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Abstract

The proof of the results on the KAM theory of systems with short range
interactions, stated in [_4] is completed. Estimates on the decay of the inter-
actions generated by the iterative procedure in the KAM theorem are proved,

as well as the modification of the theorems of fl— 3] needed for our results.



1. Introduction

In a previous paper [4], hereafter referred to as I, we presented results
on a KAM theory of systems with short range interactions. The proofs of those
theorems are completed here. In referring to results from I, we shall precede
the equation or theorem number by I, e.g., (I.11) refers to equation (1.1) of I,
and Theorem I.1.1 to Theorem 1.1 of the same work. For a general introduction
to the problem, and references to previous work in the literature, the reader

should see I.



2. Decay Estimates

prove Proposition I.5. 1.

A sequence of lemmas is proved which we combine in section three to

In section 2. A we examine derivatives of the "high

frequency" part of the interactions, fk [2-—] In section 2. B we study the decay of

second derivatives of the functions z(I',z'), and in section 2. C we look at

derivatives of 5(I',z").

(1-n)(1-B)|i-j]
(246 p—l k k

00)

L @m)(-B) i)

-(6-2Mn 2)Mk:]

2.A
Lemma 2.1. On W(ﬁk, §'k—6,Vk) one has
52 RSPy , BB/ 2)"
sup a¢ a¢ (L, z) (eopo
ka[>J _ (1=n)(-B) i ]
" [ag ot @2 | < Doeglegpq )
ek 0
SUP Jar oL (L2 | € Dy€Pg (€gPp )
]
sup atk (I, 2) s
ol. == k+1
ok [>]
sup 53 (1, ) k+1pk+1 s
B B L
3,. -1 k 4 -1." k' 'k
1 = +
with D9 2 (2pk pO) EZ €0p0 ) e
2B B, L
3, -1 k 4 -1, k k
and D10 =2 (2pk pO) [(2 €0p0 ) + e

-(6-2/n 2)Mk]

(2.1a)

(2.1b)

(2.1c)

(2.1d)

(2.1e)



Proof: The proof is similar to Lemma I.5.2. By the definition of ikl}j,
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where we combined (I.2.9a) and (I. 2.6) with a dimensional estimate to bound the

derivative with respect to Ij’ then summed the geometric series and used (I.3.31).
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where (I.2.9a) and the fact that every nonzero term on the r.h.s. of the first
inequality has i, j€ suppy. Inequality (2.1a) follows by combining (2. 4) with (2. le)
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In the second line we combined the estimates on -éI; from (I.292a) and (I. 2. 9b)
j

with the observation that all nonvanishing terms on the r.h.s. of the first inequality

have i€ suppyv. The last expression results from summing the geometrical series
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This proves (2.1b).
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Once again we use Lemma 2.2, (I.4.30), (I.3.7), (2.17) and dimensional estimates

on W('b’k/8, ’g"k—46, Vk) to bound each of the terms on the r.h.s. of (2.32) resulting
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3. The Proof of Proposition I.5. 1

In the present section we complete the proof of Proposition I.5. 1. The
procedure consists of applying the chain rule to the expressions for the derivatives
of f (I' z'), fI (I',z"), and fI (I',z", and then using the decay estimates of the

previous section, and of sections 4 and 5 of I to bound the factors that arise.

3.A. Derivatives of fI(l',L')

Applying the chain rule to (I.3.23) gives
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We have omitted (and will continue to do so) the arguments of the functions
on the r.h.s. of (3.1) to save space. They are in each case equal to the argument

of the corresponding factor in (I.3.23). Bound each term on the r.h.s. of (3.1),
, (1-n)(1-B )|1-J|

taking care to extract from each one a factor of (2 ¢ 0 0 )
Throughout this section we will assume that i # j, since in that case the bounds

of (I.5.1) follow from (I.3.27) -(I.3.31) and dimensional estimates. Use (I.3.7)

and (I.3.14) to bound the factors SIZ and Sm in the first term, (2.8) and a
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Throughout this section suprema will be taken over W(p 3 V.)
- k+1’ *k+1’
Some algebra, and (I. 1. 15) imply that the quantity in braces is bounded by (1/3)
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Applying the chain rule again we find
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The only bound we need (in addition to those used to bound (3. 1)) is (2.29). One
then finds that the first term is bounded by
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1
sup 81‘8¢' T',z) | < 2 (€p )(€ C) (pk Py )’N'D (14D Je
4L, 2L

6 2,~-1 -1, 6 k
+ 2 (EkC) (pk pk)(pkpO N D, e +2 (eop 1X€ C)(pk p )N D (1+D )e

3L (3.13)

5 -1 6 "k, 2.3 -l
+ 2 D15(€kp0 )(ka)N e + 2°N €Po D3D14
L (=m)(=B )il

pr)

xe0(2 60 0

Once again (I. 1. 15) implies the quantity in braces is bounded by (1/3) and
(1-n)( (1-R) o )

4 1) (eop0 ) , verifying (5.1b) for m = 1.

(2P
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Again using the chain rule we have

s e EN : 5 hs 0=

(I',z" =\ dt \ ds —_— ) {6 .t o

or'ol! == oI oI oI oI n,i or1!
i {,m,n,p=1 £ " m n p

0 0

N

T L 181 8I><81'81'>';’ “m
£,m,n=1
a 95 e
L= = _m
z nl o1, aI ax aI' I' ™ m ¢ o1
o o
e 2o (3.14)
g =t a 81' BI]! “m ¢ or
2 ~m (] (gl (o]
"5 95 0% 5T\ /Ao
+ oo { m + i m
aI aI oI'ar' “m or' oI a1 o1!
£, m=1 i i j i

EMZ

Mz

— - |

Each of these terms may be controlled with the decay estimates of I, and the

previous section, yielding

2 2L

5 _.-12 2 k, 2 2
< {21\1 (25, 172" py CNe (14D, )

sup

arioT, L%
1]

2L 2L
3,,~-1, -1 2 k, 2 4 -1 3 k
+ +
+ N (2pk )(p0 D16)(2 ekkaNe )"+ 2N (2pk (1 D14)(2 ekkaNe )D14
2L

(1-n ) (1-B ) |i-i |
3 k. -1 2} -1..4 - k k
+N[2 ekkae Np0 D16+2D14 }(eopo )(2 eopol)

L (o i
0’0 )

(3.15)

< (1/3)(epg e
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The remainder of the theorem is proved in like fashion. We bounded

2fII
9 . . .
sup | ~riagr | in section 5 of I. Consider
08,99
1 N
Z 3kI< =
ﬁ_ (II Z') — dt _Q.fk—[k-] (5 + t _a___.ﬂ
oglort == 1 9I 01 oI n,j 1!
i 0 £, m,n=1 " m n j

3] n C
" <a¢naf1kalm <‘1zn 81'>] G o, >3£
N 2 [<]
' Z;l <8I/zt;m K 81'8¢ <

2

>< >]
(8’;‘¢>

2o G CR) =
<21 2]

2 ) o 5+ ()2 50 ()

2

T4 <tk[<] <ava¢ >}

+

[]=

/]

)

(3.16)
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_ () (L=B i3]

Extracting from each of these terms a factor of (2°€ p ") we

0"0

bound (3. 16) by
82fH
1 1
8¢i81j

sup

- - - -1,.3
< {NS[(ZPkl)(€Opol)(1+D1 DB pg 12D, Je D))

2L
2 k.
% (2 ekkaNe )
2 1 2 2L
- ky 4
+ N (€0p0 )[(2 ekkaNe €0D3D14]

2
Lk

+ NS[(25;1)(€0)(1+D14) +(2p )(e )__](ZSekkaNe )

0P11
oL
3 . £3 2 3 -1 -1
+ + )
N(e) [2°D, , + (2% 0 CNE K2 o5 Dy, + Do) (3.17)

1
+
*N [ €0 )(“D 2+ oP11Py J(€oPy

_1)(1—nk)(1-l3k) |i-i)

(1-n_ )|i-i]
—1 k+1
< (1/3)60(6090 )
Next one has
1 N
2 2 ki =
fn (I' ) - dt ﬂ. o) +t 3_2
81'81' Z_ 01,01 oI n,j oI!
0 {, m,n=1 "m n j

+ Bikk] ~iz ! T 5 +ta—;'—m =
9¢ oI, 0I 91,91 n oI m, i o1t )2
n m J ]
(3.18)

N 3.k K] e 3 kK] ;
oo (@ s ) - () (o2 )
oo
m BIi'

(cont'd)
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(3.18 cont'd)

N ) — - =)
& <] IO, eI\ /92, \1 /%3
i E,;l |j<gllalm >ém,j o aI]! > i <g¢m81£ ><lzml alj >_ <§{£>
1k[<]
81'81'

3 m - - -
< {N [(ZPkl)(eopol)(l+D14)+(2pk1)(€opol)D11]

which implies

82fH

sup

oLoI,
1]

2 2Lk
+
x (1 D14)(2 EkkaNe )

2L
3 a~-1 =1 -1 2 ) k
+ ’
+ N BZpk )60(1+D14) (2pk )(€0D11) Po D11(2 ekkaNe )

9 2
+ 3.
+ N (Opo) (2 €,P kCNe k)(pO D ) D 4] (3.19)
2L,
-2 -1
+ Ne [(2 €p CNe )(Dllpo +D 00 )+D11 14p0]

o -1 1 1
N l}Gopo (1+D, ) + (€40, )D11]D14+N€k+1po Dis

(1-n W(1-B ) |i-j]
)((246 p.) k k

00
_ ) [i-i ]
< (1/3(egpg Negpg et
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Finally, for the sake of completeness, we write out the expressions for the
derivatives of fI H(l', z'), and the bounds on these quantities. The reason for pro-
viding these details is that it is then easy to verify that the bound of (I.1.15) is
qualitatively sufficient to prove Proposition I.5.1. The only difficulty comes in
the large amount of algebra necessary to compute the constants B,...,7Y appear-

ing in that expression, and that we omit

N

2 III 2k[>]\ AT 2>\ o8\ /05
e 2 @) G & )
S 2 k(> 2 [>/]
+ ffnZ—le <a?mt1;¢ <98¢ > <a¢ika¢ ﬂ > (3.20)
N

2=
BN /97, 553
* ; K o1, ><a¢.'a¢! > " <a¢ a¢ o6 >
1]
with Cagé > and <8¢'8¢ > the functions defined in I. Thus,

2 110
T (', z")

1 1 = -
a¢ia¢j

sup

2 -1 3
+
S {N [(Eopo J€gPs T €42 D9]€0D3

B (3/2)
2 2 8 -
tN [0D9D3+2 “0P0“Po ! ]2 # N[ S6P5* et iPier 7]}
(3.21)
g -1 (1m)-B)i-i]

X(2 €00 )

(- i
(1/3)(6 k+1

)(e )

0P0 opo

Next,
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2 111 al 2ik[>/] e e ]
el - 3 (6 oo 5p) - (5 >< )

)
a¢5
(3.22)

N 2.k [>] 25 ,2k ] az_\/0¢
d -1 m i
' ﬁ%l Kﬂma’ée >ém’i+ —5_> <8¢ %, >< m E:>]<5E)
_ 2
+>N—‘ a#‘[>]><a :J£> . BTN/ a2y 5 o
— [\ o, 81{8,23]! 2, 5% Loz, 1252 oy "ozl ) |’

so that

2 fIII

1 1
aliaij

sup

-1
< { [(6000 )D (1+D )+(€ D )(po Dll}] €oP3

(3/2)

2 4
+ N [(eODg)(1+D14) + 2 (€ )(GOpO ) 11]2

P
00 (3.23)

(L-n )}(1-B,) i-j
13 -1 4 MMIU=RL
* N[€k+1D15+ €er1Prr1PioPo T2 DRy {]} (27€gpg )

(1-n_ ) ]i-i]
< (1/3)e (e p 1) kil .

Finally,
N =
i g = Z e . Zm) ARV
oTior i | \or oI m,j oI o1 9 “m o,
i ,m=1 £ "m j £ "m
x@,i >
(3.24)
N —
+ Z 8211{[2] 5 .+ " + 82ik[2]
ot o1 08, /\m,] oL a¢za¢ “m BI' z aI'

(cont'd)
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(3.24 cont'd)

N 20y 2
197! ST PP .
£ o\ o BIiBI : I
Thus,

2 I

9 2 -1 -1 ‘J
sup Lo < {N (14D YD1 4€0Po D14 * €Pg PgPiy

+N2 € D(1+D, )+ 246 (e B (3/2) ] 1

[0 9 14 0 0 Di1JPo P

(3.25)

4 (1 -0 )(1-B )ll-Jl
+N[€k+1po Dig™ k+1pk+1(p0 13+ P Dll)] (2"

)i
-1 1 1
< (1/3)(egpg Negpy ) e
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4. The Proof of Theorem 1.2

Large parts of the proof of Theorem 1.2 are identical to the proofs of the
main theorems in [1] and [2] We don't repeat those parts here but instead
emphasize the differences. The idea is to construct an infinite sequence of
canonical transformations, which at each stage reduce the size of the perturbation
of the Hamiltonian, resulting finally in an integrable system. Consider the Hamil-

tonian HoC(I,z) = HO(_I_, z) = hO(_I_) + fo(l, z) constructed in Theorem I.1.1. If

20 20
of A-1 10t A

o | A
sup —i'l < E0 s (4.2)
0.-1
aﬁ A
sup 3181) < T)O s (4.3)
and
52h0 86(1) A0 88?
= — = 6 + + - — .
A @ = 5@ " 4RO s 50 (4.4
then (I.1.16) - (L. 1. 20) i that we can take €. = p (€ o )N £ = 2E . and
en (I.1. 1. insure we can take 0= "Po Opo » By =2E;, an
pb.=p, , where k_= [(lnN)(/Zn 3/2)-1]+ 1, and p, 1is defined inductively by
0 ko 0 ko

(I.2.1). Here, the quantities with no hats (e.g., ) refer to the Hamiltonian

€0’Po

a0
A0 2 -1 i -1, -1(1/8)i-i]
H(I, z) of I. Also, suplxi(I)]sm N) © and sup|(1l 6ij)—81. S(€gpg NEPy ) ,
J
A AN A A k,-1
and all suprema are evaluated over the region W(pO, £ O;V) where V=V . From

the proof of Theorem I.1.1 we see we may pick EO = 1. Define inductively the

sequence of parameters

A A 2
éj = SO/16(1+J )

A 2N
= +
Ck (1+k )CO
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A 2A A A1 (4. 5)

+1
8. NA A A-(N+1) [ A AN N —1:]N

5 =5 ) (e C 6

Prpy = P/(2N2TE,Clo ) (€, Cyop)

A A A3/2D5A A A ANFLA-(NHL)
‘et~ k% REC M %

~

N A A 4 A
i i . ini = 2 E
with C 02 constant to be determlnedjater/\ Defining pk pk( NCk kMk

A
we define a sequence of regions V DVOD V1 cee o Set

N+1, -1
)

_ ak-1 | _ak A N

for some y with 0 <|y|< Mk]]

A N
(By convention take V_, = V.) Then

1

ns Ak

$ = S . 3 o A A A
Vk = {_I_I_I_EVk_l, dist(I, 8Vk_1) > pk/Z} \R(k,h",V,_ ),

~ LY
and V., = U_ S(I, ﬁk/ 2).
Following [1] or [2] one constructs canonical transformations

&8, 2 —> (1, 2)
(4.7)
k

¢ (1, — (1, 2)
. . X A A A
where both transformations are defined on W(pk/2, Sk-26k; Vk) and map
A . X o) [ -
,Vk) into W(pk/2,*§’k 26k,Vk). Defining

A

’,‘( A
W(p, /4,8 -36

_ ﬁk_l o (A:k—l

HY, 2) @,z = 8 + B, 2 (4.8)

one has
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ohe
sup E < Ek (4.9
20k -1
5°h
sup (8_1_8_1_ ‘ < nk (4.10)
and
Ak
3%1( A=-11|0f N
— + ——
Sup{. oL Py ‘ o8 ‘} < € (4.11)

The conditions which guarantee that the iterative procedure of (4.7) - (4.11)

may be arbitrarily repeated can be combined in the single inequality

-16

A A=lA A=2 A A=1 2 A A A
€0 < €y By (poE0 ) (EOCO) g'(N) , (4.12)
-4 - -152N =22
where £'(N) = (N!) N 1ONe and ﬁz =e 0 (This is essentially inequality

(3.58) of [2] and we do not repeat its derivation.) Given this sequence of canonical
transformations we must estimate the value of 60 which insures that not too much
phase space gets thrown away. We will need the fact that the integrable part of

the Hamiltonians constructed above is given by

k
8 = 80w + ngm : (4.13)
=0 =
As in T note that
vol( T INEY < vol B + vol Rk, B¥, Qk_l) (4.14)
with
B = {_1_|166k‘1 and dist(l,aek-l) < Bk/Z} . (4.15)

As in section 6 of 1,

N |vol¥ . (4.16)

n X A
vol B ll -(1+pk/pk)
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~ 4 - -
It is easy to show that b\k/ b\k (1+k ) 1 N(ﬁoéo) 1. Thus,
-9 _ 9 - -
volB < 22 Nu+ikH THE &) Lol v . (4.17)

070

Since @k(_l_) is single-valued (a fact we verify below),

vol (R(k, B

det > }dw (4.18)

Ak -1
) 3
Bound |det (BB—I) l by 2° using (I.6.8) - (I.6.10), with B1 =(1/2). Since

e>

(I), verifying that the matrix ID defined there has

QO
= I IS,

Fo =221 Z
j=0

. . -1 A -1 . .
diagonal entries bounded by BN =~ + 2 Z Ejpj , and off diagonal entries bounded

1

by (os()p(_)l)N_1 is an easy exercise. Definitions (4.5) and inequality (4.12) imply

A A-l AN
€0, < (€
Pi S (

series in

)(1/16)(3/2)J
O k]
06 ). The single-valuedness of _(?_)k follows by noting that (I.6.7) implies

0 and we then bound the sum over j by a geometric
(@

0
> (1/2)]_1_—1‘ ], while Appendix H of [2] guarantees that

kla j
8_1 )———(I)
J:

< slt- I'IZ”l < a/oli-1] .

Thus,

: N
ofg ot

o -8 » [0 -8 - |2 5 @ - 5

(4.19
> (1/9[1' -1

Thus
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(4. 20)

N

3 3 &
v#0 Ji oy, >) < &t jy D

w- w(0) ll<r(1+7)

This estimate follows by noting that (I.6.13) implies ||§O(_I_') - QO(Q)” L<(1+nr
for all I€V By the estimate of [2:] used just above

k-1 of) of] kel
J;o D -5 @< BIL]j:0 €jp; - For any vextor x, |x|| <[x]< N[x],
k A
so for any I€R(k,h ’Vk—l)
k-1 ot afg
1650 - 850 < 2% - &%) + — 0 - O < 1+r, (4.21)
5 o a1 4
k-1 k-1
with 7= n+3N 2.5._1=(2N) +6ep N+NE 361.
=k o

A simple geometrical argument gives

6121 AN-D/2 [r(1+ 7)]N'1 [r'(1+(1\r-1)/2)]_1

wr>|< C fz| (4.22)
2 - 5O)]< x(1+7) x|y N
Also, vol{\f >(1-X)volV =(1- )\)WN/ N/I"(1+N/2) and
P(1+N/2)/ P+ (N-1)/2) < 22[N/4)+1]1/2
ng dw < N0 N2 8 var§
v#0 -(N+1)
- = |<w V>| k l ]
(4.23)

lw-w (O)H <r(l+7
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where the last inequality used the fact that p <r. Combining (4.16), (4.20) and
0
(4.23) we find

QO [00)
A A - (N+1 2-1,a A -1
kZo:vol(vk_l\vk) < §k=0:{2 N+ (141H (£,Cy)

+ 1 2 A= A
N -n ) WY (p4Cy) l}volV
A A

< AvolVv , (4.24)
. A-1 5+N -1.1/2 A -1
provided C0 =2 (1-0) N (pok) .

a azﬁo 1 A A _1
Finally we estimate the parameter no Writing o101 = (ID- M)

where D is a diagonal matrix and IM a purely off diagonal one, (I.1.18) - (I.1.20)
allow one to estimate the elements of ]D and M by ID ]> (1/2), and

\< 60 (-) respectively. Using this information it is easy to bound
2/\0 9 A A -1
sup 8181 by 2~ by estimating the Neuman series for (ID - M)ij . Thus,

< 2N .=_7,’l\

sup o - (4. 25)

821’;0 -1
0Iol

Inserting the expressions for ’?10 and 60 into (4.12), the inequality which

allows arbitrarily many canonical transformations to be performed becomes

A 17 n-12 -1 16A17 A
- -4 - -1
with B, = e 2% and Ay = () NN 8N rhis yields inequality (I.1.21).

3
- Given that one may iterate the canonical transformation arbitrarily often while

losing arbitrarily little phase space, the remainder of the statements in Theorem

1.2 follow word-for-word from [_1] or [2] and we don't repeat the proofs here.
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