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Abstract

Consider the simple normal linear regression model for estimation/prediction at a new design point. When
the slope parameter is not obviously nonzero, hypothesis testing and model selection methods can be used for
identifying the right model. We compare performance of such methods both theoretically and empirically from
different perspectives for more insight. The testing approach, in spite of being the “standard approch”, performs
poorly. We also found that the frequently told story “BIC is good when the true model is finite-dimensional and
AIC is good when the true model is infinite-dimensional” is far from being accurate. In addition, despite some
successes in the effort to go beyond the debate between AIC and BIC by adaptive model selection, it turns out
that it is not possible to share the most essential properties of them by any model selection method. When model
selection methods have difficulty in selection, model combining is seen to be a better alternative.

1 Introduction

Consider the simple linear regression model:
)fi :a_'_ﬂmi_'_gi; i= 1727"'5,”7 (1)

where z is the design variable taking values in [—1, 1] and {e;} are the errors assumed to be independent and
normally distributed with unknown variance o2 > 0. Our interest is point prediction of the response variable Y at
anew value zo € [—1, 1] of the design variable under the squared error loss.

Obviously, this is a simple statistical problem, even taught at introductory level statistical courses. Let & and
/3 be the least squares estimators of « and 3 respectively. Let f(z) = a + Sx denote the true regression function.
Then a predicted value of f(xz¢) is f(wo) = & + fBwo. Under the simple linear regression model, it is the best
unbiased estimator of f(x¢) (under the squared error loss) and it is also a minimax estimator. Note that for a new
observation Y,,;; at zo, E (le - f(xo))2 = 02 + E(f(x0) — f(x0))2. Thus, as is well known, under the
squared error loss, point prediction is equivalent to point estimation of f(z) at the given = value.

In many real applications, the linear relationship between z and Y is not obviously strong and it is unclear
whether 3 is zero (we note that, of course, the issue is the same if the concern is if 3 is equal to another constant
instead of zero). The problem seems still simple and again a solution is taught in elementary statistics courses:

the familiar ¢-test. | imagine that this approach would be the one taken by many statisticians (if not most) in real



applications (note that in reality, of course, the normality assumption has to be assessed). Some other statisticians
may prefer the use of an information criterion for assessing if § = 0.
Below we briefly review testing and model selection approaches. Without loss of generality, from now on, we

assume that the design is such that z,, = 0.

1.1 Thetesting approach

From the instruction in a typical elementary statistics textbook, when it is unclear if the slope parameter is nonzero,
one should perform a hypothesis testing. A standard formulationis Hy : § = 0 versus H; : 8 # 0. Then with the
traditional choice of size 0.05, one conducts the well-known ¢ test: reject Hy if
|51
N S
2,

where s2 = ﬁ Yo (Yi—a— B;)? is an unbiased estimator of o2 and tn—2.0.025 IS the cutoff point of the

> tn—2,0.025,

t distribution: P(t,,_2 > t,_2,0.025) = 0.025. With the outcome of the test, we can naturally do the following
prediction:

flxo) =

~

; a+ Bl’o when H,, is rejected
a otherwise.

1.2 Modd salection

Alternatively from the hypothesis testing method above, one can consider using a model selection criterion. Indeed
we are dealing with two models, the simple linear model in (1) and the null model: V; = a+¢;, i=1,2,....n,
with the same assumptions on the errors. For convenience, call them model 1 and model O respectively.

Model selection based on information criteria such as AIC and BIC avoid the subjectivity of choosing the
test size in the earlier hypothesis testing approach. Indeed, a valid criticism of the testing approach is that it is
rather unclear how the test size influences the prediction accuracy for the problem of prediction. The strategy of
controlling the probability of type I error is not intended to address the issue of prediction. Model selection criteria
are motivated from different considerations, such as asymptotically maximizing the posterior model probability
(BIC (Schwarz (1978)) and minimizing an estimated Kullback-Leibler divergence between the true distribution
and those estimates from the models (AIC (Akaike (1973)).

Both AIC and BIC choose a model that minimizes the criterion of the form: —loglikelihood+penalty, where
the loglikelihood is maximized within each model and the penalty is the number of parameters in the model, say,
k, for AIC and is (klogn) /2 for BIC. Let 62 = L ™% (V; — & — Bz;)? be the MLE of o under model 1.

Simple calculations show that BIC selects model 1 when

8

=
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> 4/n(nt/n —1).



Note that y/n(n!/™ — 1) is asymptotically equivalent to /logn. Replacing 6% by the unbiased estimator s>
(which has little effect when n is not small), we take the following slightly modified rule as BIC: select model 1
when .

18]

=
v a2
i=1"1

> /logn.

Similarly, AIC selects model 1 when

L:# > \/n(e2/n —1).

o2
i=1

It is easy to see that /n(e2/™ — 1) converges to /2. Replacing & by s, we take the following modified rule as

AIC: select model 1 when

v
-
i=1"1

Now AIC, BIC and the testing approach all boil down to the decision of choosing model 1 when
18]

i 2
T
i=1 1

> an (2)

with a,, being v/2, /logn and t,_» ¢ 025 respectively. Clearly, all of these methods are trying to assess how
strong the “signal” is compared to the “noise”, but they differ in the cutoff point. It is worth mentioning that
tn—2.0.025 approaches 1.96 as n — oc and when n is large, AIC is the most aggressive in terms of choosing the
larger model and BIC is the most conservative while the testing method is in between.

As is well known, the increasingly heavy penalty (or cutoff a,, = v/logn in (2)) enables BIC to be consistent
in terms of selecting the true model (i.e., model 0 if 5 = 0 and model 1 if 5 # 0) while AIC and testing with
a fixed size cannot avoid a non-vanishing probability of selecting the wrong model when 5 = 0. So from this
selection point of view, the penalty of AIC is too small.

Let 04, 0B, 7 denote the procedures of estimating f(x) based on the outcome of AIC, BIC and testing
respectively. Let R(J; zo; n) denote the mean squared error of the estimator f (o) from an estimation procedure

0 at the sample size n when the true slope parameter is 5, i.e.,

Ra6:005m) = By (f(wo) ~ Faw))

The main purpose of this paper is to examine the testing and model selection methods in terms of the above
risk. As will be seen, even though the setting is very simple, complicated issues are involved. We study these
issues both theoretically and via simulations.

The rest of the paper is organized as follows. In Section 2, we review the literature and give an example to

illustrate some issues that we consider in this work. In Section 3, we consider some theoretical results on model



selection criteria, showing that under the squared error loss, BIC is pointwise-risk adaptive in a proper sense while
AIC is not; on the other hand, BIC is rate sub-optimal from a worst-case point of view while AIC and the like are
rate optimal. In addition, we theoretically address the interesting issue of whether the strengths of AIC and BIC
in prediction/estimation can be combined. In Section 4, we derive an alternative criterion for choosing between
model 0 and model 1 from the prediction accuracy point of view. Simulation and data examples are presented in
Section 5. In Section 6, we consider the issue of what to do when model selection methods disagree. We comment

on the hypothesis testing approach in Section 7. Conclusion and additional discussion are in Section 8.

2 Existing resultsand a motivating smulation

Given that extensive works have been done theoretically and empirically on model selection and that our problem
setting is one of the simplest possible, one may expect to see a pretty clear picture here. We start with a simulation.

Consider an equally spaced design between [—1, 1] with Z,, = 0. We are interested in the prediction/estimation
accuracy at g = 0.5 (the risks were simulated based on 2000 replications). Figure 1 gives the risk functions of
d4,0p, 07 for B > 0 at different sample sizes n = 25, 100, 200 and 1000 with & = 0.5. Note that at n = 25, o
has a higher penalty for model 1 than the other methods but when n > 100, d 5 has the largest penalty. Typical
realizations of the data at the sample size of 25 and 100 with 5 = 0.2 are given in Figure 2.

It is useful to note that there is no need to consider different o values: the change of the noise level simply re-
scales the risk plot. Note also that (s, &, B) is a sufficient statistic and that the design affects only the distribution
of /3 (in terms of its variance 02/ 3" 22).

Before reading Figure 1 (we intentionally put Figure 1 on a different page), let’s try to predict what we would

see. To that end, of course, the existing results on model selection are relevant and useful.

2.1 What do the existing results say?

We focus on the model selection criteria AIC and BIC in this brief literature review. In one sentence, a summary
of the theoretical works on AIC and BIC is perhaps something like “BIC is good if the true model is finite-
dimensional and AIC is good if the true model is infinite-dimensional”. This seems to be a frequently told story
in statistics. For example, Speed and Yu (1993), Shao (1997) and Zhang (1997) quite clearly vote for BIC for
estimation/prediction in a parametric setting. On the other hand, e.g., Burnham and Anderson (2002) strongly
prefer AIC for its “objectivity”. These views seem to be well supported by several theoretical results. To be
more precise, when the true model is among the candidates (as is the case for our setting), it is well-known
that BIC is consistent in terms of selection (i.e., the probability of selecting the true model approaches one as
n — oc) while AIC is not (see, e.g., Nishi (1984)). Furthermore, the average squared error of the estimator
from BIC is asymptotically as small as it can be from the candidate models (Shao (1997)). In addition, when

cumulative prediction accuracy is the concern, it was shown that BIC achieves an accuracy lower bound while



AIC again does not (Rissanen (1986), Speed and Yu (1993)). When the true regression function is not in the
candidate models, however, AIC has the so-called asymptotic efficiency property that the average squared error
of the selected model is asymptotically equivalent in probability to the smallest among all the candidate models
(see, e.g., Shibata (1983), Li (1987), Polyak and Tsybakov (1990) and Shao (1997)). Based on these results, Shao
(1997) concluded that AIC and some other closely related criteria (such as C,, and delete-1 cross validation) are
“useful when there is no fixed-dimensional correct model”, while BIC and delete-d cross validation with d/n — 1
are “useful in the case there exist fixed-dimensional correct models”.

There has been quite a debate on AIC and BIC in the literature. One major part of the argument is on the
assumptions. Some researchers in favor of AIC argue strongly that there is no finite-dimensional “true model”.
For example, Burnham and Anderson (2002) “do not accept the notion that there is a simple “true model’ in the
biological sciences”. If this view is to be taken, then consistency in terms of selecting the true model is not relevant
and thus BIC is immediately deprived of its best known theoretical property. In the mean time, AIC stands out as
an asymptotically efficient criterion. In defense of BIC, one can argue that in certain situations, some very simple
models are clearly superior to nonparametric alternatives and are very satisfactory for practical concerns (imagine
a simple linear regression with R? close to 1) and it makes strong sense to practically view one of the parametric
models as the “true model”. Even if the “true model” is infinite-dimensional, as Speed and Yu (1993, Section 4)
pointed out, the relative performance between AIC and BIC depends on how fast the approximation error decays
to zero. For instance, if the approximation error decreases super-exponentially fast in the model dimension (i.e.,
e , Where & is the model dimension), BIC is also asymptotically efficient. For such a case, one may prefer BIC
for obtaining a more economic model. Zhang (1997, p. 255), in the discussion of Shao (1997), goes even further in
this direction by stating that “An argument can be made in favor of BIC-like criteria regardless of the true model”
for the reasons that the existence of a true model (regardless of the dimension) is doubtful in the first place and that
“a parsimonious model often overshadows concerns over the correctness of the models”. In any event, from the
literature, it seems quite clear that should the debaters agree on that the true model exist and is finite-dimensional
and reasonably simple, there would be little dispute: BIC is the better choice, from the consistency perspective,
from the loss (average squared error) efficiency perspective, and from a sequential prediction perspective.

Now given below is what | would have predicted on the comparison between AIC and BIC based on my

understanding of the literature on model selection before this study.
1. No procedure dominates any other one.

2. We expect three regions of 5, 5 small, 5 large and in between, which correspond to BIC being better, AIC

and BIC about the same, and AIC better. The first and third regions should shrink as n gets larger.

3. For this setting, from the literature, BIC should be favored in an overall sense.

How about you?



Now let’s examine Figure 1. To help us compare the methods better, in Figure 3, we redraw Figure 1 with the
risks replaced by the ratio of the original risks over the minimum of the risks of model 0 and model 1. Are there

any surprises to you? To us, there are.

1. Somewhat surprisingly, at n = 25, BIC loses to AIC at more /3 values and more severely compared to its

shining moments.
2. More surprisingly, for BIC, the situation does not improve much as n gets larger.
3. The worst-case performance of BIC relative to AIC does not seem to get better as n gets even to 1000.

4. At the first two sample sizes, the methods differ in risk quite a bit, indicating the potential relevance of the

comparison between the methods to real applications.

5. At sample size 25, the testing approach behaves very poorly unless 3 is very small or quite large.

What does the example tell us? Note that when 3 is around zero, the advantage of BIC is relatively small
(in risk) and the disadvantage of BIC is larger when § is larger. Thus it seems that BIC is paying a very high
price for performing well at g around zero. Therefore, it seems fair to say that unless one has a strong reason
to believe that 5 is around zero, the penalty of BIC seems too large and thus is too conservative for yielding a
good predictive performance. The same can be said for the testing approach for the relatively small sample sizes
(though it improves more than BIC when n gets larger).

The finding of the poor performance of the testing approach for prediction/estimation should not be taken
lightly. The testing approach seems to be the one instructed (more or less) in many (if not most) elementary statis-
tics textbooks. The example clearly shows that estimation/prediction is fundamentally different from assessing if
model 0 or model 1 is the true model. The commonly taught and practiced approach of identifying the true model
first by testing and then making inference based on the selected model is problematic.

Regarding AIC and BIC, the story that “BIC is good if the true model is finite-dimensional and AIC is good if
the true model is infinite-dimensional” does not seem to be right here. Is the sample size of 1000 still not enough
for BIC to perform as well as the asymptotic results seem to tell? Actually, the behavior that the worst-case
risk of BIC is getting increasingly worse compared to AIC was given by Foster and George (1994). Somewhat
surprisingly, even though the risk inflation criterion (RIC) proposed in their paper is quite well-known, as far as
we know, this sub-optimality of BIC has rarely been discussed. Consider the whole picture, for a moderate sample
size, advantage of BIC around 8 = 0 seems to be limited compared to its disadvantage when || is larger. Even
when n is large, the aforementioned optimality property of BIC do not seem to reflect the reality well.

This paper grew out of our effort in trying to understand the properties of the model selection methods. The

main points of this paper are:



1. For the purpose of estimation/prediction, we compare AIC and BIC from different theoretical angles to
understand their differences. The theoretical results and empirical comparisons show that the notion “BIC
is good if the true model is finite-dimensional and AIC is good if the true model is infinite-dimensional” is

misleading.

2. There is an unbridgeable difference between the pointwise and minimax properties of model selection. This
means that no model selection methods, however sophisticated, can share the essential strengths of AIC and

BIC.

3. Large (e.g., BIC) and small (e.g., AIC) penalties in model selection are both justifiable from a weighted

worst-case risk point of view.
4. We compare model selection and model averaging methods.

Some of the theoretical results given in this paper are not really original in the sense that similar results (under
different loss functions) were given already in the literature. Our objective is to put these results and new ones into
perspectives, which hopefully will help the reader to understand the complex issues involved in model selection.

We choose to study the simple problem in this work mainly for two reasons: simplicity for better theoretical

and empirical understandings and it is also a reasonably useful problem for application.

3 Theoretical comparisons between AIC and BIC

In this section, we present theoretical comparisons between AIC and BIC from several different angles all under
the consideration of the prediction/estimation risk at a given point z.

Let 7, and F; be two classes of functions. Consider two models:
Yi= f(z:) +ei, f€Fo

and

Yi= f(z;) +ei, f€F.

Let fom and an be estimators of f under model 0 and 1 respectively.
3.1 A pointwise adaptation result

Consider a model selection rule §. Let A be the event that model 1 is selected.
Definition 1. The model selection rule ¢ is pointwise-risk adaptive with respect to the two estimators fo,n and

fin ifforall f € Fy U Fi, we have
E (f(wo) - (f07n($O)IAg + f‘l,n(mO)IAg))Q

- ~ — 1 @)
min <E (f(wo) - fom(fﬁo)) B (f(iﬁo) - an(ﬂJo)) >




asn — oc.

In words, ¢ is pointwise-risk adaptive if for each given f in model 0 or 1, the estimator based on § is asymp-
totically as good as the better one between fom and fl,n in risk. We use the term pointwise-risk to emphasize that
the regression function f is fixed for the asymptotic analysis (as n — o).

Now in our simple context, let fo,n(wo) = & and f1,n(ﬂco) = & + [xg. Note that when zo = 0, the two
estimators are actually the same.

Theorem 1. Assume that the design is such that > =7 is of order n as n — oo. Consider zo # 0. BIC is
pointwise-risk adaptive with respect to f‘o’n and flm but AIC is not. More generally, the model selection rule in
(2) with a,, = o(+/n) is pointwise-risk adaptive if and only if a,, — oc.

Remarks:

1. Results similar to Theorem 1 have been well known in the literature for general linear model selection,
usually under the mean average squared error at the training sites. See for example, Nishi (1984) and
Shao (1997) and references therein. Speed and Yu (1993) give lower bounds for prediction risks and study

achievability of the bounds by the familiar model selection criteria.

2. AIC fails to be pointwise-risk adaptive when g = 0 because it selects (wrongly) model 1 with a non-

vanishing probability no matter how large the sample size is.
3. For each fixed 8 # 0, the ratio of the risks of AIC and BIC convergesto 1 asn — oc.

4. If a,, = o(+/n) is not satisfied, the criterion has a non-vanishing probability of under-fitting. See, e.g., Shao

(1997) for a more general result on under-fitting probability.

5. The condition that 5" 22 is of order n rules out highly irregular cases such as degeneration of the design

points to a singleton.

Proof of Theorem 1: For the model selection criterion with cutoff a,,, the corresponding estimator of f(z¢)

fwo)=a+ onf{\mz%s/m}-
Let Ay = {|ﬁ| > ans/ VI, xZ} . Then

o? 9 - 2
Rs(6;z0;5m) = g +a5E3 (ﬁIAJ —ﬁ) .

Consider first the case § = 0, i.e., model 0 holds. Then clearly f‘o’n(ﬂ:) is better than flm(m) and the their

. ~ 2 2.2 - - - -
risks are % and § + z3Eg (ﬂ — ﬂ) S L respectively. For the model selection criterion to be

= =
n D
i=1

N 2
pointwise-risk adaptive, we must have nEg— (BIAJ - ﬂ) — 0 (for z3 > 0). Since

/ST 23 n 23
AJZ{ Zz:leﬂZ%}U{ Zi=1x1/8<_%}
o g

g o



NI T . .
and with g = 0, # has a standard normal distribution, we know that Ps—o (A5) — 0 if and only if
an, — oc. This fact is enough to rule AIC out as a pointwise-risk adaptive criterion. Since />, xﬂB/a has a
standard normal distribution,

. ——— A\ 2
Egzon(ﬁ—ﬂ)QIAs—UiZ <M> IA5_>0

=== ——Ep=
2io1 Tit[n p=
as long as Ps—g (As5) — 0.
Now consider 5 # 0. Without loss of generality, assume 8 > 0. When n is large enough, f‘o’n(ﬂ:) is worse

~ ~ 2
than f1.,,(«) and the their risks are <~ + 2242 and = + 22 E5 (ﬂ - ﬁ) =2 4 ‘fixiz respectively. Thus to

n
i=1

show that the model selection criterion is pointwise-risk adaptive, we need to show that
By (814, - 8) ~ Bs (B~ 5) =oln )
But the quantity is equal to
Es (B (26— 5) L)
Note that for 5 # 0, B (2ﬂ — ,8) converges in probability to 52 and it is not hard to show that, under the normality
assumption on the errors, Ej; (B (2ﬂ - ,B) IAS) = o(n~") holds if P5 (AS) = o(n™"). Indeed,

BslB (B -28) Lagl = Bs (18118 — 28\LasLyypici5)) + Bs (18118 = 281 Lag 315 5
5.2532 P (AS) + Ej (IBIIB - 25|I{|B\>1.55})

5.256% P (A§) + \/Eg (|,6’|2|B - 2ﬁl2) \/PB (|/3’| > 1-5ﬂ),

IN

IN

where the last inequality follows from Cauchy-Schwaz inequality. Together with that Ps (|ﬁ| > 1.5&) =o(e~)

for some b > 0, the assertion follows. Now note that

Ps(A5) = Ps {_ Z?:al Ll it 7 (ﬂ_ﬂ) < - Z?:Ul zb %}

[ o - o

IN

o o -

ans _ vV Z?:l z* B v Z?:l zi? (B B '8) vV Z?:l zi*f
Psq——2 =0 ——+Ds ST '

With a, = o(y/)_ z?), the above last two probabilities are both exponentially small in n. This completes the

proof of Theorem 1.

3.2 Wor st-case performance

From Theorem 1, when 8 = 0, BIC beats AIC, and when 5 # 0 AIC and BIC are asymptotically equivalent in
risk as n — oo. Together with that BIC is consistent, it gives one a strong impression that BIC should be used

for a parametric problem. Speed and Yu (1993) added further weight to BIC by showing that BIC (but not AIC)



achieves a lower bound for cumulative prediction risk. The literature does seem to say/imply that BIC should be
preferred for a parametric setting, at least theoretically speaking.

Obviously, there are various ways to compare the risk functions of estimation procedures. The asymptotics
of Theorem 1 are done for each fixed f in the function classes. One drawback of this notion of asymptotics is
that it tells very little for the specific data at hand because in general the convergence of the risk ratio in (3) is not
uniform over f. An implication is that for a data set where the distinction between the two models is not clear
due to small n or large noise (that is exactly where we need a good model selection rule most), it is especially
uncertain whether the asymptotics hold. A different notion to compare risk functions is in terms of worst-case
risk.

Let F be a class of regression functions. The minimax risk of estimating f(zo) is defined to be:

N 2
R(Fsau;m) = winapax B (f(z0) = flaw))
where f is over all estimators based on the data.
Definition 2: A model selection rule ¢ is minimax-rate adaptive with respect to the two classes F, and F; if

for both j = 0, 1, we have

SUDsex; E (f(xo) - (fo,n(wo)IAg + f17n($0)IA5))2
i R(Fj; w05 n) =

Theorem 2: Assume that the design is such that )" «? is of order n as n — co. Then AIC is minimax-rate
adaptive but BIC is not. More generally, the model selection rule ¢ of the form (2) is minimax-rate optimal if and
only if a,, is bounded above from infinity.

The result may be a little surprising. One may naturally think that since BIC is consistent and thus will
eventually select the true model. Together with its pointwise-risk adaptation property, it looks like that it should
perform optimally at least in rate. Another thought may be that if I simply ignore model selection and use model
1 (the larger model), | always get the optimal rate of convergence. | probably should demand BIC to do at least as
well as that.

A similar result to Theorem 2 was obtained by Foster and George (1994) in a linear regression setting assuming
o2 is known and under the average squared error at the training sites. Somewhat surprisingly, the sub-optimality
of BIC did not bring in an appropriate caution on the overly simplified and overly optimistic view on BIC for a
parametric setting.

Proof of Theorem 2: With the same notations as in the proof of Theorem 1, we first show that for any

a, — oo and a fixed ¢ > 0, we have

Sup||<. £ (BIAJ - 5)2
1/n

— 00,

10



which is sufficient to conclude that when a, — oo, the model selection rule is minimax-rate sub-optimal. Note

that the LHS above is equal to

N 2
sup Ejg (\/ﬁﬁng - \/ﬁﬁ)

|B]<c
~ 2
= s £y (vt (8- 8) 1a, - VapLa)
~ 2
—  sup <Eﬁn (5 - 5) Ia, +nB2P;s (Ag)) .
|B]<c
Observe that
o { VET 8 e VELER(B-B)  sTas }
S o = o o [

Take 3,, = min(+/a, /n, c). Itis easy to show that for any constant¢' > 1, P(s/o > ¢ ors/o < 1/¢) converges

to zero exponentially fast in n (i.e., P(s/o > ¢ or s/o < 1/¢) = o (e~*") for some b > 0. See, e.g., Yang
"2 .

(1999a, p. 490-491)). Note also that /n8, < \/a, = o(ay,) and thus # = o(an). Then Pg, (A§) is

asymptotically equivalent to

Ps, <—an (c’)_1 < N(0,1) < ap (c’)_1> ,

which approaches 1. Since nf2 — oo, we have nf32Ps, (A5) — oo. Therefore, a,, — oo implies that the
worst-case risk of the model selection estimator with cutoff a,, converges at a rate slower than n—!.
It remains to show that if a,, stays bounded, the resulting estimator converges at rate »~!. To that end, we

need to show

sup sup <E,3n (B _ 5)2 Ia, +nB%Ps (A§)> < 0.
n B

~ 2 ~ 2 2 . . . -
Note that Egn (ﬂ — ﬁ) Ia, <nEpg (ﬂ — ,B) = }}" e which is upper bounded. Consequently, it suffices

to show n sup, B2 Ps (A§) is upper bounded. Observe that

{_ VIS e VELE(B-8) T _}

[ o - o

o yEmas| [ VEDEE(5-8) s
o 20 o - 20 ’
Thus

nf*Ps (A3)

< nB*Ps (? > 722;:; a:ﬂﬂ) + nfB?Ps <N(0,1) <-Y==17 Z%; :Uﬁ,@) )

For |8] < n~1/2, clearly nj3Ps (A$) is upper bounded by 2. For |3| > n~'/2 note that the two probabili-
ties in the right-hand side in the above display decay exponentially fast in /> ;" | ;2. It follows easily that
nsupg ? Ps (A$) is indeed upper bounded. This completes the proof of Theorem 2.

11



3.3 Commentson Theorems 1 and 2

Theorems 1 and 2 may seem to tell opposite stories. How do we interpret them? How do we use them to guide
real applications if possible? Should one take the minimax or pointwise view point?

In general, in our view, pointwise asymptotic results provide rather little guidance for real applications. For
example, a universally consistent estimator in nonparametric regression with i.i.d. observations (i.e., it is consistent
without any assumption on the common marginal distribution) may not perform well in practice even though
theoretically it “works” universally. Pointwise asymptotics emphasize the positive outlook by assuming that we
have a large number of observations for the current problem of interest. This is the case for some applications
(think of many examples of simple linear regression in the elementary statistical textbooks) and perhaps can also
be made the case sometimes when collecting more data is not a serious concern. In other situations, when one gets
a larger sample size, it is usually desirable to consider more explanatory variables (which are usually available).
For such a case, relevance and validity of the pointwise asymptotic analysis become less clear. It is perhaps worth
pointing out that in the nonparametric world, pointwise asymptotics can be even less reliable in some sense. For
example, super efficiency (i.e., pointwise convergence rate is faster than the minimax rate) can occur at every
function in an infinite-dimensional class of regression functions (see, e.g., Brown, Low and Zhao (1997)). For
another example, in pattern recognition, if one considers pointwise asymptotics, classification is easier (in terms
of rate of convergence) than estimating the conditional probability function (Devroye, Gyo6rfi and Lugosi (1996)).
But if one considers the minimax rate of convergence, the two problems are actually of the same difficulty for
many familiar function classes (Yang (1999b)). In any case, in a typical application where model selection is
clearly a nontrivial issue, perhaps more often than not, we are not is a situation where the pointwise asymptotic
behavior has “kicked in” already (or at least it is not evident that is the case). This is particularly true when the
model selection methods strongly disagree with each other. To address this concern, properties such as minimaxity
can be very helpful for better guiding the model selection practice.

From a pure mathematical statistics point of view, the debate between AIC and BIC cannot be well resolved in
the sense that they work well under different conditions/assumptions and the question of which condition is more
appropriate cannot be answered by any theoretical analysis. For a successful application of model selection, it
seems clear that one is obligated to take into account the context and background of the data and prior experience
whenever possible. A simple (perhaps naive) consideration is to prefer AIC if 5 is more likely to be nonzero and
use BIC if 5 is likely to be very small or zero based on experience or a theory about the subject matter. Of course,
one can always do both AIC and BIC. In our simple case, there is a good chance that they agree with each other
(which happens with high probability when | 3| is small or large relative to the noise level) and then there is little
concern. We will come back later to discuss the situation when AIC and BIC do differ.

Another comment is that whenever possible, we should try to understand/assess whether the difference in

prediction resulted from the different methods is really significant or not for the subject matter even if the statistical
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significance is obvious. Even though statistical significance is usually important, its practical relevance should be

kept in mind in applications.

3.4 Canthestrengthsof AIC and BIC be shared?
3.4.1 Adaptive asymptotic loss efficiency

One property that separates AIC and BIC is the condition under which an asymptotic loss efficiency (to be defined)
holds. Shao (1997) showed that AIC (or a similar criterion) is asymptotically loss efficient when there is no fixed-
dimensional correct mode and BIC (or a similar criterion) is asymptotically efficient if there is a fixed-dimensional
correct model. If one considers only the model selection criteria of the form RSS + \,,62 k, where k is the model
dimension, 62 is an estimator of o and \,, is the penalty coefficient (), = 2 for AIC and \,, = logn for BIC),
then from Shao (1997), it is clear that any choice of A,, cannot yield the asymptotic loss efficiency under both
of the aforementioned conditions. This brings up the interesting question: Can we construct an adaptive model
selection rule that does achieve the goal of asymptotic loss efficiency for both situations?

Under some conditions, we show that the answer is yes. Even though the rest of the paper focuses on the
parametric case, we feel that this result is useful and interesting enough to be included here (at least in a sketchy
way) for a good understanding of the model selection criteria. Again, we will not try to be general and prefer
simplicity for seeing the essence more clearly.

Consider a collection of nested linear models with model index & > 1, where k is simply the dimension of the
model. The true model is

Yi = f(zi) + &4,
where z; = (x;1,...,x;q) for some d > 1 and the errors are assumed to be normally distributed with mean
zero and known variance 0 = 1. Let My = M, denote the projection matrix of model k. Let f, =
(f(@1), f(x2), ..., flxn)) and Y = (Y1,...,Y,) be the vectors of the true values of the regression function
at the design sites and the observations, respectively. Let fk = MY be the least squares estimator of f,, based
on model k. Let || - ||, denote the Euclidean distance on R™.

Let & be a model selection rule and let &,, be the selected model.

Definition 3: & (or k,,) is said to be asymptotically loss efficient if

I fu=fi 112
inf >y || fr = fi |12

As mentioned already, AIC and BIC are asymptotically loss efficient for nonparametric and parametric cases,

— 1in probability as n — oc.

respectively, but not both (Shao (1997)). We need certain conditions to establish adaptive asymptotic loss effi-
ciency.

When at least one of the candidate models is correct, a model selection rule is said to be strongly consistent if
the selected model is eventually equal to the smallest correct model with probability one. For strong consistency

of BIC for regression (under conditions on the design matrices), see Rao and Wu (1989).
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Assumption 1. BIC is strongly consistent when at least one of the candidate models is correct.

Assumption 2. AIC is asymptotically loss efficient when none of the candidate models is correct.

Sufficient conditions for Assumption 2 are given by Shao (1997).

We now construct an adaptive model selection rule. Let l}AIQn and IAcBICVn be the model selected by AIC and

BIC respectively at sample size n. Let b, = max(3, |logloglogn|) be an increasing sequence of integers. Let

- kprcn  Wkprce, = kprce.+1 =+ =kpron
" karc, otherwise.

The idea is very simple: when BIC selects the same model again and again at different sample sizes, the true
model is most likely finite-dimensional and hence BIC should be preferred.

For the strategy to work, we need some additional conditions for the nonparametric case. Let k}, = k¢,
be the minimizer of 2 || £, — My f. ||2 +£ over k > 1. Note that k;, provides the best trade-off between the
approximationerror L || f,, — M, f, ||2 and the estimation error % (recall o2 is assumed to be 1). We require that
the approximation errors to behave regularly in the following sense.

Assumption 3.

1. If the approximation errors satisfy that for & > 1,

—ek

>c>0
e

for some constant ¢, then

klogn
n

i (1= Mufo I+ ) = o ((oglogm) ). @

2. If the approximation errors satisfy that for k& > 1,

1 2
LA fu— M,
n || fne_ekkf’n ||n <?< o0

for some constant ¢, then
k7,
Fln/10gn)

—lasn — oo. (5)

For interesting nonparametric regressions, it is usually the case that inf (% | fn— Mg fo|? +%) converges
basically at (or around) a polynomial rate n =" for some 0 < r < 1 and then (4) is satisfied. Speed and Yu (1993)
observed that when the approximation error rapidly decays at e , AIC and BIC should perform the same in the

sense ) ,
| o= Fipreo I

o Fopo I

Note that the condition (5) is satisfied when the approximation error is ce=<" for the models. If the approximation

— 1 in probability as n — oc.

errors behave regularly and of order O(e—ek) (including o(e—ek )), we expect it to continue to hold.

Proposition 1. For the model selection rule ki,
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1. when (at least) one of the candidate model is correct, under Assumption 1, k,, is asymptotically loss effi-

cient.

2. when none of the candidate models is correct, under Assumptions 2-3, k,, is asymptotically loss efficient.

The proposition says that under some reasonable conditions, an adaptive model selection rule can be asymp-
totically loss efficient for both parametric and nonparametric situations.

Proof of Proposition 1: To prove the result, it is sufficient to show:

1. when at least one of the candidate models is correct, k,, will eventually equal to I%chm almost surely;

2. when the first condition of Assumption 3 holds, we have P(,, = I%Alc,n) —1;

3. when the second condition of Assumption 3 holds, we have

= Fopo I

1 fo—Frpo I

— 1 in probability as n — oo.

The first one above clearly holds with the strong consistency assumption on BIC. We next sketch the proof for
the latter two cases.

Suppose that Assumption 3(1) holds. It suffices to show that P(@Bzc,n = IAcBIcyb") — 0. Note that at the
sample size by, kpicp, < bn. Thus it is sufficient to prove that)_, o, P (lAcBICm = k) — 0. Let k3,0, be
the model that minimizes 2 || f, — My f,, |12 +2082=1 over k > 1. Let Crit(k) =|| Y — MyY |2 +klogn
be the BIC criterion value of model & (we only need to consider k < n). Lete,, = (¢1,...,&,) and Ay, = I — My,

where I is the k£ x k identity matrix. Note that
Crit(k) =|| Apfa |2 +k(logn — 1) + 2e) A fr + (k — €/, Myen) + || en |12, (6)

where the last term || e,, ||2 is irrelevant for model comparison due to its always presence and independence of k.

Under Assumption 3(1), for & < b,,, we have
Il A fu |52 en (logn) ™ )

for some ¢ and thus the remainder terms 2e! Ay, f, and (k — el, Mye,,) in the expression (6) are asymptotically
negligible compared to || Ay f,, |[7, . Similarly, for k = k3¢ ,,, since k};;,, — oc as n — oo for the nonpara-
metric case, we have that 26’7114]“7310‘” fn+ (k}g,cm — e;szEIC,nen) is asymptotically negligible compared to
| Aks,... o I k510, (logn — 1). Together with the assumption that || Argyotn % +kB1c,(logn — 1)
converges faster than n (logn) " for k < b,, and (7), we know that asymptotically Crit (k) > Crit(kgc.,) With
increasingly high probability for k£ < b,,. Thus it is unlikely for kn to be equal to l%BIC,n. Under the normality

assumption, we have exponential probability bounds for the two remainder terms e}, Ay, f,, and (k — el, Mye,,) ,
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which can be used to easily make the above argument rigorous (see, e.g., the analysis in Yang (1999a, pp. 489-
492)).

Now we handle the remaining case when the approximation errors decay rapidly. When the approximation
error is ce=¢", it can be shown that k%1c,, satisfies that e—ekglc’" =0 (l”’“%) and the same holds for &7, ,,-

Consequently the ratio
. k% n
H fn— MkEw,nf” Hfz +%C)

G
|| fn - Mkjuc’"fn ||$z +%
is asymptotically equal to the ratio of kp ;. ,, and k% ¢ ,,, which can be easily verified to be approaching 1 as

(8)

n — oo. When the approximation errors converge faster than ¢, we also have L || £, — My, fn |2=
0 (k'”%) and the same is true for AIC. Note that when the approximation error is regular, k% . ,, is basically

equivalentto k7, ln/logn) " Hence the ratio in (8) convergesto 1 under Assumption 3(2). One can also show that

in=Fiy e I

o — 1 in probability as n — oo and the same holds for BIC. This completes a sketched
||f"7Mkj410‘n fﬂl|i+$
proof of the proposition.
Remark: For the adaptive model selection rule kn, it is not clear if it will eventually agree with AIC or BIC
(whichever is the right one) with probability one. It is of interest to investigate if there exists any model selection
rule that will eventually take AIC when none of the candidate models is correct and take BIC when at least one of

the candidate models is correct.
3.4.2 No model selection rule can be really adaptive between AIC and BIC

Proposition 1 gives some hope to resolve the competition between AIC and BIC by sharing their strengths (it
indeed succeeded in one aspect). Note that the adaptive asymptotic loss efficiency is a pointwise convergence
property. How about other perspectives?

Theorem 2 shows that BIC pays a somewhat high price for being pointwise-risk adaptive in selection (or one
can look at the issue from another angle: AIC pays a somewhat high price for being minimax-rate adaptive, i.e., it
is not consistent in terms of selection). Naturally, one may wonder if this weakness of BIC can be overcome while
maintaining its pointwise-risk adaptation property. In other words, is it possible to construct a more sophisticated
model selection criterion that is both pointwise-risk adaptive and minimax-rate adaptive? If this can be done, then
the debate between AIC and BIC is resolved to a large extent.

There are several attempts in that direction. Barron, Yang and Yu (1995) reported that the minimum descrip-
tion length criterion (MDL, Rissanen (1978)), when applied in a nonstandard way, essentially yields a penalty
of AIC type or BIC type, whichever is better. This implies that the resulting estimator converges at the mini-
max optimal rates for nonparametric cases and also optimally in rate in terms of a cumulative prediction error
for parametric cases. Hansen and Yu (1997) took a different approach in the MDL approach to have a penalty
basically switching between AIC type and BIC type according to the outcome of a suitable test. When the true

model is finite-dimensional, the criterion is consistent and pointwise prediction-optimal (Corollary 1 of Hansen
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and Yu (1997), see also Hansen and Yu (2001)). George and Foster (2000) proposed new Bayesian model se-
lection criteria based on empirical Bayes approaches to have an adaptive penalty term that acts like BIC or RIC
(note that RIC has a penalty of AIC type when the number of models does not grow in the sample size). Rao
and Tibshirani (1997) suggested adaptively choosing the penalty constant based on cross validation. Shen and Ye
(2002) proposed an use of generalized degree of freedom in the same direction of adaptively selecting the penalty
constant and reported very promising simulation results. Yang (2003a) showed empirically that when AIC and
BIC estimators are combined, the new estimator performs like the better one under the squared error loss.

Despite the above positive findings, it turns out that the most essential features of AIC and BIC cannot be
combined. Consider the setting in Section 1.

Theorem 3. No model selection criterion can be both pointwise-risk adaptive and minimax-rate adaptive at
the same time.

The theorem says that the main strengths of AIC and BIC cannot be combined. Thus pointwise-risk adapta-
tion and minimax-rate adaptation are conflicting performance measures to some extent. The result is significant
because it gives a clear answer to the fundamental question of how far adaptive model selection can really go.

In a closely related direction, Yang (2003b) showed that in a linear regression setting with multiple candidate
models, the consistency property of BIC and the minimax-rate adaptation property of AIC cannot be shared (note
that a different loss, i.e. average squared error at the design points, is considered there). Here in Theorem 3 the
contrast is made between pointwise-risk adaptation and minimax-rate adaptation.

Proof of Theorem 3: Consider a pointwise-risk adaptive model selection criterion §. Let A,, be the event that

model 1 is selected. From the proof of Theorem 2, to show § is not minimax-rate optimal, it suffices to show
supnB*Ps (AS) — oc.
B
Since ¢ is pointwise-risk adaptive, we have that when g = 0, for zo € [—1,1],

‘;—2 + :E%Eg (BIAn — ,8)2 +2r9Ep (& — a) (BIAn - /8) 1
- —

n

and thus

A\ 2 “
2oEs—o (\/ﬁﬂ) Ia, + 2nEs—o (& — a) BI4, — 0.

A\ 2 . .
Consequently, we must have Ez—q (ﬁﬂ) Ia; = 0and nEg—q (& — a) f14, — 0. Since under § = 0, /nf
has a normal distribution with mean zero and variance o2, we have Ps_o(A4,) — 0asn — oo.

Consider a testing problem as follows. The observations are from the model:
)/;':Bmi+5i7 i=1,2,...,n,

where the errors are independent and have standard normal distribution. Note that this corresponds to the case

when o = 0. Consider testing Hy : § = 0 versus H; : 8 > 0. If we take the rejection region A,,, 6 becomes a
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testing rule with probability of type | error approaching zero. We next show, via Neyman-Pearson Lemma, that
any test with the probability of type I error going to zero necessarily must have sup 5<,. nfB?Ps (A%) — oc. Let

f(y1,...,yn; B) denote the joint probability density function of (Y71, ...,Y,). Note that for 5, > 8o > 0,

M = exp <% Z ((yz - 50%’)2 = (yi — 51%)2))

f(yb o Yns BO)

i=1

= exp <(ﬂ1 — fo) Ziﬂz’yi + (Bo — B1) 2353) .

i=1

Thus the family has a monotone likelihood ratio. It follows that a uniformly most powerful (UMP) test is
to reject Hy when Y7 | z;y; is larger than some constant C'. Let us choose the constant C' = d,, so that
Pg—o (31, wiy; > dy) = Ps—o(Ay). Let A, . denote the event of """ | z;y; > d,,. By the UMP property
of A,, ., we have forall 5o > 0

Pg (Any) 2 Ps(4y).

Consequently,

sup n3°Ps (A5) > sup nff*Ps (45,,) .
18|<c [B|<c

Now since )" ; x;¥; has normal distribution, it is easy to get

= d
Ps_o x;Y; >dy | =P | N(0,1) > —= )
(Bpeizan) = o

i

andfor 3 > 0

Ps (2:; z;Y; < dn> =P (N(O, 1)< %) .

Since Ps—o (31, ¢;Y; > dy) = Ps—o(A,) — 0, we must have % — oo (it can be easily shown that d,, = o(n)

for the probability of type Il error to converge to zero). Then with the choice of 3,, = —d=— , we have

- 22$?’
18] <c ’ A PAVOE

2
Since the last probability above goes to 1 and 1 nd 00, we conclude that supwgcnﬂ?Pg (Afm) — 00.

(2oa%)

This completes the proof of Theorem 3.

3.5 Subjectivity of the choice of the penalty in model selection

Note that under model 1, the least squares estimator gives f(z) = é& + S, for estimating f(z). It has a constant
risk % + ,‘[72062 under the squared error loss. Assume o2 is known (or bounded above by a known constant), the
estimator f(;)l ig in fact a minimax estimator. Since model 0 is contained in model 1, thus from a minimax point
of view, this estimator cannot be improved. However, model selection comes into the picture due to the simple

fact that when S is zero or small, the use of model 0 results in a much more accurate estimator/prediction. Clearly,
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insisting on the rigid minimax view is inappropriate since then the smaller model is always ignored. Foster and
George (1994) proposed a risk inflation criterion to address this issue for linear regression. Later, George and
Foster (2000) showed that different choices of the penalty (such as in AIC, BIC and in between) can be derived
from asymptotically maximizing the posterior probability under different choices of priors (allowing the priors to
possibly depend on the sample size).

Here we show that different choices of the cutoff constant a,, in (2) are sensible depending on how one
compares the risk functions of different methods. From this angle, different choices of penalty (or cutoff) are
thus subjectively justifiable. We assign a prior probability on the models and weigh the worst-case risks under
the candidate models accordingly. Let o and 7, be the prior probabilities or weights on model 0 and model 1
respectively (obviously 7y + 71 = 1). Denote 7 = (mg, 71). Let Fo = {a: —o0 < a < oo} and F; = {a+ fz :
—oo < a, 3 < oo}. For a model selection rule 4, let

R(;zo;m; ) = mo sup R(f;d;x0;n) + m sup R(f;d;z0;m)
feFo F€F
be the weighted worst-case risk. Now obviously, the potential gain of using model 0 is reflected in the new risk.

We have the following natural definition to compare two model selection rules & and d.

Definition 4: A model selection rule ¢, is said to be better than ¢, in terms of the weighted worst-case risk if
R(01;mo3n; ™) < R(02; o3 n; ).

For each choice of mo between 0 and 1, let a* () be the best choice of a that minimizes the weighted worst-
case risk among the class of model selection criteria given by (2). For the following result, for simplicity, we
assume that o2 is known to be 1 and assume that 37" | «? = n. Accordingly the model selection criteria in (2) is

changed to rejecting model 0 when

an
31> L.
Let 61e=} denote this selection rule.
Proposition 2: Let g > 0O and w1 > 0 and g + m; = 1. We have the following results under the weighted

worst-case risk.

1. If  is fixed, then AIC is better than BIC when r is large enough. In fact, for each fixed 7,

R(stan}; zo;m; )
R(010n}; z9;m; )

for any {a,} and {b,,} with lim a,, = co and lim sup b,, bounded away from cc.

2. For each fixed sample size, as m — 1, a*(7) — 0.

From the first part of the theorem, giving model 0 a fixed positive prior probability is not enough for BIC

to perform well from the weighted worst-case risk point of view. For BIC to outperform AIC, one must have a
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shrinking prior probability (to 0) on model 1 as n gets larger. An interpretation of this, again, is that BIC is the
right choice if one believes that model 0 (or practically 5 being around zero) is much more likely to be true.

The second part of Proposition 2 says that when model 1 is less likely to be true, the penalty should be larger
for model 1, which clearly makes intuitive sense.

In the general linear regression context, it is natural to consider a class of criteria: choose the model that
minimizes

RSS + \,62k,
where RSS is the residual sum of squares, 62 is an estimate of o2, k is the dimension of the model, and A,, is
the penalty constant. It is called the GIC method in Rao and Wu (1989). Note that the issue of choosing \,, is
essentially the same as choosing a,, in (2) in our setting.

Clearly a choice of A\, = A > 2 is a compromise between AIC and BIC. However, under the average squared
error, in terms of pointwise asymptotics, the criterion is not as good as AIC when the true model is infinite-
dimensional and not as good as BIC when the true model is among the candidates (Shao (1997, Section 3)).
Zhang (1997) in the discussion of Shao (1997) argues that any choice of A\,, = A deserves consideration under
a loss that weighs bias and variance differently from the squared error loss. The second part of Proposition 2
justifies a compromising criterion from our minimax point of view.

Proof of Proposition 2: The first part of the result is trivial from Theorem 3. From the proof of Theorem 3, we
have that under model 0, R(f;J;zo;n) = %EBZO (ﬁﬁmo)Q I{\/E\B|>an} and under model 1, R(f;J;zo;n) =
1 <E/3n (B - ,8)2 I jnipi>any +1B° P (—an <V < an)> . Since /n (B - ,B) has the standard normal
distribution, letting - denote v/n /3 and Z denote a random variable with the standard normal distribution (recall

the assumptions on o and )| z%), the risk then becomes
E’yZ2I{Z>a—'y Or Z<—a—~} + ’YZP (_a -7 < Z<a- ’7) :

For each choice of a, let v* denote the worst v that maximizes the above expression. Consequently, to minimize

the weighted worst-case risk, we need to select a,, to minimize
10EZ* I 2150 + ™1 (BEy 221 g5y O 2<—a—n} + 7P (—a—7* < Z <a—7")).

Obviously, as a — oo, EZ%I| 7|54 — 0 and itis easy to see thatas a — 00, By« Z*[{ 450+ OF Z<—a—n+} +
v*2P (—a—~* < Z < a—~*) approaches oo. Therefore, as 7; — 0, the optimal choice a* must approaches

oo. This completes the proof of Proposition 2.

4 An alternative penalty constant for prediction

In this section, we give a simple alternative penalty constant (or cutoff) derived directly from the purpose of having

a good risk function for estimation/prediction.
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o%a?

Recall that model 0 and model 1 have risk % + z3 3% and % + DR respectively. Thus model 1 is better
i=1""

2 .
when 5% > s~ I8,
i=1""

oL s,

2, =
Since § and ¢ are unknown, the above relationship cannot be directly used for choosing between model 0 and
model 1. Obviously, we can try the plug-in approach of replacing the parameters by their estimates respectively.

Let /3 be the least squares estimate of 3 and s2 = Ly Yi—a— Bx;)2. Then a sensible model selection

rule is to choose model 1 when — 2L > 1. Recognizing that the ratic ——“—— is a biased estimator
Zi:1zi2 i B
of ——~£—, we may consider a modification when r is small. Since the numerator and the denominator are
" 2

@
. i
i=1

independent, the expectation is 3/, acﬂE%. Since a multiple of i—i has a chi-square distribution, we can

easily find that E< = / 025 with this modification, we come to the criterion that selects model 1 when

eSS
Bl [i=2reg)
\/?7“2_ 2 (%5

We will denote this new selection rule é . Note that the criterion is even more aggressive in choosing model 1

n—3
than AIC (as n — oo, the cutoff value ”T‘z iEE; approaches 1).
—z

5 Empirical results for comparing the model selection methods

In this section, we give simulations to compare the model selection methods. The theoretical risks of the model

selection methods are computed based on Monte Carlo simulations with 3000 replications.

5.1 Comparingthe proceduresin termsof samplesize

Here our interest is to know that, at a given value of the slope parameter 3, how AIC, BIC and the other methods
compare to each other at different sample sizes. Note that the asymptotic results in Section 3 have already told us
that when r. is really large, BIC is better than AIC (and the like) when § = 0; and when £ is nonzero, the risks of
AIC and BIC are asymptotically equivalent.

Note that when n > 8, BIC begins to have a cutoff a,, larger than AIC for model 1. In our simulation below,
we consider sample sizes beginning from 10. We choose o = 0.5.

There are three scenarios, represented by three different values of 5: 8 = 0,0.2,0.5. The plots of the risk
functions relative to AIC are given in Figures 4-6. When 5 = 0, BIC is better than AIC at all the sample sizes;
when g = 0.2, in the beginning, BIC is better, but AIC becomes better with more observations; when g = 0.5,
AIC is better right from the beginning. The second case (8 = 0.2) indicates that if the sample size is not large
enough to reasonably estimate §, it is better to pretend that it is zero. Note that even though in theory the risk

ratio of AIC and BIC approaches 1 for the latter two cases, it has not quite happened when n is 150 for both cases.
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This again suggests that pointwise asymptotic optimality of BIC may not say much when the sample size is not
really large.
Regarding the new selection rule given in Section 4, it performs very well for relatively large 5 but poorly

when 3 is small.

5.2 A simulation on robustness

Itis rarely (or perhaps never) the case that the underlying error distribution is perfectly normal. Here we investigate
the performance of the previous model selection methods when the true error distribution is double-exponential
but mistaken to be normal. We choose only two sample sizes: n = 25 and n = 100.

The true error distribution is double exponential with probability density function g(t) = e2/*l. Figure 7
gives the risks of d4, 05, d7, and & (relative to the better one of model 0 and model 1) in terms of 3 at the

sample sizes n = 25 and n = 100. The results are very much similar as before.

6 What todowhen AlIC and BIC disagree?

For our simple setting, from (2), the disagreement between AIC and BIC indicates that the test statistic value is
neither large nor small (in absolute value). It is a case where the pointwise asymptotic behavior is questionable.
The region of dispute for multiple model comparison becomes much more complicated. In any case, when the
model selection criteria do disagree, the previous asymptotic results provide little hint on what to do. How should
we address the issue?

Prior knowledge (hopefully not too subjective), if available, can be useful. For example, if historically 5 tends
to be small (or there is a good reason to believe so based on a subject matter theory) one should use BIC, and if no
such information is available, it is better to use AIC for protection of the worst-case performance. Note that when
there are a number of explanatory variables, perhaps it is more often than not that AIC and BIC select different

models.

6.1 Combiningthe models

When the model selection criteria do disagree on the data, as far as estimation/prediction is concerned, a solution
to avoiding the pain of selecting the selection rules is a compromise: averaging the estimators from the models.
Fortunately with an appropriate weighting of the models, the estimation accuracy can be substantially improved
for such a situation.

Much has been said already on general model averaging or model combining, including Bayesian approaches
(see Hoeting et al. (1999) for a review of the very rich works of Bayesian methods), frequentist approaches based
on bootstrap or weighting via model selection criterion values (Breiman (1996) and Burnham et al. (1997), and a

method called ARM (adaptive regression by mixing) (Yang (2001, 2003a), Yuan and Yang (2003a)). For example,
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Yuan and Yang (2003) showed that when model selection instability is high, ARM does a better job than the better
one of AIC and BIC. In a simple setting, Yang (2003) proved that model selection, no matter how sophisticated it
is, is worse than a combined estimator in an appropriate sense. Yang (2004) discusses two different directions of
combining models (or general estimation procedures) with theoretical characterizations of their gains and prices
they have to pay.

In general, model selection and model combining are both useful. Yuan and Yang (2003) showed that when
model selection instability is high, model combining by ARM tends to do better or much better. But when model
selection has little instability, model combining is not necessary and can even perform very poorly.

Below we give the ARM method (Yang (2003a)) for our specific setting.
e Step 1. Split the data into two parts Z(1) = (z;,¥;)"/? and Z(®) = (a, YR it

e Step 2. Estimate the parameters by the least squares method based on Z ) for each model. Let 62 and 62

be the usual unbiased estimators of o> from model 0 and model 1 respectively (again based only on Z™1).

e Step 3. For each of the fitted models, assess the accuracies of the models using the remaining half of the
data Z(?). Let Dy and D, be the prediction sum of squares from model 0 and model 1 respectively.
e Step 4. Compute the weight

(1) ™% exp (—=67%D1/2)
> =01 (6;)""* exp (—672D;/2)

Wy =

LetWy=1— W;.

e Step 5. The combined estimate of f(xo) is
Fu(@) = Wo fon(o) + Wi fin (o).

We consider an additional variant of ARM: it combines model 0 and model 1 as above only when AIC and

BIC disagree with each other.

6.2 Simulation and a data example
6.2.1 A simulation

We now add the two combining methods in the previous subsection in the competition described in the beginning
of Section 2. The settings are kept the same. Figures 8 and 9 give the relative performance of the procedures
compared to the better of modol 0 and model 1 at sample size 25 and 100 respectively.

From the graphs, we do see the performance improvement by the combining procedures when beta is small
(relative to the sample size). The combining procedure 1 always combines the two models and performs really

well at the /3 values where the model selection methods differ most, yet it pays a heavy price when beta is relatively
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large (when g is really large, it is fine as seen in Figure 9). When the models are combined less aggressively by
the second combining method (i.e., combining when AIC and BIC disagree), the problem of combining method

1 is substantially reduced. Overall, in our judgement, the combining method 2 is the winner.
6.2.2 A dataexample

We demonstrate how the sample size n influences the relative performance of the model selection and model
combining methods. The data set of body fat was used, which has 252 observations and 19 variables and it was

obtained from
http://ww. anst at. org/ publications/jsel/ datasets/fat.txt.

Several problematic cases were removed following the comments by Johnson (1996). The new sample size is
247.

Unlike Penrose, Nelson and Fisher (1985) and Johnson (1996), where the purpose of the analysis is to find
predictive equations for the determination of body fat, our interest here is different and we use one predictor at a
time.

The response variable is the percent body fat using Brozek’s equation (the second variable in the data). The
two individually used predictors are age and fat free weight (original variable number 5 and 9). The correlation
between the response and age is 0.293, and the correlation between the response and fat free weight is -0.036.
Roughly speaking, they correspond to two situations: the slope parameter is not small and the slop parameter is
very small or zero.

Figures 10 and 11 give the average prediction squared error of the model selection and model combining
methods at sample sizes from 10 to 200. Note that at each sample size, we randomly split the whole data with
the first part of the size of the sample size and the second part used to compute the average prediction squared
error. This is replicated 200 times. The performances of the methods given in the figures are all relative to the
performance of AIC.

The results are very interesting and confirm our earlier understanding. For the first case with age as the
predictor, from the whole data, we know that the slope parameter is nonzero and not very small (relatively speak-
ing). When the sample size is around 10, BIC performs better, but soon becomes worse than AIC. It continues
to be worsened and then comes back and eventually performs about the same compared to AIC. Note that the
pointwise-risk adaptivity of BIC assures that in the situation above, BIC will eventually perform as well as AIC.
For the second case with fat free weight as the predictor, the slope parameter is very small (relative to the sample
sizes) and we expect BIC to be better and that is indeed the case. As the sample size increases, their difference
become smaller in the ratio. From Figure 11, at the end, AIC and BIC performs quite similarly. From the earlier
theory, if the slope parameter is really zero, then the gap between AIC and BIC will never be closed. On the other

hand, if we had the sample size of 10000 (say) instead of 247, the observed correlation of -0.036 is no longer
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negligible and we would see that AIC and BIC cross position with AIC being better as the sample size increases
and then eventually the performance ratio goes to 1. It is worth pointing out that comparing the two figures, we
see that for a much wider range in case 1, BIC is significantly worse than AIC.

For the test approach, it is between AIC and BIC, performing better than BIC in case 1 but worse for case 2.
Overall, it seems that the testing approach is better than BIC.

The new selection rule goes opposite to the testing approach and BIC.

Finally, but not least, the two combining procedures work both very well, except for the first combining
procedure with the large sample sizes, where the model selection procedures have little difficulty finding the
better model. The approach of combining the models when AIC and BIC disagree is perhaps the overall winner
among the competitors.

In our view, when there is little prior experience on the slope parameter, combining the models is a better

approach for prediction when model selection methods give different answers.

7 Somethoughts on the hypothesistesting approach

As mentioned already, for our simple problem, the testing approach is perhaps the “standard” way to proceed
following the statistics textbooks. This reflects the traditionally important role of hypothesis testing in statistics.
Even though information criteria have gained substantial popularity for model comparison, for the simple linear
regression problem with only two models, it might be thought as an overkill. Thus it is probably fair to say that
even if prediction is the goal, most people would naturally take the testing approach.

The simulation at n = 25 quite clearly indicates that the testing approach is not quite in line with the goal of
prediction. If we think about it, it is hardly surprising. The traditional Neyman-Pearson approach of hypothesis
testing guards against probability of type | error, which is a rational strategy as far as evidence against Hy is the
concern. Quite naturally, one may hope that since the “true” model (if not too complicated) usually outperforms a
wrong model, if we can do a good job identifying the true model, our goal of good prediction can be automatically
achieved.

This is indeed a philosophy traditionally taken by our profession. For example, Cox (1958) stated that “No
consideration of losses is usually involved directly in the inference”. Behind this is the optimistic view that we can
discover the true model from the data at hand which can then be used to answer different questions with possibly
different loss functions. When the model building process is highly uncertain, however, keeping a loss function
in mind during the modeling stage can be a better practice. For our simple prediction problem, if we follow the
hypothesis testing approach to identify the true model first, it is unclear how the choice of test size affects our
ultimate goal of accurate prediction. See Hand and Vinciotti (2003) for some references and related discussions
on this issue.

From the above discussion, we feel strongly that the notion “test a hypothesis first and then make a prediction”
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should not be the one students get implicitly or explicitly from our future statistics textbooks. A distinction should
be made and emphasized between the goals of testing a scientific hypothesis and prediction. Of course, we are

not against hypothesis testing at all, but we are concerned about its use for estimation/prediction.

8 Summary and concluding remarks

Many theoretical results have been obtained on model selection. In particular, there has been a serious debate on
the issue of AIC versus BIC. Based on the literature, pointwise asymptotic theorems support the popular notion
“BIC is good if the true model is finite-dimensional and AIC is good if the true model is infinite-dimensional”.
However, in this work, with both theoretical examinations and empirical demonstrations, it is seen that the popular
notion is inaccurate and it overly simplifies the comparison between the criteria. Even when the true model is
among the list of candidate models being considered, even though BIC performs asymptotically as well as if one
knew the true model in a poinwise fashion (with the true regression function fixed and the sample size tends
to infinity), the worst case performance of BIC (over the regression functions) gets increasingly worse relative
to AIC. In general, for a problem where the model selection methods strongly disagree with each other, it is
probably more likely than not that the pointwise asymptotic behavior does not reflect the reality (in our opinion,
the pointwise asymptotic optimality properties are overly interpreted in the current statistical literature). It is thus
not true that when one knows that he/she is dealing with a parametric situation he/she needs to perfer BIC to AlC.
In the setting of simple linear regression versus the null model with only the location parameter, the simulations
suggest that unless one has has a strong reason to believe that the slope parameter is most likely to be zero or
small, BIC performs worse than AIC in an overall sense.

It is clear that no model selection rule can dominate all others. Thus the comparison of different criteria is
inherently subjective. Prior experience/knowledge should definitely be used if possible when choosing a criterion.
The fact that different penalties in model selection criteria result in different theoretical properties motivated
adaptive model selection, where the penalty is adaptively obtained based on the data (instead of being deterministic
as in AIC and BIC). Results in this direction show that the adaptive penalty indeed can suitably switch between
the AIC and BIC types, with very encouraging empirical support. However, we showed that this cannot go too
far: the pointwise optimality property of BIC and the minimax-rate optimality of AIC cannot be integrated by any
model selection rule.

When model selection rules give very different answers, model combining is a better alternative approach for
estimation/prediction. With a proper weighting, the large variability of the estimator from model selection can be
substantially reduced. Empirical results in this work show that combining the models when AIC and BIC disagree
gives a much improved overall performance.

We chose a simple setting in this work because the simple structure allows one to obtain a clear grasp of the

problem theoretically and empirically and the understandings are also useful for more complicated cases. For
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a general situation with multiple models, the issue of under-fitting versus over-fitting is similar, but the regions
where one criterion perform better than another become much more complicated (one certainly cannot plot the
risk functions easily). It seems clear that the main points made in this work still apply as far as at least two nested
models are compared. For the simple regression problem, one perhaps does not lose much by always having the
slope parameter. But for multiple regression, of course, the use of the full model can be much worse compared to
the use of a good model selection method.

In real applications, it is often desirable to try different kinds of models. When a large number of models are
in competition, however, model selection bias can be severe. For results dealing with this issue, see Barron and
Cover (1991), Yang and Barron (1998), Yang (1999a), Barron, Birgé and Massart (1999), and Birgé and Massart
(2001).
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Figure 1: Comparing the Model Selection Methods in Risk at 4 Sample Sizes
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Figure 3: Comparing the Model Selection Methods in Risk at 4 Sample Sizes
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