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This review covers our current understanding of strongly coupled Quark–Gluon Plasma
(sQGP), especially theoretical progress in: (i) explaining the RHIC data by hydrodynamics;
(ii) describing lattice data using electric–magnetic duality; (iii) understanding of gauge-
string duality known as AdS/CFT and its application for ‘‘conformal’’ plasma. In view of the
interdisciplinary nature of the subject, we include a brief introduction into several topics
‘‘for pedestrians’’. Some fundamental questions addressed are: Why is sQGP such a good
liquid? What is the nature of (de)confinement and what do we know about ‘‘magnetic’’
objects creating it? Do they play any important role in sQGP physics? Can we understand
the AdS/CFT predictions, from the gauge theory side? Can they be tested experimentally?
Can AdS/CFT duality help us understand rapid equilibration/entropy production? Can we
work out a complete dynamical ‘‘gravity dual’’ to heavy ion collisions?
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• Quark density must be  proportional to L  (well checked using quark 
susceptibilities  by Ratti,Weise, 06) : gluons to L2   
• Pisarski called the region T=(1-2) Tc  semi-QGP 
• And yet, no such suppression in entropy and energy density: what is 
missing there? <=  Magnetic objects, unsuppressed by L  

Deconfinement/the energy density   

Bazavov et al,  (HotQCD Coll.) , arXiv:0903.4379  

Renormalized Polyakov loop 
QCD ``Higgsing”=> nonzero  A0=>  imaginary chemical potential for electric charge 

Is the transition 20 or 200 MeV wide? 

RHIC 



Magnetic objects and their 
dynamics: classics 



Electric and magnetic screening 
masses (inverse screening lengths) from 
numerical simulation in lattice gauge 
theory  Nakamura et al, 2004 
 arrow shows the ``self-dual” E=M point 

Me>Mm 
Electrric 
dominated 

Me<Mm 
Magnetic 
Dominated 

At T=0 magnetic 
Screening mass 
Is about 2 GeV 
(de Forcrand et al) 
(a glueball mass) 

(Other lattice data 
-Karsch et al-  
show how Me 
Vanishes at Tc in 
more detail) 

ME/T=O(g) 
ES 78 
MM/T=O(g^2) 
Polyakov 79 

 Is QGP really getting magnetic as T<1.4Tc?  



 =>electric/magnetic couplings (e/g) 
 must run in the opposite directions!    

Old good Dirac 
condition  

the  “equilibrium line” 
αs(el)= αs(mag) =1 
needs to be in the 
plasma phase 

  monopoles should be dense  enough and 
sufficiently weakly coupled before 
deconfinement to get BEC 

 =>αs(mag) < αs(el): how small 
can αs(mag)  be?  

αs(electric)  αs(magnetic)=1 
``magnetic scenario”: Liao,ES hep-ph/0611131,Chernodub+Zakharov  

αs(el) 

αs(mag) 



Which magnetic objects are 
seen on the lattice?  

The leash= Dirac string is 
Clearly gauge dependent, 
Can be directed as one wishes 

The collar (string end) is detectable, 
It is 3-d cube from which magnetic  
 flux is going out 

The dog=magnetic object, to be studied 
but not understood yet. Many possibilities 
(e.g. dyons ..Unsals 3 mono+12 q’s), 

Experimentation with monopoles put on 
The lattice in many gauges have shown 
That nearly all of them ``have collars” 
In nearly all gauges 



x-Correlations   
 show it is a liquid 
=> We extract 
magnetic 
Coulomb coupling monopole 

density 
does grow  
as T=> Tc 

+- 

++ 

Spring 2008 

Lattice SU(2) gauge theory, monopoles found and followed by Min.Ab.gauge  



Our MD for 50-50 MQP/EQP 

stronger correlation 
At higher T! 



αs(electric)  and αs(magnetic)                                
do run in opposite directions! 



``caging” and (classical MD) transport 



j’ is not an integer! 



A surprize: no corrections to 
thermodynamics 



Scattering amplitude 
 vs maximal impact parameter or jmax 



Not surprising, large correction to transport 

Son et al 
AdS/CFT 
1/4pi=0.08 



Reviving Feynman theory of BEC for 
He4 

PIMC done in 1980-1990 and is still going (Ceperley, RMP) 
explained many things accurately, still not elucidated if 
Feynman was completely right 

Z =
!

k

Ck(geometr)exp(!k!S) =
!

k

(ce!!S)k



Large polygons =>  moving line model 
studied semiclassically and by the 1d path integral 
numerically 

Bose-Einstein Condensation of strongly interacting bosons:
from liquid He4 to QCD monopoles
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Starting from classic work of Feynman on the !-point of liquid Helium, we have developed a
simple “moving string model” which can rather accurately predict the critical temperature for liquid
He4. It approximates Feynman’s “polygons” by an infinite line of particles, simultaneously jumping
to its neighbor’s place. The action needed for that per atom is calculated both semiclassically and
numerically: we then follow Feynman’s idea that this action should be some universal constant. This
treatment also explains why high density (solid) He is not a BEC state. We then use this model
for deconfinement phase transition of QCD-like gauge theoris, relating it to BEC of (color)magnetic
monopoles. We start with Feynman-like approach without interaction, estimating the monopole
mass at Tc. Then we discuss the role of monopole’s Coulomb repulsion, and end up proposing
certain lattice studies of monopole “polygons” (or clusters).

PACS numbers:

I. INTRODUCTION

The goals of this paper are two-fold. The first goal
is rather general: to get better qualitative understand-
ing of the parameters controlling the transition between
the “normal” matter and its Bose condensed versions, for
strongly interacting particles which may be in form of a
liquid (fluid-superfluid transition well known for He4) or
solid (solid-supersolid transition yet to be found). Al-
though there are high quality Monte Carlo numerical re-
sults for He4 and many other systems, we think that
the need for a analytic and transparant theoretical con-
densation criterium is very much needed, as performing
numerical simulations is not trivial in each new settings.

As it will be explained in detail below, we will follow
50-year-old Feynman theory of Bose condensation [? ? ],
in which he introduced the notion of the critical value for
the jump amplitude yc. When Feynman realized that his
simple treatment (evaluation of only the kinetic energy
part of the action) needs correction, he simply introduced
an “e!ective mass” thinking that some extra matter is in-
corporated into exchange motion. We think instead, that
other particles (except the ones in the exchanged poly-
gon) have very little chance to move. Instead, the jump
amplitude should be correctly evaluated, with the inter-
action term included. We thus revive Feynman’s idea,
using a simple model of particle motion –the “moving
string model” – which can be studied either semiclassi-
cally or numerically of the smallest-action paths which
particles should follow during their exchanges.

Our second goal is very far from atomic systems: the
particular physicl system we are interested in is QCD
matter above deconfinement phase transition, called
“Quark Gluon Plasma” (QGP for short) [? ]. Although
quantum field theories are much more di"cult to study
then even manybody problems, by now we have pow-
erful numerical methods – known as lattice gauge the-

ory – which provides first-principle simulations at finite
temperatures. Thus we do know about thermodynam-
ics of QCD and are avare of the deconfinement phase
transition, with the critical temperature in the range
Tc = 160! 180 MeV . The corresponding QCD equation
of state has passed its test well, when it was used in hy-
drodynamical treatment of QGP fireball created in heavy
ion collisions, for review see e.g.[? ]. Unfortunately, as
those simulations use Euclidean time formalism, it is very
hard to get the transport properties which are very im-
portant for understanding the pertinent experiments.

At very high T one can view QGP as a plasma made
of “electric” quasiparticles, quarks and gluons. How-
ever in general such plasma contains not only electrically
charged quasiparticles but also magnetically charged ob-
jects – monopoles and dyons.

In fact it is Bose condensation of monopoles which
is believed to be responsible for “dual superconductor”
properties of the confining low-T phase of QCD. Thus our
second goal can be said to be a qualitative understanding
of the confinement-deconfinement phase transition.

Dual superconductivity was proposed by t’Hooft and
Mandelstamm [? ], for extensive reviews of its applica-
tions at zero temperature see [? ? ]. We will not discuss
them, and just note that lattice studies of monopoles in
abelian projections have found the shape and field dis-
tribution inside the confining strings in good agreement
with that in the Abrikosov flux tube of a superconduc-
tor [? ]. For studies of flux tubes above Tc (formed by
uncondenced monopoles) see [? ], for their possible ex-
perimental manifestation in heavy ion collisions see [?
].

As emphasized in [? ], with a decrease of the temper-
ature and increase of the electric coupling constant one
expects a gradual shift from electric to magnetic domi-
nance, with large density of monopoles near (but above)
Tc. The particular issue we will discuss in this paper is
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that if deconfinement is the BEC transition of monopoles,
one certainly need their density to be su!ciently high and
Coulomb repulsion su!ently weak to allow it.

Recent lattice studies, in particularly [? ], have focused
on magnetic monopoles in the high temperature phase of
Yang-Mills theories, and indeed found rather high densi-
ties of them close to Tc. They also measured equal-time
correlators of like and unlike monopoles (fig.5 of [? ])
which clearly shows peaks characteristic for liquids. The
magnetic Coulomb coupling does show the decrease at
smaller T predicted in [? ], and the monopole correlators
are very similar to those obtained for classical Coulomb
plasmas, see review [? ].

FIG. 1: Example of polygon due to particle exchange

II. REVIVING THE FEYNMAN’S THEORY OF
THE HELIUM !-POINT, 55 YEARS LATER

A. Feynman’s theory

Feynman’s main point is that one may try to under-
stand rapid particle rearrangements using just the kinetic
energy, as the dominant part of the relevant action. The
starting point is the thermal partition function in the
form

Z = e!
F
T (1)
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where m" is the e"ective mass of a He atom, the sum
is done over permutation P of the particle coordinates,
the function " includes e"ects of the interparticle interac-
tions and the exponent contains additional action due to
kinetic energy. His main idea is that the function " can be
inferred from general properties of the liquid, its quasi-
ordered local structure with peaked distribution over in-
terparticle distances at some nearest-neighbor value d (in
the case of cubic lattice d is the lattice spacing). Then

the relative magnitude of a term with permutation of n
atoms would be proportional to the n-th power of the
”jump amplitude” which is approximated as

yF = exp
%
! m"Td2

2!2

&
(2)

with some combinatorial prefactors, describing a num-
ber of corresponding to non-crossing polygons in the 3d
lattice. The divergence of this sum, at the parameter
approaching some critical value yF " yc should indicate
the presence of ”infinite cluster”, the signature of Bose
condensation. The condition for this, Feynman argues,
is yc # 1/s where s is the growth factor in the number
of polygons when n is increased by one unit. Feynman
mentioned that he expected yc = 1/4 – 1/3.

The combinatoric problem to find the correct critical
value of the Feynman parameter, was studied in details
by Kikuchi et al. [? ]. They found a critical action Sc #
1.9. We can consider the distance d of a ”jump” fixed
to the position of the nearest neighbor maximum in the
static correlation function g(r) for liquid He, which is
d # 3.5 Å. If this value is used and the critical action
is taken to be the one obtained by Kikuchi, in order to
recover the correct position of the #-point Tc = 2.17,
the Helium mass is changed to an e"ective value m" =
1.64mHe. Otherwise, using the physical Helium mass we
obtain Tc = 3.57 which is, of course 64% bigger than
the real critical temperature. In the eighties Elser [? ]
deterined numerically that the critical action should be
smaller than the values obtained in [? ], Sc # 1.44. Using
this new parameter the predicted critical temperature
reduces to Tc = 2.72, closest to the physical temperature.

In the Feynman picture all the e"ects of the potential
are absorbed into an e"ective mass m" that appears in
the kinetic part of the partition function. In this letter
we try to study the He #-point, starting from the idea of
Feynman, but including the e"ects due to the potential
at a mean field level. In our calculations we have con-
sidered the Aziz potential HFDHE2 [? ]. We will show
which in this context an estimate for the Helium criti-
cal temperature can be obtained within an error of 5% if
we assume that the critical action will be the same than
the free case, that, as we will show, can be estimated to
Sc = 1.655 for a cubic lattice.

Following Feynman we put the Helium atoms filling a
cubic lattice and consider two di"erent states for the sys-
tem: the first where the atoms are static on the lattice
sites, the second where the atoms on a line of the lattice
are moving coherently in a given direction, for example
along the x, see Fig.??. If we consider an infinite sys-
tem we can consider that this line is a side of a polygon
with infinite number of atoms. Another di"erence with
the Feynman’s work is that in our case the atoms lying
on the moving line are not restricted to move on the lat-
tice link: what they must do is to jump from one site
to the following on the same line, but in between they
move following the three-dimensional equation of motion
imposed by the geometry of the selected configuration.
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The appearance of such a kind of particle cluster, as
proposed by Feynman, is connected to the transition into
the superfluid phase. Confirmation of this hypothesis
come also from Path Integral Monte Carlo (PIMC) cal-
culations, which, at today, represent the only way to de-
termine without any approximation, the Helium critical
temperature. In this framework, the transition point is
fixed exactly from the appearance of atoms involved in
an exchange which winds around the simulation box.

{
a

FIG. 2: z = 0 of the three dimensional lattice, the red arrows
identify the moving atoms

The idea of Feynman was to consider the ratio between
the partition function of the system where permutations
are possible with respect to the ”Boltzman” case where
particles do not permute. In our case we are interested to
understand the properties of the particular system where
there is exactly one line involved in permutation with
respect to the Boltzman system.

Systems at finite temperature can be studied using
path integral techniques in the Euclidean space, where
t! "i! .

In general the partition function for bosonic interacting
particles in Euclidean space can be written as

Z(x1, ...xN ;") =
1
N

!

P

"
Dx1(!)...DxN (!)e!

R !
0 SE [x1,..,xN ;! ]d! (3)

where " = 1
kBT and the Euclidean action is

SE [x1, .., xN ; ! ] =
N!

i=1

#m

2
ẋ2

1(!) +
N!

j=1

V (xi, xj)
2

$
, (4)

and only two-body interactions are taken into account.
Now we consider the case where K particles

(xk, ...xk+K) on a line move coherently, that means:
xk+j(!) = xk(!) + jd. This hypothesis implies
that we have chosen the particular permutation where
xi "=k,...,k+K(!) = xi, xk(!) = xk+1(0), ..., xK(!) = xk(0).
Moreover we impose that the position of all other parti-
cles is constant.

B. The “moving string” model

Having selected this particular configuration, we can
evaluate the potential acting on a particle lying on the
line, due to all the other particles.

In Fig. ?? we can see the projection on the x"y plane of
the resulting mean field potential and one of the possible
path followed by the atoms on the moving line.

0

5
x !Å"

!1.0

!0.5

0.0

0.5

1.0

y !Å"

!50
!48

!46

!44

!42

V !K"

FIG. 3: Projection oon the x! y plane of the potential for a
particle on the moving line

In particular we consider only the x-coordinate and
study the dependence from the density of the mean field
potential. In Fig. ?? we can see how change the behavior
of the potential considering the atoms disposed on a cubic
lattice and changing the density. In Fig. ?? we do the
same for an HCP crystal. We can see that there is a range
of density in both case where the origin is no longer a
minimum, which means that the lattice considered is not
the correct one to study the system. Therefore we need to
pay attention which configuration we choose depending
on the density.

Another fact related to the Aziz potential is repre-
sented in Fig ??, where we see that the amplitude of the
sinusoidal potential does not increase continuously when
the density grows. We can think that such a behavior
will be connected wit a wrong description of the atoms
distribution in this range of densities.

This is indeed peculiar of the Aziz potential where we
have both attractive and repulsive terms. If for example
we consider a simple negative power potential, such a
behavior not only disappears but we can find a simple
relation between the amplitude V0 and the density.

Define the negative power (NP) potential

V NP =
#p

rp
(5)

with #p > 0. The scattering length can be defined for

Crossing the 
Boundaries… 
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as
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where C0(x) is the potential acting on the particle at rest
and which is exactly the potential that also appears in
the Boltzman partition function.

For this reason the ratio between the Bose (Z) and the
Boltzman (ZB) partition function reduces to

Z
ZB

=

& '
Dxk(")e

!
R !
0

#
m
2 ẋ2

k(!)+V0(x)

$
d!

'
Dxk(")e

!
R !
0

#
m
2 ẋ2

k(!)+C0(x)

$
d!

(K

(9)

and the Feynman parameter is given by

yF =
'
Dxk(")e

!
R !
0

#
m
2 ẋ2

k(!)+V0(x)

$
d!

'
Dxk(")e

!
R !
0

#
m
2 ẋ2

k(!)+C0(x)

$
d!

(10)

C. The semiclassical calculation

The simplest case is that of noninteracting particles,
for which the optimal path (feynman’s instanton) is just
straight lines starting at the initial position of a particle
and ending at the previous position of its neighbor (as
indicated by lines with arrows in this figure). Since ve-
locity is constant, the extra action per particle needed for
its jump is nothing but just the kinetic energy times the
Matsubara time ! = !/T available for the interchange,
with an obvious velocity on the segment being d/!

Sideal =
m

2
(
d

!
)2! (11)

per particle, for each of the diagrams. Let us see what is
this action at the Bose-Einstein condensation (BEC)line,
for the ideal gas. Using

Tc = 3.31!2n2/3/m (12)

and Wigner-Seitz estimate for distance from the density
n!1 = (4#/3)d3 one finds that the critical action for the
“Feynman instanton” is

SBEC/! =
3.31

2(4#/3)2/3
! .63 (13)

When density is too low or T is too high, so that
S > SBEC , the sum over the polygons is exponentially
converegent and thus the gas remains in normal phase.

Now we switch on the potential and impose our atoms
to be displaced on a cubic lattice. As a first analytic
approach to the problem we look for the semiclassical
tunneling path – known as periodic instanton, or caloron.
It corresponds to solution of classical equation of motion
in Euclidean time, now including the potential. All cases
we are interested in this periodic potential on various
lattices and forces happens to be well described its first
harmonics, the situsoidal potential:

V (x) = V0 sin2(x#/d) (14)

which interpolates between the minima of V

xcl(0) = 0
xcl(!) = d

Introducing conserved Euclidean energy EE

EE =
m

2
ẋ2 " V (x) # ẋ =

)
2
m

(V (x) + EE) (15)

after separation of variable we has the solution
dx*

2
m (EE + V (x))

= d" (16)

which can be easily integrated
)

m

2

" xcl(!)

xcl(0)

dx+
EE + V (x)

=

)
m

2
d
F[x#/d,"V0/EE ]

#
$

EE
|xcl(!)
xcl(0)

= " " "0 (17)

where F is the elliptic integral of the first kind. Imposing
xcl("0 = 0) = 0 we have

xcl(") =
d

#
JA

!)2EE

m

#

d
"," V0

EE

%
(18)

with JA the Jacobi amplitude for elliptic functions. Par-
ticular solution for EE = 0 is called the instanton, it
corresponds to the zero temperature ( or ! # %) limit.
In our setting it is not interesting since we only approach
the critical point from above and thus T > Tc.

For arbitrary temperature the duration of the Matsub-
ara time ! is prescribed: thus from Eq. ?? we obtain the
equation to fix the energy. One can also read it imme-
diately as the critical temperature as a function of the
parameter of our system (d, V0 and EE)

Tc[d, V0, EE ] = (
)

m

2EE

d

#
F[#,"V0/EE ])!1

=
)

m

2EE

d

#
2K["V0/EE ])!1. (19)

provided the energy is substituted from the Feynman
condition, which say that the Euclidean action

SE [d, V0, EE ] =
" "

0
d"

#m

2
ẋ2

cl + V (x))

=
d

#

)
mEE

2
2
#
2E

!
" V0

EE

%
"K

!
" V0

EE

%$
, (20)
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is equal to the Feynman critical value.
In the instanton limit EE = 0 we have for the action

S0 =
2d
!

2mV0

!
(21)

And the corresponding trajectory is given by

x(") =
2
!

d arccot
!
exp

"
"

#
m

2
!V0

d
"

$%
. (22)

In Fig. ?? we can see the di!erence between the instanton
trajectory and the simple straight line corresponding to
the case of a free Bose gas.

0

!
Bose gas

Instanton

FIG. 9: Instanton trajectory we have in the presence of a
potential barrier, compared to the free Bose gas case.

If the critical action for BEC would happen to be much
larger than 1, it would be accurate: unfortunately it is
only 1.65 or so. Therefore one can only use semiclassical
result for qualitative conclusions.

One of those is that as the matter is compressed, so
that its density and V0(n) grows, so is the action required
for tunneling, see Fig. ??(a). Therefore, if the action gets
large enough, S0 > Sc, Feynman condition would not
be fulfilled. Thus a su"ently compressed He cannot be
neither superfluid nor supersolid following this interpre-
tation. As one can see from this plot, predicted critical
density is about the physical density of He at the lambda
point. More detailed comparion between real He and
caloron/instanton approximation is shown in Fig. ??(b).
While it is qualitatively correct, it is not quite accurate.

One may wander if doing the first loop quantum cor-
rections to semiclassical action would improve it. With
this accuracy the Feynman parameter can be written as

yF =
e
! d

!

q
mEE

2 2

&
2E

'
! V0

EE

(
!K

'
! V0

EE

()

&
detF̂ [xcl]

)1/2
. (23)

However we have not calculated it, using numerical path
integral insted.

S0>1.655

cannot condense

S0<1.655

can condense
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FIG. 10: (a) The action for the instanton solution as a
function of the density. When the action is larger than the
critical value S = 1.655 (dashed line) the system cannot be
Bose-Einstein condensed phase.
(b) The critical temperature obtain from the
caloron/instanton solution (dashed line) and from the
1-d PIMC simulation (points). The red star shows the
physical location of the lambda point.

D. The 1-d quantum path integral

As we have already emphasized above, since the ac-
tion is not large, one cannot expect the semiclassical the-
ory be really accurate. Fortunately quantum fluctuation
around the classical trajectory can be taken into account
by numerical evaluation of the r.h.s. of (??) can be sim-
ply performed using PIMC code. Note that compared
to PIMC simulation of manybody these calculations are
very cheap in terms of computational power because we
consider a one dimensional system with only one particle.

In order to find the critical temperature as a function
of the density we do the ansatz that the value of the Feyn-
man parameter of our system is more or less the same as
for the free Bose gas. Because we know that for the free
Bose gas SF = " log(yF ) = 1.655 independent from the
density, we simply computed S for di!erent temperature
at fixed density and when S(T, n) = 1.655 we simply
called that critical temperature. in Fig ?? we plotted
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is equal to the Feynman critical value.
In the instanton limit EE = 0 we have for the action

S0 =
2d
!

2mV0

!
(21)

And the corresponding trajectory is given by
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exp

"
"

#
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2
!V0

d
"

$%
. (22)

In Fig. ?? we can see the di!erence between the instanton
trajectory and the simple straight line corresponding to
the case of a free Bose gas.

0

!
Bose gas

Instanton

FIG. 9: Instanton trajectory we have in the presence of a
potential barrier, compared to the free Bose gas case.

If the critical action for BEC would happen to be much
larger than 1, it would be accurate: unfortunately it is
only 1.65 or so. Therefore one can only use semiclassical
result for qualitative conclusions.

One of those is that as the matter is compressed, so
that its density and V0(n) grows, so is the action required
for tunneling, see Fig. ??(a). Therefore, if the action gets
large enough, S0 > Sc, Feynman condition would not
be fulfilled. Thus a su"ently compressed He cannot be
neither superfluid nor supersolid following this interpre-
tation. As one can see from this plot, predicted critical
density is about the physical density of He at the lambda
point. More detailed comparion between real He and
caloron/instanton approximation is shown in Fig. ??(b).
While it is qualitatively correct, it is not quite accurate.

One may wander if doing the first loop quantum cor-
rections to semiclassical action would improve it. With
this accuracy the Feynman parameter can be written as

yF =
e
! d
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mEE

2 2

&
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EE

(
!K

'
! V0

EE

()

&
detF̂ [xcl]

)1/2
. (23)

However we have not calculated it, using numerical path
integral insted.
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physical location of the lambda point.
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As we have already emphasized above, since the ac-
tion is not large, one cannot expect the semiclassical the-
ory be really accurate. Fortunately quantum fluctuation
around the classical trajectory can be taken into account
by numerical evaluation of the r.h.s. of (??) can be sim-
ply performed using PIMC code. Note that compared
to PIMC simulation of manybody these calculations are
very cheap in terms of computational power because we
consider a one dimensional system with only one particle.

In order to find the critical temperature as a function
of the density we do the ansatz that the value of the Feyn-
man parameter of our system is more or less the same as
for the free Bose gas. Because we know that for the free
Bose gas SF = " log(yF ) = 1.655 independent from the
density, we simply computed S for di!erent temperature
at fixed density and when S(T, n) = 1.655 we simply
called that critical temperature. in Fig ?? we plotted

He4 

Sc= 
1.655  

Baym,Blaizot.. 
pert.calculaiton 
works at small n 

Making instantons practical, 
Once again 
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T=1.76 K

FIG. 14: 4He phase diagram

and ignore gluon quasipaticles. The standard units used
in this field are based on ! = c = 1, and thus only one
unit (length in fm or energy in GeV, so fm*GeV=.198)
needs to be defined. It is standard in lattice works to
calculate the string tension ! at zero T and fixed its value
to be the same as in real QCD, namely

!
! = 0.42 GeV ,

which we will follow. The critical temperature in such
units is Tc " .27 GeV .

The work [? ] (pure gauge SU(2) theory) has provided
measurements for monopole (plus antimonopole) density
n at T = (1# 12)Tc. In this theory Higgsing leaves only
one massless U(1), and thus there is only one kind of
monopole. For orientation, near Tc they find n/T 3 " .3.
This the distance between identical monopoles is

a = (n/2)!1/3 = 1/(.53 $ .27GeV ) " 1.4fm (24)

(where 2 is because we only need density of one charge).
The Feynman criterium is S = Sc, as we discussed

above: thus we have to estimate the action of the
monopole which tries to occupy the position of another
identical monopole at distance a away. The time for this
is Matsubara time " = !/T = 1/(.27 GeV ) = .73 fm.
In the Feynman approximation – when only kinetic part
of the action is included – the (Euclidean) velocity on
the optimal path is constant v = a/". Putting numbers
reveals two complications: (i) v > 1 and (2) relativistic
monopoles require relativistic form for Euclidean action.
Since we speak about tunneling, having imaginary ac-
tion and velocity is in fact appropriate; no negative roots
appear. The Euclidean version is

SE = iSM = im

!
ds = m"

"
1 + a2/"2 (25)

If roughly m = .3GeV

" = 1/0.27GeV, sqrt "
!

5 the product is about 2.5,
which is not Sc = 1.8 but not far o!.

We can make it as a mass estimate. Conclusion:
monopole mass should be a bit less than 300 MeV.

B. The e!ect of Coulomb repulsion

Color monopoles interact via Abelian unbroken com-
ponents of the gauge field, thus we can simply call them
positive and negative charges. (This is strickly speaking
only so for the SU(2) color group, while in physical SU(3)
case there are two Abelian fields, proportional to #3,#8

Gell-Mann matrices, with two families of monopoles.)
Such charges obviously prefer alternating cubic lattice.

Furthermore, classical Molecular Dynamics which repro-
duces their static correlation functions observed on the
lattice (see discussion and references in [? ]) comple-
ment the Coulomb potential by the repulsive core, to
ensure classical stability of the lattice. The potential is
thus written as

Vij(r) % [
(#)Qi+Qj

r
+

1
brb

] (26)

where charges Qi, Qj = ±1 and b is the core power. It is
usually selected to be large, to produce small corrections
except close to the origin: we use the conventional b=9.
The forces are balanced at distance 1, which defines the
normalization.

Near Tc the condensate is still small fraction of all par-
ticles, in spite of diveregent (or highly peaked) specific
heat: thus we may think that only particles of one kind
(e.g. only positive ones) are moving along the line. This
promts us to take one diagonal of the cubic lattice (rather
than a line parallel to axes) to be jumping the distance!

2, while keeping all other positive and all negative ones
stationary. The potential corresponding to such forces
was calculated and plotted in Fig.?? (poins). As usual,
it is well represented by the sinusoidal potential, and its
amplitude scales as V0 % n1/3.

The role of interaction...

C. Discussion

Liquid He4 at the lambda-point shows characteristic
infinitely high peak in its specific heat, famously at-
tributed by Feynman to divergence in the sum over the
contribution of the k-polygons.

The pure gauge theory deconfinement is second or-
der for SU(2) group, it is the first order transition for
SU(Nc > 2) and so far is designated to be a crossover one
in QCD, with dynamical quarks. This means that added
quarks somehow tame the peak in the specific heat, to
still large but finite hight. (It may still be a finite-volume
e!ect.) It is perhaps fair to say that at the moment no-
body has a clue why is it so, at least we are not aware of
any definite ideas.

7

!!!!

0.020 0.025 0.030

1.8

2.0

2.2

2.4

n

T
c

FIG. 11: Density dependence of the critical temperature.
Black points are obtained using the exponential dependence
of V0(n).The red star is the physical result for 4He. The blue
square is obtained using the V0 as obtained directly from the
Aziz potential.

the results obtained in the case of the cubic lattice. We
can see the good agreement between our calculation and
the physical critical point. Also when we use the formula
V0(n) = an6/3 for the prediction of the amplitude, our
prediction is only four precent larger than the physical
value.

Is also interesting to notice that the physical point is
the point where the critical temperature is larger, in this
sense is looks like natural that condensation happens in
nature exactly at that point.

Now we plot the ratio Tc/T0 (Fig. ??), where T0 is
the critical temperature for the free Bose gas. In the
limit of small density we recover the Bose gas critical
temperature as it should be. In the other limit we have a
di!erent interesting result, the considered ratio decreases
until a certain point. For larger density we simply can-
not have condensation in the sense that we cannot find
any temperature where S(T ) = 1.655. This can be seen
more clearly looking at Fig. ??. Starting from around
n ! 0.033 Å!3 we cannot find any critical temperature
di!erent from zero. As a consequence we have a jump
from a minimum of Tc ! 1.7 K to Tc = 0 around that
density. Here is not particularly significant the precise
value of the density but the existence of this jump that
means that at the left of this particular density the sys-
tem can condense at a relatively large temperature, only
just at the right it simply cannot condense.

Looking at the 4He phase diagram (Fig. ??) is also
interesting to notice that the !-line starts at P = 0,
T = 2.17 and ends at some pressure with T = 1.76 very
close to our estimate for the minimal critical tempera-
ture. Obviously the density where we observe this be-
havior is completely di!erent, nevertheless is interesting
to notice that the two minimal critical temperature coin-
cide. It seems to suggest that it is not possible to have a
supersolid phase of Helium because, as soon as we enter
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FIG. 12: Tc/T0 density dependence.
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FIG. 13: Action as a function of the temperature for di!erent
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in the non-liquid phase, the critical temperature jumps
from Tc = 1.76 to zero.

III. MONOPOLE CONDENSATION

A. Free monopoles

Again following Feynman, we approach the problem
from the high-T phase, the QGP, in which monopoles
are not Bose-condenced.

So let us put some numbers about corresponding con-
ditions, obtained from lattice studies.

First of all, since we discuss “excited vacuum”, there is
no any nonzero conserved charge, and thus the medium is
neutral, containing equal number of electrically charged
quasiparticles (quarks) and antiparticles. The same is
true for magnetically charged quasiparticles, there is an
equal number of monopoles and antimonopoles.

We will only consider pure gauge theories (no quarks)

As density grows, Feynman condition cannot be  satisfied: 
=> solid He4 is not  supersolid 



BEC (confinement) condition 
for monopoles 



Lattice studies of monopole 
clusters near Tc  
(M.D’Ellia,A.D’Alessandro) 

be counted once. So we shall still divide for n1!n2! . . . nk! to obtain the result
above for C(n1, n2 . . . nk).

The exact computation of the sum in (3) is not simple due to the presence of
a constraint

!
k knk = N on the possible partitions, which must sum up to the

total number of particles. The standard way to do it, as in the grand-canonical
formalism, is to look for the partition {n1, n2 . . . nk} which maximizes the sum
and assuming that the only relevant contribution comes from it, because other
addenda are strongly suppressed. We must then look for the {n1, n2 . . . nk} which
maximizes the summand in (3) with the constraint

!
k knk = N , to which the

Lagrange multiplier µ ! 0 is associated. The solution is then

nk

N
=

V

!3N

e!µk

k5/2
(5)

for all k’s, with the further constraint

+""

k=1

e!µk

k3/2
" N!3

V
= 0 (6)

Of course these formula hold only above the superfluid transition because we did
not account for particles condensing in the fundamental (zero momentum) state.
Actually the maximum number of particles which can be accomodated in excited
(normal) states is given by (6) for µ = 0, that is

N =
V

!3

+""

k=1

1

k3/2
(7)

At this point (T = Tc) any further particle is collocated in the fundamental state,
giving thus Bose-Einstein condensation and transition to superfluidity.

Now the strategy to derive the dynamical mass for our monopoles is clear:
from numerical simulations we have all the ingredients, "(T ) = N/V (the density),
nk(T ) (the number of trajectories wrapping k times) and N(T ) (the total number
of trajectories) that appear in (5) and (6). The parameters to be determined are
the chemical potential µ(T ) and the mass m(T ), which is the quantity of interest.

First of all we determine the chemical potential from (5) applied to trajectories
wrapped once n1 and twice n2,

µ(T ) = log

#$
1

2

%5/2 n1(T )

n2(T )

&

(8)

or equivalently from the same (5) applied to trajectories wrapped twice n2 and
three times n3

µ(T ) = log

#$
2

3

%5/2 n2(T )

n3(T )

&

(9)

The chemical potentials extracted in either of the two ways are compatible, even
though the second method carries on quite large relative errors due to the little
number of n3 (see fig.1).
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Figure 1: Chemical potential extracted from (8) and (9) (left) and left hand side
of (6) (right).

Now that we have the chemical potential as a function of temperature we can
use (5) for the last time to obtain

m(T ) =
2!

T

!
eµ(T ) n1(T )

V

"2/3

(10)

which can be seen in figure 2.
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Figure 2: Monopole mass extracted from (10) with chemical potential (8) (left)
compared with the one extracted from mean squared fluctuations and from a
mean-field model with harmonic potential (right).

Let us make some comments and checks: first of all we remark from figure
1 that the chemical potential goes correctly to zero as we approach Tc:
this is what is expected from a normal Bose-Einstein condensation. The
statement is highly non-trivial: we are actually able to predict (also
quantitatively) the existence of a critical point from the behaviour of
µ and it happens that this critical point coincides within errors with
the deconfinement transition, thus showing that indeed confinement is
a Bose-Einstein condensation phenomenon.

At a second sight we see that the constraint (6) is very well satisfied everywhere
except in the region very close to Tc: this is expected since at Tc the validity of
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1 that the chemical potential goes correctly to zero as we approach Tc:
this is what is expected from a normal Bose-Einstein condensation. The
statement is highly non-trivial: we are actually able to predict (also
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• Clusters with k<4 behave like in He 
•  mu and monopole masses consistently determined, 
they are lighter than dyons (M(dyon)/T=S(inst)/Nc=4) 

M(T=Tc) =>.3 GeV. 
As predicted  



 New phenomena in heavy ion 
collisions: 

 the ``cone” and ``ridges” are 
seen  
they are “too bright” 
 => flux tubes seem to survive 
for long time 



Three main jet 
correlations : 

  ``Shoulder” on the away 
side  => ``conical flow” 

(H.Stoecker,J.Casalderrey+ES, 2005) 
  ``Hard ridge” => forward-

backward bremmstrahlung 
cones kicked out by hydro 
radial flow  

(ES 0706.3531, PRC76) 

  ``Soft ridge” => initial 
stage fluctuation of the 
color changes 
(Dumitru,Gelis,McLerran,Venugopalan, 
0804.3858, Gavin et al 0806.4718) 



The 3-particle correlations confirmed conical shape.  The 
cone angle seems to be universal,  
but large  => cs=.2, why? 
Why cone is so bright? and why there is no wake? 
Why does it exists at SPS? (CERES) ARTICLE  IN  PRESS

E. Shuryak / Progress in Particle and Nuclear Physics ( ) – 17

Fig. 12. (left) A schematic picture of flow created by a jet going through the fireball. The trigger jet is going to the right from the origination point B. The
companion quenched jet is moving to the left, heating the matter (in shadowed area) and producing a shock cone with a flow normal to it, at the Mach
angle cos !M = cs/v, where v, cs are jet and sound velocities. (right top) The background subtracted correlation functions from PHENIX experiments, a
distribution in azimuthal angle "# between the trigger jet and associated particle. Unlike in pp and dAu collisions where the decay of the companion
jet create a peak at "# = $ (STAR plot), central AuAu collisions show a minimum at that angle and a maximum corresponding to the Mach angle. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

2.4. Charmonium suppression

Charmonium suppression is one of the classic probes: since charm quark pairs originate during early hard processes, they
go through all stages of the evolution of the system. A small fraction of such pairs !O(10"2) produce bound c̄c states. By
comparing the yield of these states in heavy ion collisions to that in pp collisions (where matter is absent) one can observe
their survival probability, giving us important information about the properties of the medium.

Many mechanisms of J/% suppression in matter were proposed over the years. I suggested the first in the original
‘‘QGP paper’’ [3], it is a gluonic analog to ‘‘photo-effect’’ gJ/% # c̄c . Perturbative calculations of its rate (see e.g. Kharzeev
et al. [54]) lead to large excitation rates. Indeed, since charmonia are surrounded by many gluons in QGP, and nearly each
has energy sufficient for excitation, one may think J/% would have a hard time surviving. That was the first preliminary
conclusion: nearly all charmonium states at RHIC should be rapidly destroyed. If so, the observed J/% may only come from
recombined charm quarks at chemical freezeout, as advocated e.g. by Andronic et al. [55].

However the argument given above is valid only if QGP is a weakly coupled gas, so that charm quarks would fly away
from each other as soon as enough energy is available. As was recently shown by Young andmyself [56], in strongly coupled
QGP the fate of charmonium is very different. Multiple momentum exchanges withmatter will lead to rapid equilibration in
momentum space, while equilibration in position space is very slow and diffusive in nature. Persistent attraction between
c̄ and c makes the possibility of returning back to the ground state for the J/% quite substantial, leading to a substantially
higher survival probability. For the sake of argument, imaginematter to be so dense that any diffusion of c̄ and c is completely
stopped: then, after this situation changes by hadronization, one would still find charm pairs close to each other and thus
J/% – with its by far the largest density at the origin – will be obtained again. Thus, strongly coupled – sticky – plasma may
actually preserve the J/% .

Matsui and Satz [57] have proposed another idea and asked a different question: up towhich T does charmonium survive
as a bound state? They argued that because of the deconfinement and the Debye screening, the effective c̄cattraction in QGP
is simply too small to hold them together. Satz and others in the 1980s have used the free energy potential, obtained from
the lattice, as an effective potential in the Schreodinger equation.

F(T , r) $ "4&(s)
3r

exp("MD(T )r) + F(T , %). (31)

Please cite this article in press as: E. Shuryak, Progress in Particle and Nuclear Physics (2008), doi:10.1016/j.ppnp.2008.09.001



STAR found that the``ridge” exists even 
without any hard trigger (=>good statitics) 

(Phobos further observed  
that ridge extends at least till |y|
=4)  



Naively, ``spots” should excite a wave and get 
expanded to a spherical (or conical, or cylindrical)  
wave  
Like in the case of stone thrown into the pond, 
nothing is left at the original position: so how can 
they be observed? 
Its size =>the sound horizon => is comparable to 
fireball size 6-8 fm/c 
And thus large angular size 

But the actual solution to the problem reveals  
creation of smaller-brighter second 
waves which we may see 



Dilemma: 
•  Either ``acoustic 

solution” : the second 
wave of sound due to  
rapid cs(t) dependence 

•  Or the flux tube solution : 
a ``coil” preventing 
expansion of the (electric) 
flux tube 

(possible if matter is basically 
magnetic plasma, with very few 
electric charges)  



e-flux tubes 
 above Tc? 

(with J.F.Liao, archive 0706.4465) 
•  Dual superconductivity at T<Tc as a 

confinement mechanism (‘tHooft, Mandelstam 1980’s)  =>                   
monopole Bose condensation =>                     
electric flux tubes (dual to Abrikosov-Nielsson-Olesen vortices) 

•   Dual magnetohydrodynamics at T>Tc ? Electric 
flux tubes in magnetic plasma 

•  monopoles are reflected from  E field => pressure 
=>  metastable flux tubes up to 1.4 Tc 



My favorite example of flux 
tubes without super/quantum  

•  metastable 
with normal 
current 

QGP QGP

M M



Summary on monopoles 
•  as T decreases, electric coupling grows and magnetic decreases 
• e/m equilibrium is around 1.4 Tc 
Monopole density peaks at Tc where  their mass < 300 MeV 
(While q,g and dyons are all much heavier,  around 4 Tc=800 MeV) 
• Correlators are very similar to that in strongly coupled Coulombic 
liquids: must be real objects 
• Scattering between e- and m-charges is large and has backward 
peak. Classical caging => small viscosity and diffusion 
Quantum g+m scattering produces reasonable viscosity eta/s for 
RHIC and predicts eta/s =.2 at LHC 
• Monopoles behave as Bose-condenced atoms (He4) at Tc  <= 
Feynman universality and equality of clusters: must be real 
objects 



Summary on jet quenching,  
the ``cone” and the two ``ridges” 


