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Group Dependence of Some Reliability
Indices for Mastery Tests
D. R. Divgi
Syracuse University

Reliability indices for mastery tests depend not
only on true-score variance but also on mean and
cutoff scores. This dependence was examined in the
case of three decision-theoretic indices: (1) the co-
efficient of agreement; (2) kappa; and (3) the pro-
portion of correct decisions. The binomial error
model was assumed, with a two-parameter beta dis-
tribution for true scores. The reliability indices were
computed at five values of the mean, four values of
KR-21, and four cutoff scores. Results show that
the dependence of kappa on mean and cutoff scores
is opposite to that of the proportion of correct de-
cisions, which is linearly related to average thresh-
old loss. Moreover, kappa can be very small when
most examinees are classified correctly. Thus, ob-
jections against the classical reliability coefficient
apply even more strongly to kappa.

The purpose of a mastery test is to classify an
examinee into one of two groups-Masters and
Nonmasters-by comparing the test score with a
criterion value C. Scores of different individuals
are not compared and, therefore, score vari-

ability is not considered important. A test may
provide reliable classification and yet have small
score variance, and thus a low classical reli-

ability (Popham & Husek, 1969). This possibil-
ity, and the fact that test scores are used in a dif-
ferent way, make it desirable to use other relia-

bility indices for mastery tests.

Review of Reliability Indices

Livingston (1972) proposed a modification of
the classical coefficient of reliability:

where C and X are true and observed scores and
p is the mean score. Brennan and Kane (1977)
have used generalizability theory to derive an in-
dex of dependability, which equals k2 when item
difficulties are equal. Another index based on
the concepts of analysis of variance has been
proposed by Harris (1974).
In order to compute any of these indices, the

actual score obtained by each examinee is

needed, and not just the classification. Instead,
one may take the decision-theoretic viewpoint
that the examinee’s classification is the only out-
come of interest, and no further attention need
be paid to the score. One index based on this
viewpoint is the coefficient of agreement pa, the
proportion of examinees who obtain the same
classification in two parallel sets of measure-
ments on the same group (Hambleton & Novick,
1973; Subkoviak, 1976). Another index is Co-
hen’s (1960) kappa, which was recommended by
Swaminathan, Hambleton, and Algina (1974)
and has been studied extensively by Huynh
(1976, 1977, 1978). It, too, is based on consis-

tency between two sets of decisions, but with one
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important difference. Kappa measures the im-
provement the test provides over chance agree-
ment, expressed as a fraction of the maximum
possible improvement over chance.

Let p, and po be the proportions of individuals
classified as Masters and Nonmasters (averaged
over the two measurements). Then, the coef-
ficient of agreement due to pure chance is

and kappa is given by 
’

The smallest value of pch is .5, which occurs
when P, = pa = .5. Therefore, p. is never less
than .5. Kappa, however, can vanish (Huynh,
1978). Both these coefficients can be calculated
by using two forms of the test or from a single
test administration coupled with a theoretical
model. (For a comparison of these methods, see
Huynh, 1976, for kappa and Subkoviak, 1976,
for the coefficient of agreement.) Marshall and
Haertel (1975) have suggested averaging p. over
all possible split halves. This, however, requires
a great deal of computation.
Another index describing the accuracy of de-

cisions is the proportion of correct decisions,
where for an individual the correct decision is
defined by comparing the true score with the cri-
terion. This index has been considered by Sub-
koviak and Wilcox (1978). It will be denoted by
pc.

Purpose of the Study

Values of all the reliability indices mentioned
above depend on the distribution of true scores
in the population, in particular on the mean and
the standard deviation. This makes it difficult to

interpret these indices and to draw conclusions
about relative merits of different tests. If the re-

liability quoted is higher for one test than for an-
other, the cause may lie in the tests or in the
populations to which they were administered. In
the norm-referenced case, if necessary data are

available, reliabilities can be translated into
standard errors of measurement, which are

known to be quite stable from one population to
another (Lord, 1959). This is not possible with
mastery tests because reliability depends not on-
ly on heterogeneity of the group but also on the
mean score. Therefore, a quoted value of a re-
liability coefficient cannot be interpreted prop-
erly unless the mean and the variance of the
scores are provided also.
In order to make use of such additional infor-

mation, it is necessary to know how population
characteristics affect various coefficients. So far,
no one has reported a systematic study of this
question, with the two relevant quantities varied
independently. Huynh (1976) and Subkoviak
(1976) reported variations of kappa and p., re-
spectively, when the cutoff score was varied for a
given distribution of scores. Although this was
unavoidable while using real data, it has little
relevance to actual practice. The real life situa-
tion is one in which groups of different ability
levels take the same test with a specified cutoff
score. Huynh (1976) has noted that kappa in-
creases with score variance, but his conclusion is
based only on single administrations of three
different tests.
Another question, perhaps more important

than that of interpretation, is this: If two coef-
ficients vary with a population parameter in op-
posite ways, which coefficient should be used? It
is known that kappa is largest when the cutoff C
equals the mean score p (Huynh, 1976) and that
the coefficient of agreement is largest when C
and IA are far apart (Subkoviak, 1976). In which
case are the mastery classifications more &dquo;re-

liable&dquo; ? Depending on the answer, one must de-
cide to use one coefficient and to reject the
other. It may be argued that in practice the cut-
off is not varied and therefore that there need be

no worry about this contrast. If, however, the
same contrast is found when p is varied, concern
is with variation of ability from one group to an-
other, which does occur in practice. In that case,
the need to choose between these reliability coef-
ficients cannot be avoided.
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Once a coefficient is selected, results similar to
those in Table 1 can be used for approximate
conversion of the value of the coefficient from
one set of conditions to another. Simulations
meant for such practical use will have to assume
(1) test length equal to that of the actual test and
(2) a more realistic model, e.g., the compound
binomial. The present study is intended mainly
to illustrate trends.

Method

The present study was implemented to deter-
mine the effects of population parameters on
three indices based on decision theory: (1) the
coefficient of agreement p., (2) kappa, and (3)
the proportion of correct decisions p,. These
were calculated for entire populations rather
than for finite samples in order to avoid any

blurring of relationships due to sampling errors.
For any given (proportion-correct) true score ~,

the distribution of observed scores was assumed
to be binomial. The true score was assumed to
have a two-parameter beta distribution (Lord &

Novick, 1968, chap. 23). This model has been
used frequently in studies of reliability indices
for mastery tests (Huynh, 1976, 1977; Subkoviak
& Wilcox, 1978). The compound binomial error
model can be used instead of the binomial, but
the change in results is small. More important,
the pattern of the relationship between reliabili-
ty and an independent variable does not change
(Subkoviak, 1976, Figure 1).
The parameters of interest are the mean p and

the variance of true scores. The latter, however,
is inconvenient; its maximum possible value de-
pends on the value of the mean, since 06 1< 1. In

contrast, the classical coefficient of reliability
can have any value from 0 to 1 at any mean
score. In a binomial model the reliability equals
a2,, given by the Kuder-Richardson Formula 21.
Thus, the independent parameters were a2, and
the mean score 1A (which, in the total population,
is the same for true and observed scores).
A 10-item test was considered, with four val-

ues of the (proportion-correct) cutoff score C =

.55, .65, .75, and .85. The values of the mean
score and reliability were _ .45, .55, .65, .75,
and .85 and a21 = .25, .40, .55, and .70. Selection
of the highest and lowest values of the param-
eters was guided by the values in the real data
used by Huynh (1976) and by Subkoviak (1978).
Calculations were carried out independently for
each set of values of the three independent pa-
rameters.

For any individual with true score ~ the prob-
ability of classification as Master is P(x~CI~). In
the binomial model this probability is given by
the binomial distribution, with C being the prob-
ability of answering any given item correctly. Its
average over the distribution of C equals the
marginal proportion of examinees classified as
Masters, denoted bypt. This has the same value
for test and retest. The proportion of persons
classified as Masters in both tests is the expecta-
tion of [P(x>C~~)]~, denoted by pii. Then, the
coefficient of agreement pa can be calculated as
1+2(p,~ - p,). The value of p. expected from
pure chance is

Kappa then is given by Equation 3. The prob-
ability of correct classification for an individual
is P(x.>,CIC) if lac, and P(x<C~~) otherwise.

Averaging these yields p,, the proportion of cor-
rect classifications in the population.
As mentioned above, the probability density

g(4) at true score C was assumed to be a two-pa-
rameter beta distribution, i.e.,

where B is the beta function and n is the number
of items in the test. The parrameters of the dis-
tribution are determined by the mean and the
reliability as follows:
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(Lord & Novick, 1968, pp. 517 & 520). Integrals
over the beta distribution were evaluated by 24-
point Gaussian quadrature.

Results and Discussion

Kappa can vary from 0 to 1, whereas the coef-
ficient of agreement has a non-zero minimum
value, which is .5 in binary classifications. This
can lead to incorrect impressions while compar-
ii,g their properties and has been avoided by de-
fir -ig rescaled values through the following lin-
ear transformations.

The results are shown in Table 1, which dis-

plays p’ andp’c rather thanpo andp~. Values of
the reliability indices have been shown without
decimal points. With some exceptions, all three
indices increased when a2, increased, while the
mean was constant. The exceptions occur in

cases of p. and p, when IIJ - CI was large. Con-
sider C = .55 and p = .85. The four values of a2,
correspond to true-score standard deviations of
.06, .09, .12, and .16, respectively. These are ap-
preciably smaller than the difference between
the mean and the cutoff score. As classical re-

liability increased, the distribution of the true
scores spread out and the probability density
near C increased. This raised the proportion of
incorrect and inconsistent decisions, because er-
rors of classification are most likely for persons
with true score near the cutoff.

At any given value of a2,, kappa is largest
when p and C are equal, whether the mean is va-
ried while holding the cutoff score constant (Ta-
ble 1) or vice versa (Huynh, 1976). In general, pa
and p, are smallest under these circumstances

(see Subkoviak, 1976). This is to be expected,
since equality of IA and C implies that the mode
of the true score distribution is close to the cut-

off value, where errors are most likely. Both p.
and p. depend on the independent variables in
the same way. Indeed, p’Q is approximated by

.35p’~ + .6Sp’c.2 with maximum error less than

.03 over a range from .17 to .96. This is based on
a wide range of parameter values, so it is unlike-
ly that any other set of realistic 1A and a,, will
yield an appreciably different result (for a 10-
item test). The values .35 and .65 are not impor-
tant ; nor is even the functional form, except that
it is monotonic. The point to note is the surpris-
ingly small size of the scatter, which means that
there is nearly an exact mathematical relation-
ship between consistency and the proportion of
correct decisions. Therefore, the two coefficients
are practically equivalent, and almost the same
information is obtained no matter which one is
used.
The literature does not contain any set of cri-

teria for choosing among different indices of re-
liability. Therefore, consider two arguments that
have been leveled against using the classical re-
liability coefficient for mastery tests. One objec-
tion concerns loss functions. According to Ham-
bleton and Novick (1973), the classical coeffi-
cient is inappropriate because it is based on a
squared-error loss function. They prefer the

threshold loss function, with loss in an indi-
vidual case equal to a>0 if the decision is wrong
and equal to zero if the decision is correct.

Clearly, expected threshold loss is a(1 p~). Thus,
of the three indices considered here, the propor-
tion of correct decisions is related directly to
threshold loss. The coefficient of agreement,
which was recommended by Hambleton and No-
vick (1973), is almost as good because its values
are closely related to those of p~. Not so with
kappa. In fact, the dependence of kappa on the
mean and criterion scores is opposite to that of
p,. Its smallest value in Table 1 is .03, which oc-
curs when P’,= .98.
The other objection against the classical re-

liability coefficient concerns the dependence of
this coefficient on true-score variance in the

group. If lp-Cl is appreciably larger than the
standard error of measurement and the true-

score variance is small, the test will provide re-
liable classifications, but its classical reliability
may be low (Millman & Popham, 1974; Pop-
ham, 1978, p. 144; Popham & Husek, 1969).
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This can happen when the group taking the test
has been well trained, and use of the classical re-

liability coefficient may lead to unjustified rejec-
tion of the test as unreliable.
The values in Table 1 show that kappa is al-

ways smaller than 0’21 and p’c (which have the
same range as kappa) and smaller than p’a ex-
cept when 1A = C. Assuming a normal distribu-
tion of scores, Huynh (1978) has shown that the
maximum value of kappa is (2/n) arcsin (Q)
where e is the classical reliability. This upper
limit, in turn, is smaller than Q unless e = 1

(Lord & Novick, 1968, Table 15.9.1). The values
of e used in the present study are .25, .40, .55,
and .70. The corresponding values of (2/n) arc-
sin (Q) are .161, .262, .371, and .494, respectively.
The largest values of kappa in Table 1 are larger
than these, but only slightly. Thus, we have the
double inequality.

Since kappa is correlational in nature (Huynh,
1976, p. 260), it is sensitive to score variance, just
as Q is. Thus, if the classical coefficient is to be
considered unsatisfactory because it can be

small even when the accuracy of classification is

adequate, the criticism applies even more

strongly to kappa.
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