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Dependent Variable Reliability and
Determination of Sample Size
Scott E. Maxwell

University of Houston

Arguments have recently been put forth that stan-
dard textbook procedures for determining the sam-
ple size necessary to achieve a certain level of power
in a completely randomized design are incorrect
when the dependent variable is fallible. In fact,
however, there are several correct procedures&mdash;one
of which is the standard textbook approach&mdash;be-

cause there are several ways of defining the magni-
tude of group differences. The standard formula is

appropriate when group differences are defined rel-
ative to the within-group standard deviation of ob-
served scores. Advantages and disadvantages of the
various approaches are discussed.

One of the most frequently asked statistical questions in the social sciences is &dquo;How large must
my sample be?&dquo; Implicit in this question is the recognition that the power of a statistical test must be
considered, as well as the probability of a Type I error. The concept of power has received increasing
attention in the social sciences in recent years (Brewer, 1972; Chase & Chase, 1976; Cohen, 1977;
Schmidt, Hunter & Urry, 1976). Standard textbooks such as Glass and Stanley (1970), Hays (1973),
Kirk (1968), and Winer (1971) contain extensive discussions of how to determine the appropriate
sample size for a given experimental design.

In a series of articles, Levin and Subkoviak (1977, 1978) and Subkoviak and Levin (1977) have ar-
gued that the standard procedures advocated in textbooks are usually erroneous, even for a design as
straightforward as a fixed effects completely randomized design. The basis for their argument is that
earlier work (e.g., Cleary & Linn, 1969; Cleary, Linn, & Walster, 1970; Sutcliffe, 1958) showed that a
decrease of error of measurement in the dependent variable is associated with increased statistical
power; yet traditional formulas for determining sample size completely ignore error of measurement,
despite the fact that almost all measures in the social sciences are fallible (i.e., they are not completely
reliable). According to Subkoviak and Levin (1977), traditional textbook formulas will underestimate
the actual sample size necessary to obtain a certain level of power, with the degree of underestimation
directly related to the unreliability of the dependent measure. Hence, researchers following these for-
mulas will take samples that are too small and will be too unlikely to reject the null hypothesis, when
a reasonable alternative hypothesis is actually true.
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Traditional textbook formulas for determining power utilize an expression of the form

where

~ is a noncentrality parameter,
n is the sample size of each group,
v is numerator degrees of freedom (K-1 in the one-way completely randomized design), and
tp represents a standardized linear combination of interest, i.e.,

Actually, this notation corresponds to that used by Subkoviak and Levin and differs somewhat from
the notation used in most experimental design texts, where ~ is defined as

when equal sample sizes are assumed. Equation 1 was developed by Levin (1975) to provide an expres-
sion for the power of a particular contrast, tp, rather than for the omnibus test of no group differ-
ences, so that in Equation 1 must be less than or equal to + in Equation 3. Equality is obtained by
substituting

for a, in Equations 1 and 2. With this substitution,

so that with appropriate degrees of freedom, Equation 1 can also be used to calculate the power of the
omnibus test. For this reason, Levin and Subkoviak’s notation will be used here, with the understand-
ing that the arguments also apply to Equation 3.

Reliability-Adjusted Formulas for Power

Subkoviak and Levin maintain that for fallible measures it is necessary to revise Equation 1 (and,
implicitly, Equation 3) to take into account the degree of unreliability of the dependent measure.
They argue that the appropriate formula for the noncentrality parameter in this case is

where Q is the reliability of the dependent variable. The inclusion of Q in their formula is the only ap-
parent modification of the traditional formula. In fact, however, as Forsyth (1978) has pointed out,
there is an additional difference that proves to be very important. The traditional definition of ip (la-
beled tpx for future reference) is
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where 000 is the within-group standard deviation of observed scores of the dependent measure. Sub-
koviak and Levin define W as

where o(T) is the within-group standard deviation of true scores. Once this difference in defining W is
taken into account, Equation 6 is mathematically equivalent to Equation 1. This can be seen by sub-
stituting

for e and by substituting Equation 8 for tp into Equation 6, yielding Equation 1, where ~ is defined as
in Equation 7. Thus, Subkoviak and Levin’s formula is equivalent to the traditional formula; it is not
the case that one is correct and the other incorrect. The formulas differ only because of the different
definitions of tp. In addition, it is possible to derive other formulas that are equivalent to these two.
For example, might be defined as

defining W as

where o(~ is the within-group standard deviation of error scores.

Comparison of the Formulas

Which of these formulas is the appropriate one? According to Levin and Subkoviak (1977, p. 332),
their formula (Equation 6 here) incorporating the reliability of the dependent measure should be used
because Equation 1 results in &dquo;underestimates of required sample sizes (or overestimates of available
power)&dquo; Forsyth (1978, p. 380), on the other hand, concluded that to use Equation 6, &dquo;data analyses
would have to be performed on true scores rather than observed scores.&dquo; Since analyses are actually
done with observed scores, Forsyth concluded that Equation 1 should be used. However, both Subko-
viak and Levin and Forsyth are mistaken because, as previously shown, the formulas are all equiv-
alent. Thus, it is not the case that one formula is correct and the others incorrect, as these authors
have improperly concluded. The only difference between the formulas arises from the manner in
which W is defined; i.e., how one wishes to describe the magnitude of the treatment effect-in terms
of the observed score standard deviation, or in terms of the true score standard deviation, or even in
terms of the error score standard deviation.

Since the various formulas are all equivalent, it might seem that the choice of how to describe the
magnitude of the treatment effect would not matter. However, this choice is in fact very important,
both from a practical and a theoretical viewpoint. The reason is that the magnitude of group differ-
ences (tp) is defined differently in each formula, and W must be specified prior to calculating <~. If W,
equals some constant d, then an equivalent ~r,. is necessarily larger than d for a fallible dependent
measure. In fact, inspection of Equations 7 and 8 shows that t~r must equal dlBI-Q if group separation
is to be equivalent.

Consider, for example, three hypothetical researchers attempting to determine sample size, where
it is known that the reliability of the dependent measure is 0.64. The first researcher decides to ignore
reliability and hence uses Equation 1. He/she is interested in determining sample size for a magni-
tude of group separation given by tpx = 1, leading to a noncentrality parameter given by
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The second researcher decides to incorporate information concerning the reliability of the dependent
measure and hence uses Equation 6. Defining tpr to be 1, seemingly comparable to the definition of
the first researcher, results in

The third researcher also incorporates the reliability information, but defines tpT to be 1.25, thus

yielding

For a fixed n, Researcher 1 seemingly has a more powerful statistical test than does Researcher 2. In
fact, however, the real explanation of the different + values is that the two + values correspond to two
different alternative hypotheses. Although the value of tp in each case is 1, tpx here represents a larger
group separation than does tpT, because ax is larger than Or. On the other hand, Researchers 1 and 3
have specified the same alternative hypothesis; hence the value of their noncentrality parameters is
the same, despite the fact that their two ip values are numerically different.

Thus, Equations 1, 6, and 10 are equivalent, but the attainment of numerically equivalent values
of + for the three formulas necessitates numerically different values of ~, whenever O<e<1. The real

issue, then, is not which formula is correct but rather which definition of tp is most appropriate, since
stating that a meaningful alternative hypothesis for which power should be .80 is one corresponding
to a W of 1 (for example) will in general yield different results for determining sample size, depending
upon whether the tp in question refers to tpx, tpn orWE. The reason that different results will be ob-
tained is that a treatment effect of one standard deviation of observed scores is actually a larger effect
than is an effect of one standard deviation of true scores and hence requires fewer subjects for a fixed
level of power. This relationship can be seen by inspecting Equations 1 and 6, thus explaining Subko-
viak and Levin’s conclusion that Equation 1 underestimates the required number of subjects.

Alternate Definitions of tp

Which definition of W seems to be most generally appropriate? If a researcher wants to detect a
treatment effect of &dquo;w standard deviation units&dquo; (where w is some constant) or of &dquo;w raw score units,&dquo;
should these units refer to observed score units, true score units, or error score units? Although any of
the three can be used to yield correct results, it is difficult to imagine a situation where the use of error
score units would be meaningful. Hence, in practice, the choice seems to be between the traditional
approach versus Subkoviak and Levin’s approach.

Is it more meaningful to state magnitude of effect in terms of observed score units or in terms of
true score units? Although the idea of using true score units sound appealing, it would seem that the
use of observed score units is actually more meaningful for several reasons. First, researchers are
much more accustomed to thinking of treatment effects in terms of observed scores, so that it is easier
to specify a meaningful alternative hypothesis in terms of observed scores than in terms of true scores.
Second, the inclusion of Q in the equation for + introduces yet another parameter whose true popula-
tion value must be estimated. Such errors in estimation will inevitably affect the accuracy of the ac-
tual sample size needed in an investigation. Third, and most important, it is possible that o(7) might
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be near zero, or even theoretically be zero, yet group differences might be large relative to 000 be-
cause o(7) refers to within-group individual differences, and measures sensitive to group differences
may be insensitive to individual differences (see Nicewander & Price, 1978).

As an example, suppose that the dependent variable is a difference score whose components are
highly correlated. In this situation it is well known that the reliability of the dependent variable is
quite low. In fact, as the correlation between the components increases, the reliability of the differ-
ence score approaches zero. A researcher following Equation 6 (i.e., using Subkoviak and Levin’s ap-
proach) will find that an enormous sample is required; indeed, as reliability approaches zero, the re-
quired sample size approaches infinity. However, Overall and Woodward (1977) have demonstrated
that the power to detect group differences is actually increased as reliability of the difference score de-
creases, contrary to the conclusion given by Equation 6.

The apparent contradiction arises because what may seem to be a reasonable magnitude of treat-
ment effect in terms of true score units reflects a miniscule effect in terms of observed score units,
since o(7) is much smaller than 000. This relationship will occur any time reliable individual differ-
ences within groups are small; in this situation, Subkoviak and Levin’s approach is unduly pessimis-
tic.

There seems to be no reason that the magnitude of between-group effects should be expressed in
terms of reliable within-group individual differences variance, since the latter can conceivably be
zero, yet treatment effects can exist. The problem seems to be that some researchers mistakenly be-
lieve that such a situation of no true variance within groups necessarily implies that any between-
group differences are due to error and hence are not real. However, this is incorrect, as the example of
difference scores shows, so that it is sensible to express magnitude of treatment effect in terms of the
observed within-groups standard deviation. Traditional textbook formulas are not only appropriate
but are also generally to be preferred to Subkoviak and Levin’s formulation.

The Effect of Test Length on Power

Since traditional textbook formulas are appropriate and do not take reliability of the dependent
measure into account, it might seem that reliability has no effect whatsoever upon power. In particu-
lar, it might seem that on the basis of the preceding discussion, lengthening a psychological test being
used as the dependent variable in a study should have no effect on the power of the statistical test, al-
though the reliability of the psychological test would be increased. Under certain reasonable assump-
tions, however, the power of the statistical test is increased by increasing test length.

Consider a set of I parallel items with a common intercorrelation of Q and a common within-
group variance of 0:. It will further be assumed that the magnitude of the treatment effect is a con-
stant for each item, i.e., there is a constant C such that for every item i

Thus, for the test composed of I items,

i.e., the magnitude of the effect for the total test score is I times C. The within-group variance of test
scores is given by
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since test scores are simply sums of scores on individual items. Substituting these expressions into
Equation 1 for ~ yields

since for the test as a whole,

Simplification of Equation 18 leads to

Equation 20 is interesting for several reasons. First, it provides yet another approach for de-
termining power. Once again, the distinction between this equation and the others for calculating
power arises because of the definition of W. With Equation 20, tp is expressed in terms of the magni-
tude of treatment effect for the observed score standard deviation of a single item. The sample size
needed to attain a certain level of power for this value of tp can be calculated if I and e are specified.
Second, unless e = 1 (which corresponds to an infallible measure), + increases as I increases, so that
lengthening the dependent measure results in increased statistical power.

Third, the role of Q in affecting the extent to which lengthening the test increases power is made
explicit. For example, if Q =1, Equation 20 simplifies to

so that increasing the length of the test has no effect on power. Such a result is reasonable because e
will equal 1 if and only if the dependent measure is infallible. Thus, for an infallible variable, length
of test is irrelevant. At the other extreme, if Q = 0, the equation simplifies to

so that in terms of ~ there is a direct trade-off between number of items and number of subjects.
Fourth, the formula makes explicit the relative effects on power of lengthening the test or increas-

ing the sample size. Using Equation 20 it is possible to estimate the gain in power that would result
from lengthening the test by some number of items and/or increasing the sample size by some num-
ber of subjects. In practice, the formula should be viewed as providing an estimate, since the assump-
tion of parallel items may be violated, and since the researcher’s judgments of C, Q, and o,2 may be
subject to error.

Nonetheless, inspection of Equation 20 reveals that increasing the sample size by some factor al-
ways results in a larger noncentrality parameter than would result from lengthening the test by that
same factor, as long as Q is nonzero. If Q is zero, Equation 22 shows that the increase in ~ is the same
for an increase in sample size as for an equivalent increase in test length. However, number of sub-
jects is actually more influential than number of items even here, since the degrees of freedom for the
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denominator of the F test depends upon sample size but not upon number of items, and larger de-
nominator df is associated with higher power.

These results agree with the findings of Overall and Dalal (1965) and Cleary and Linn (1969) that
increasing sample size by some factor has a greater effect on power than does increasing test length by
that same factor, regardless of the reliability of the test. Thus, if the cost of an additional measure-
ment is constant, whether it is obtained by gaining an additional person or an additional item, it is
better to increase sample size than test length. However, if additional subjects are more expensive
than additional items, it may be more efficient to increase test length rather than sample size. (For
further discussion, see Cleary and Linn, 1969, who developed equations that provide optimal sample
size and test length subject to cost constraints.)

At this point, that length of test influences power with a fallible dependent measure may seem to
contradict the fact that traditional formulas that ignore reliability are appropriate for determining
power. Once again, the apparent paradox is a consequence of different definitions of tp. If magnitude
of effect is expressed in terms of the observed standard deviation of a single item, increasing the num-
ber of items results in increased power. However, if magnitude of effect is expressed in terms of ob-
served standard deviation of the entire test, lengthening the test has no effect on power because the
standard deviation of observed scores increases as the test becomes longer. In this sense, a standard
deviation difference of 1 between groups on a 20-item test means that the groups are more different
from one another than would a standard deviation difference of 1 on a 40-item test. Specifically, the
magnitude of the effect for an individual item would be larger for the shorter test than for the longer
test.

Hence, a researcher who uses a short test and specifies a tp to be used in Equation 1 is actually ex-
pressing a larger treatment effect per item than is another researcher who specifies the same value for
yr but uses a longer test. Although Equation 1 would tell the two researchers that for a fixed n their
power is the same, the researcher with the shorter test must actually have a larger treatment effect per
item to achieve the same level of power as the researcher using the longer test. Again, Equations 1 and
20 are mathematically equivalent, differing only in the way in which ip is defined.

Conclusion

As has been demonstrated, there are numerous correct methods for determining power. The
choice between these methods depends upon how one wishes to express the magnitude of treatment
effects. In other words, it is possible to state an alternative hypothesis against which power is to be
judged in several different ways, and power varies with these different alternative hypotheses. Al-
though all of the approaches are mathematically correct, the traditional approach seems most mean-
ingful, and it is recommended that researchers continue to use this formula to determine power and
required sample size. Nevertheless, researchers should be aware that there are definite benefits with
respect to power of employing dependent measures that contain small error variance, such as can be
obtained by lengthening the test on which measurements are taken.
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