constraints that are equivalent to those found in the aJJ3jC and the ac{3c models,
respectively.

Other models within this class are in the subcategory of independence models for covariate
data. These models have only one state (i.e., K=1); and the most general form within this category will
be designated la,,, which will occur if the only restriction imposed on the general model is the restric-
tion to a single state. An additional constraint may be imposed by equating all error probabilities (this
additional restriction defines the Ia, model). Thus, any of the models considered within other sub-
categories of this general class of covariate models will subsume at least one of these two models. This
allows for comparable statistical comparisons between state mastery models and independence
models, as were suggested for the models with no covariate response data.

It is possible to address simultaneously the above-mentioned limitations dealing with constraints
on both the number of item responses and the error rates among individuals within latent states (as
well as allowing for &dquo;additional latent states&dquo; beyond those defining mastery). This may be accom-
plished by redefining the number of items as &dquo;n-l,&dquo; and letting the last element &dquo;n&dquo; be the covariate.
With the incorporation of these modifications, Equation 12 provides a definition for such a model.
This new model is more general than any of the previously presented models and in fact subsumes as
constrained forms all other models mentioned in this paper. For this overall subsuming class, de-
pending on whether K for a given model equals one, two, or K>2, that model will fall within the sub-

category of independence, two-state, or multi-state/additional latent state models, respectively.

A Framework for Classifying State Models

There are three model attributes defining all classes of latent state models which have either been
discussed or implied in this paper. These attributes are

1. Level of item response (for which there are two categories: dichotomous and multichotomous);
2. Model type (for which there are four categories: identity models, two-state mastery models, multi-

state mastery models, and &dquo;additional latent state&dquo; models); and
3. Presence of covariate (for which there are two levels: no covariate and covariate).

Table 1 provides a model classification matrix designating all possible combinations of levels of these
attributes. In the upper left comer of each cell, the general model representing that cell is designated;
in the lower portion of the cell, specific subsumed models that were mentioned in the paper are desig-
nated (or for the TXrjlk models, differentiating attributes are specified). Notice that for cells in any
column, a given model within a specified cell subsumes all corresponding models that are in any cell
above it. It might also be pointed out that for a number of cells, there are no constrained models
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specified, since none was formally discussed. However, based on those models that were considered, a
number of additional constrained models might be easily generated and would be located in those
empty cells. In addition, it should be pointed out that by no means have all &dquo;relevant&dquo; constrained
models for any cell in the table been considered.

Applicability of New State Mastery Models

The extended models presented in this paper are presently feasible for use in the same areas of
application as previously developed state models. A major factor contributing to that applicability is
the availability of generalized computer programs (e.g., Clogg, 1977) with the capability of obtaining
maximum likelihood parameter estimates by iterative procedures for all of the classes of models here
discussed. It should be cautioned, however, that for cases in which item sample size is insufficient,
models will not be identified, negating the existence of such maximum likelihood estimates. As Good-
man (1974) has pointed out, nonnegative degrees of freedom are a prerequisite for identifiability;
thus, in general, the greater the complexity of the model being considered, the greater the number of
items that will be required for parameter estimation. Note that, in general, the degrees of freedom for
the classes of models specified by Equations 12 and 13 are, respectively,

and

Using similar strategies to those discussed earlier in this paper, it is possible for an investigator to
choose empirically from among a number of possible state models, including those new models pre-
sented here. This may be accomplished by assessing both absolute and relative fit of subsuming
models both within and across classes of state models. Once an acceptable model is identified (if such
occurs), it is then possible to use that model for a variety of purposes including:

1. Establishing mastery classification rules and implementation of decisions based on those rules;
2. Establishment of minimum acceptable item sample size for mastery classification; and
3. Establishment of item reliability indices of consistency that may be used in the assessment of

items, domains, and classification strategies.

These applications are all possible through simple extensions of similar procedures established for
previously developed state models considered in this paper.

An Example Comparison among State Mastery Models

Macready (1975) presents a study in which the relations among items across domains from a cri-
terion-referenced test were explored. In this example, that portion of the data from two separate item
domains was used to explore the fit provided by several different covariate state mastery models. The
two domains considered in this example contain items involving integer multiplication of free-re-
sponse-type items presented within a vertical format. For the domain defining the trait that was as-
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sessed with respect to mastery, the item form rules require that all items have a three-digit multiplier
and a three-digit multiplicand, and may require one or more &dquo;carry&dquo; operations for a correct solu-
tion. A second item domain that defines the covariate in this example has item form rules that require
that all items have a two-digit multiplier and a three- and four-digit multiplicand, and do not require
any &dquo;carry&dquo; operations for a correct solution. Note that the selected covariate might also be expected
to be related to the magnitudes of intrusion and omission errors as well as to the proportion of stu-
dents who are masters. The data considered in this study were based on 5 and 10 dichotomously
scored items that were randomly selected from the domains defining the trait and covariate, respec-
tively. These items were administered to 285 fourth-grade students in the Minneapolis Public
Schools.

Total scores on the covariate were dichotomized to reduce the number of model parameters that
would need to be estimated. This dichotomization was based on a classification strategy that mini-
mized the expected misclassification and was itself based on an a(3 model. In this case, the cutoff
score for mastery classification on the covariate was 6 correct items out of 10. As was expected, the
mean score on the assessed trait was far lower for individuals classified as nonmasters on the co-
variate than those classified as masters. In addition, the distribution of trait scores conditional on co-
variate level, which is presented in Table 2, shows large differences in variability with almost all in-
dividuals who were classified as nonmasters on the covariate attaining a trait score of zero.

Table 2

Conditional Frequency Distributions
of Observed Scores

The covariate data were assessed by means of a number of different covariate state models in-
cluding the a~~3~, the a,~(3,~, and the a,,P,,6,,, models. These models were considered under two condi-
tions : (1) that in which the covariate was considered in the model (here called the c=l,C models and
(2) that in which no differentiation was made with respect to the covariate (here called the c=l
models), which is a two-state model. The estimated parameters (with the exception of dj that were
obtained under each of these models are presented in Table 3. Notice that due to the lack of differen-
tiation with respect to the covariate occuring within the c=l models, all corresponding parameter esti-
mates for the two levels of the covariate are the same. However, these corresponding estimates differ
across levels of the covariate for the c=l,C models. These differences seem to be such that, in general,
the intrusion errors are larger at Level 2 of the covariate (where intrusion errors might be expected to
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Table 3

Parameter Estimates for Mastery Models With and Without Covariates
~~--

be more likely) and omission errors are larger at Level 1 of the covariate (where omission errors might
be expected to be more likely). In addition, these c=1,C models have a greater proportion of masters
at Level 2 of the covariate (i.e., ~21c = A2c / (e,~+e2~) is larger for c=2), as would be expected.

In order to identify an acceptable state mastery model for the trait in question, likelihood ratio
chi-square tests of fit were considered. Information related to both absolute and relative fit provided
by the various models is presented in Table 4. These analyses were based on the U,** response pat-
tern data described earlier, where scores on the covariate were dichotomized, as well as an alternative
form of that data in which four levels of the covariate were considered. (These covariate scores were
obtained by establishing four intervals on the covariate total score scale which contained comparable
numbers of individuals.)

It is interesting to note that when a conventional level of significance of .05 was used for assessing
statistical fit, the conclusions related to relative and absolute fit attained under a specified model
were the same for cases in which the number of levels of the covariate considered in the response pat-
terns was either two or four.

The results presented in Table 4 for the c=1 models (under both forms of the response pattern
data) suggest that reasonable fit was obtained only under the a~~: c=l model. This model was
also found to provide superior fit to the other c=1 models, yet it provided no worse fit than the corres-
ponding c=l,C model, which is more complex. A comparable assessment of the c=l,C models
resulted in reasonable fit under all models. Comparisons of the relative fit of the c=l,C models re-
sulted in the a,,P, model providing no worse fit than either of the more complex a,~(3,~ or a,~(3,~dk~
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Table 4
Assessment of Absolute and Relative Model Fit

aProbability of error in rejecting null hypothesis for X2 statistic.

models. Thus, within the c=1,C models the a~/3~ model is seen as being most appropriate for use with
the trait in question. Unfortunately, no direct statistical comparison of the relative fit provided by the
a~(3~ and the a,,P,,,6,,,: c=l models is possible, since neither model subsumes the other. Therefore,
some other means must be used to select between these two &dquo;best fitting&dquo; models.

In addition to the above comparisons for fit, the mastery models considered in this example were
also compared to corresponding independence models, as well as corresponding additional latent
state models (which incorporate one additional unconstrained latent state). In all cases considered,
comparisons with independence models resulted in substantially better fit under the mastery models,
suggesting that model simplification to a single state model is not appropriate. Comparisons of fit be-
tween the mastery models and the additional latent state models did not always result in the same
outcome, as can be seen from the results presented in Table 5. However, comparable fit to the addi-
tional latent state models was attained by the two best fitting o~e and a,~(3,~dk~: c=1 models.

Overall, there is considerable evidence that provides support for the contention that both of these
best fitting models provide a reasonable framework for the trait in question. Which of these two
models is finally selected from a perspective of expected minimum misclassification for mastery state
of the present sample of fourth graders may not be of major consequence. This is because only six stu-
dents or 2% of the total sample would be differentially classified under the two best fitting models
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Table 5

Improvement in Fit Provided by the
Incorporation of an Additional Latent Class

aProbability of error in rejecting null hypothesis for X statistic.

using the covariate response pattern data with C=2. Similarly for the covariate data with C=4, there
was only 3.5% differential classification of students obtained under these two models.
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