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Abstract

Westudylocalboundaryregularityfor theStokessystem.Weshow that,unlike
in the interior case,non-localeffectscanleadto a violation of local regularity in
thespatialvariablesneartheboundary.

1 Intr oduction

In this paperwe study local boundaryregularity for the Stokessystem. Let
���������
	������� ����������� ������ , �! �#" ����
$ �%�  � �&� , and � � �#" �'��($ �)� ��*�+� .

We considerthesystem:,�-�.0/',214365 � �7+8:9<; � � =
in
�'��?>
@ � �BA6C (1)

where
A �D� . We will assume, � � on �E >F@ � �BA6C and , � � when G � � . We

emphasizethat homogeneousboundaryconditionis assignedonly on the flat part of
theboundaryof

� �� . We do not imposerestrictionson , at � � >
@ � �BA6C .
If we considera similar situationfor theheatequation,, - .H/', � � , we have the

classicallocalboundaryregularity resultthatI ;KJKLNM OP � QSRT QVU- , �XWFY R[Z U6Z \BZ ] � , � ^ P`_ LNMOKa �
where b �\Fc � ��?>0@ � �BA6C is a paraboliccylinderand

Y
dependson d ��e
��f and g , but

not on , . Becauseof non-localeffect of thepressure,estimatesof this form cannotbe
expectedto hold for system(1). Nevertheless,G. Seregin recentlyin [9] proved the
following resultfor (1) underaboveassumptions:h ,ji:kmlnporq _ L M O P a WFY \BZ ]XZ sN@ � 3', � ^ P _ L MOKa 1 � 5 � ^utP _ LNMOja C (2)

where� �FvH�xw and
Y

dependson
fy� g , and

v
, but noton , (seeLemma2 in [9, page

219]).
In thispaperI constructexamplesshowing thattheresultin [9] cannotbeextended

to the derivative
Q T t , . Roughlyspeaking,we canhave I ;&J � z|{ t ; � �~} while the

right-handside of (2) is finite. We conjecturethat similar phenomenonoccursfor
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theNavier-Stokesequations.(A constructionof suchsingularsolutionof theNavier-
Stokesequationswouldnotsolvethemainregularityproblemfor theseequations,since
in our casethe appearanceof the singularity is causedby non-localbehavior of the
solutionsandboundaryconditions.) In a way, our solutionsarea boundaryanalogue
of thewell-known solutionof theform , @ ��� G C � 32� @ ��� G C where � @ �N� G C is harmonic
with respectto thespatialvariable(see[10]), whicharerelevantfor questionsregarding
interior regularity. However, non-trivial solutionsof theform , @ ��� G C � 32� @ ��� G C with, � �&� � � do not exist at theboundary.

Theplanof thispaperis asfollows:
In Section2, we review therepresentationformula for theStokessystemin a half

spacein [12] andwesetup our example.
In Section3, after basicobservations,we show that the solutionwe constructis

boundedin a regionconsidered.
In Section4, we obtaina priori estimateof the normalderivative andshow that

normalderivativesof thesolutionwe constructareunboundedneartheboundaryat a
certaintime.

In Section5, we show thatconstructedsolutionis indeeda weaksolutionandthe
pressureassociatedwith it is in a reasonableLebesguespace.At the endof this sec-
tion, we briefly explain anotherexample,which is againa weaksolutionbut Hölder
continuityfailsat theboundary.

2 Preliminaries

In this sectionwecollectnotationanddefinitionsusedthroughoutthis paper. We shall
alsorecallresultsin [12] for theStokessystemin a half spacein

��
.� Wedenoteby

��� asahalf-spaceof
��

. For
��	���

and
f �F� wedenoteby

� T Z \ the
openball

����	���S�j� � . ���X��f � . If
f � � , wewrite

� T Z � (or
� �T Z � ) as

� T (or
� �T ) for

simplicity. We alsodenoteby
Q � theunit disk in

� w
, i.e.

Q � � ���  	�� w �j� �  �X�*� � .� Let
�N����	
� ]

where g ��� �B� . We denotethedistancebetween
�

and
�

by � @ �N���&C .
If thereis no confusion,we sometimesdenote� @ ���B�+C by �� . Let � c � ] and

��	�� ]
.

Then � @ ��� � C indicatesthedistancebetween
�

and � , i.e. � @ ��� � C � 8:�+� � � @ �����&CE�m�<	� � . Similarly, we write � @ � � � C asthedistancebetweentwo sets� and
�

.� Let � c �� beadomain.For
��W���W } , ��� Z � @ � C denotetheusualSobolev space,

i.e. � � Z � @ � C � � , 	�� � @ � C��jQ s , 	�� � @ � C`� � W�� v���W#� � . As usual, � � Z �� @ � C is
thecompletionof  �¡� @ � C in ��� Z � @ � C . We alsodenoteby   s @ � C thespaceof Hölder
continuousfunctionswith theexponent

vH	 @ � �¢�)C .� Let
�SW£�X�Bf<W } and ¤ �¥@ � ��A6C . � \ @ ¤K¦§��� Z � @ � C�C is theBanachspaceconsisting

of all measurablefunctionswith a finite norm�¨� , �¨� ^ O _¨©«ª ¬�§® ¯`_:° a±a ��@³² © �¨� , @�´ � G C¢�:� \ ¬ §® ¯ _:° a 7 G C¶µOK·
If
� � f and

� � � , thenwe simplywrite
� � @ ¤j¦ � � @ � CBC � � � @ � > ¤ C . We alsodenote
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by   s&Z l PT Z - @ � > ¤ C thespaceof Höldercontinuousfunctionswith theexponent
v0	 @ � �¢�¸C

from � > ¤ into
��

. In theabovedefinition, � > ¤ is endowedwith a parabolicmetric� @º¹ � ¹  C � � � . �  � 1 � G . Gp � µP where ¹'��@ ��� G C and ¹  ��@ �  � Gp C .� Let » �¼�� >4@ � ��A�CB½0�� , ¾ �¼��� ½H�� and � ��� w >4@ � �BA6CB½H� w be vectorvalued
functions.Then »2¿ � � and ¾�¿ w � aredefinedasfollows:

»À¿ � � @ ��� G C �*² -� ²ÂÁ P » @ � . �  � G .�Ã C ´ � @ �  � Ã C 7 �  7 Ã �
¾�¿ w � @ ��� G C ��² Á P ¾ @ � . �  C ´ � @ �  � G C 7 �  ·� For a given scalarfunction » , we denote » � @ ��C �ÅÄSÆyÇ � » @ ��C`� �È� and »NÉ @ ��C �ÄSÆyÇ � . » @ ��C`� ��� .� We let

Y
denotethegenericconstantwhich mayvary from line to line.

For simplicity, we denote¤ ��@ � ��A�C . We considerthefollowing Stokessystem:, - .0/�,À1�3|5 � �7+8:9�; � � =
in
� � > ¤

, � � at G � � (3)

with a givennon-zeroboundarycondition:, @ �  � � � G C ��@ � � � ��Ê @ �  � G C�C on " � � > ¤ � (4)

where
Ê

is a scalarfunctioncompactlysupportedin
Q � > ¤ c � w > ¤ , which we will

specifybelow.

Definition of boundary data
Ê

Let Ã beafixedpositivetimewith � � Ã ��A .
We define

Ê��ÂQ � > ¤ ½4� asfollows:Ê @ �  � G C � ¾ @ � �  � C � @ G C in
Q � > ¤ � (5)

where¾ and � satisfythefollowing properties,respectively:
[S] ¾ is compactlysupported,smooth,positive, radially symmetricand ¾+ @�´ CÀ� � inQ � .
[T] � is of theform

� @ G C �ÌËÍ Î @ ÃÏ. G C µPÂÐ @ G C when � W G � Ã� when Ã W G �FAÏ� (6)

where

Ð
is a cut off function satisfying

Ð 	  �¡� @ �uC , � W Ð @ ��C<W~�
,

Ð
is compactly

supportedin @)Ñw �  Ñw C , and

Ð � �
in @  ÑÒ ��Ó ÑÒ C . We notethat � is Höldercontinuous,but

not Lipschitzcontinuous.
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By recallingtherepresentationformulaof theStokessystemin [12], we canhave
a solution , of (3) with boundarydata(4) where

Ê
is given in (5) and ¾ and � satisfy

[S] and[T] . Beforewe representthesolutionexplicitly, we review someestimatesof
functionswhich will be usedlater (see[12, page37, 41]). To avoid confusion,we
follow notationusedin [12].� Q RT Q U- � @ ��� G C%�&W YG U � µP @ � w 1 G CÂÔ M µP (7)

� Q�RT � Q �T t Q�U- � @ �N� G C¢�&W Y@ � w 1 G C U �  M µP @ � w 1 G C Ô M µP (8)� Q�RT � Q �T t Q�U-  +Õ @ �N� G C¢�&W YG U � µP @ � w 1 G C Ô M PP @ � w 1 G C  P � (9)

where� � � and  &Õ aredefinedasfollows(see[12, page37,40]).� @ ��� G C ��@ �� ��� ¿ w×Ö @ �  � � � G C�C � ² Á P×Ö @ �  � � � G C� � . �  � 7 �  � @ �N� G C ��@ �� �  � ¿ Ö @ �  � G C�C �£² Á P×Ö @ � . �  � G C� �  � 7 �  
 +Õ @ �N� G C ��² Á P 7 �  ² T t� " Ö @ ��� G C" �  � Õ . � Õ� � . ���  7 �  �

(10)

where Ö is thefundamentalsolutionof theheatequationin
��

. In addition,we recall
relationsbetween

� �  +Õ and Ö (see[12, page40])."   s" �  � "   " � s 1 " w �" � s&" �  where
v � �Â� � � Ø Õ¨Ù � "   Õ" � Õ � . �mÚ " Ö" �  · (11)

Sincethetangentialcomponentsof boundarydataarezeroat theboundary(see(4)), in
orderto find theexplicit representationof , , it sufficesto recall theGreentensorÛ�ÕÝÜ
for Þ � ��� � �B� , and ß � � , whicharegivenasfollows(see[12, page36]):

Û Õ  @ �N� G C � . �mà Õ  " Ö @ ��� G C" �  . �Ú "" �  ² Á P 7 �  ² T t� " Ö @ ��� G C" �  � Õ . � Õ� � . ���  7 � 
. ��yÚ à+@ G C "" � Õ �� ��� for Þ � ��� � �B� ·

UsingtheGreentensorsabove, theeachcomponent, Õ � Þ � �Â� � �á� of velocity field of
theStokessystem(3) with (4) is expressedasfollows(see[12, page53]):, Õ ��@ Û�Õ  ¿ � Ê+C � . �K@ºà Õ  " Ö @ ��� G C" �  ¿ � Ê+C . �Ú @ "   Õ" �  ¿ � Ê+C . ��yÚ @ "" � Õ �� ��� ¿ w Ê+C (12)

Morespecifically, , � � . �Ú @ "   �" �  ¿ � Ê+C . ��yÚ @ "" � � �� ��� ¿ w Ê+C`�
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, w � . �Ú @ "   w" �  ¿ � Ê+C . ��yÚ @ "" � w �� ��� ¿ w Ê+C`�,  � . �&@ " Ö @ ��� G C" �  ¿ � Ê+C . �Ú @ "   " �  ¿ � Ê+C . ��mÚ @ "" �  �� ��� ¿ w ÊXC ·
Finally, we concludethis sectionby remindingtherepresentationformulaof thepres-
sureassociatedwith , (see[12, page52]).

5 @ �N� G C � ��yÚ " w" w �  @ �� ��� ¿ w Ê+C . �Ú "" �  @ "" G . wØ� Ù � "
w" � w � C @ ��¿ � ÊXC1 ��yÚ @ �� ��� ¿ w " Ê" G C

(13)

where� is definedin (10).

3 BasicLemmasand boundedvelocity

Let uschooseapoint
�  �6â @ � � � � � � C!	 " ��� sufficiently awayfrom origin and

� � ���
(for instancewemaytake

� � � � � suchthat @ � T �ã $ �%�  � �&� C $ Q � ��ä ). We denote�E � � T �ã $ �)�  � �+� . Supposethat , �å@ , � � , w � ,  C and 5 aregiven in (12) and
(13) where

Ê
is given by (5) and ¾ and � satisfy [S] and [T] , respectively. From the

representationformula(12) and(13),we easilyseethat , � 5 	
� � @ �×� > ¤ C , andthus
they arewell-definedalmosteverywherein

��� > ¤ andsolve theStokessystem(3) in
adistributionsense(seee.g.[6, page87]) in

��� > ¤ (Thiscanbedoneby regularizing� andpassingto the limit). In addition,we will show that , is boundedin
�'�T �ã > ¤

(seeLemma3.3) and , and 5 solve thefollowing Stokessystemin a weaksense(see
Lemma5.1andLemma5.2),�-�.0/�,21�365 � �7&8¨9�; � � =

in
� �T �ã > ¤ (14)

and , satisfiesinitial andboundaryconditions, � � at
�'�T �ã > � G � �+� � , � � on �  > ¤ · (15)

It shouldbementionedthat , satisfieszeroboundaryconditionsin a point-wisesense
on �  because, is Höldercontinuousup to theboundary(seeRemark4.2). Our main
goalis to show thatthenormalderivativesof tangentialcomponentsof , areunbounded
near�! when G � Ã , whichwill beshown in Main Lemmain section4.

In this section,we show thatvelocity field , is uniformly boundedby
� ¡ . norm

of
Ê

and
QSÊ

for each Þ � �Â� � �B� in
� �T �ã > ¤ where

Q
meansthe first orderspatial

derivative, not including time derivative. We shall startwith simpleobservationsfor
ourproof. We consider
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� @ � . �  ��æKC �£² Á P×Ö @ � . �  . ¹  ��æKC� ¹  � 7 ¹  � ç É�è
Pté³ê@±ë�Ú æKC t P�ì @ �  . �  ��æKC`� (16)

where
ì @ �  . �  �BæKC is definedbyì @ �  . �  �BæKC � ²�Á P ç É|í è �ºîÂïp�ºî�ðñ� í

Pé³ê� ¹  � 7 ¹  · (17)

Since
�  	�Q � and

�  	 Ö  , thedistance
� �  . �  � is strictly positive. We notefirst thatì @ �  . �  ��æKC holdsthefollowing scalingproperties:ì @ºò �  . ò �  � ò w æKC �óò ì @ �  . �  ��æKC (18)ì @ �  ô æ . �  ô æ �%�)C � �ô æ ì @ �  . �  ��æKC · (19)

Indeed,changingthevariable¹  �?ò�¹  , wehave(18). Thesecondone(19) is obtained
by replacingò by

�õ ö . In following Lemmaswe calculatetheupperboundandlower

boundof
ì @ �  . �  �BæKC .

Lemma 3.1 Let
�  	 �E ���  	�Q � , and

ì
bedefinedin (17). Thenì @ �  . �  �BæKCEW ÷ Ú æ� �  . �  � 1 Ú � �  . �  � ç É í è � îÂï � í

Pµºø ê ·
(20)

Proof. With theaidof relations(18)and(19), it sufficesto considerthecaseof
æ � � .

For simplicity, wedenote �� � � �  . �  � andintroducethreedisjoint setsù � � ¹  	�� w �|� �  . �  . ¹  �+W �� � �ú � � ¹  	�� w �|� ¹  �XW �� � � �   � � w�û @ �4ü � C ·
Dividing integrandoneachdisjoint sets,we have

²ÂÁ P ç É í è � îÂï � î�ð � í
Pé� ¹  � 7 ¹  ��²+ý�´ 1 ²&þ'´ 1 ² k ´ â ¤ 1 ¤¶¤ 1 ¤�¤¶¤ ·

Considerthefirst term ¤ . Using
�wÏ�� W#� ¹  �+W wÏ�� in

ù
, we have

¤ � ²XýHç É�í è � îÂï � î�ð � í
Pé� ¹  � 7 ¹  W � �� ²&ý ç É|í è �ºîÂïp�ºî�ðñ� í

Pé 7 ¹  W ëÂÚ �� ² ÿ�P� ç É �
Pé Ã 7 Ã Wx÷ Ú�� @ � . ç É ÿ�

Pµºø C ·
Since

� ¹  �XW �w �� in
ú

, we obtain

¤¶¤ ��² þ<ç É|í è �±îÂïp�ºî�ðñ� í
Pé 7 ¹  � ¹  � W ² þ�ç É ÿ�

Pµºø 7 ¹  � ¹  � W ç É ÿ�
Pµºø ² þ 7 ¹  � ¹  � W Ú �� ç É ÿ�

Pµºø ·
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Finally, similarly, thethird term ¤¶¤�¤ is estimatedasfollows.

¤¶¤¶¤ � ² k ç É6í è �[îÂïp�ºî�ðñ� í
Pé� ¹  � 7 ¹  W � �� ² k ç É í è � îÂï � î�ð � í

Pé 7 ¹  W ë�Ú�� ² ¡ÿ� P ç É �
Pé Ã 7 Ã W ÷ Ú �� ç É ÿ�

Pµ±ø ·
To sumup,wegetì @ �  . �  �%�)C �£² Á P ç É�í è �[îÂï��±î�ðñ� í

Pé� ¹  � 7 ¹  W ÷ Ú �� 1 Ú �� ç É ÿ�
Pµºø ·

Thescalingproperty(19)completesourproof.

Following similarproceduresof thepreviousLemma,wealsohavethelowerboundofì @ �  . �  ��æKC .
Lemma 3.2 Let

�  	 �  ���  	�Q � , and
ì

bedefinedin (17). Thenì @ �  . �  ��æKC�� ÷ Ú æ�j� �  . �  � @ � . ç É í è �[îÂï�� í
Pµºø ê C ·

(21)

Proof. As the previouscase,it sufficesto considerthe caseof
æ � �

. It follows the
simplemodificationof thefirst term.Using

�w �� W#� ¹  �XW w �� on
ù

, we getì @ �  . �  �¢�¸C�� ²+ýHç É6í è �±îÂïp�ºî�ðñ� í
Pé� ¹  � 7 ¹  � �� �� ²Xý ç É í è � îÂï � î�ð � í

Pé 7 ¹  
� ë�Ú� �� ² ÿ� P� ç É �

Pé Ã 7 Ã � ÷ Ú� �� @ � . ç É ÿ�
Pµ±ø C ·

Thescalingproperty(19)completesourproof.

Usingestimatesof theabove Lemmas,we canprove that
� ¡ -normof , is estimated

in terms
� ¡ -normof

Ê
andits spatialderivative

Q�Ê
.

Lemma 3.3 Let
Ê

bea functiongivenin (5), andassumethat ¾ and � satisfy[S] and
[T] , respectively. Let , begivenbytherepresentationformula(12). Then, is bounded
in
�'�T �ã > ¤ andthefollowingestimateholds:I ;KJ� Mè �ã��

© � , �¶W Y I ;&J	 µ � © @ � Ê�� 1 � QSÊ¼� C (22)

where
Y � Y @ � @ �  � �BQ � C«��A6C .

Proof. For convenience,we denote 
� â � @ �  � �BQ � C . We notefirst that thereexists a
positive constant

Y ��� suchthat
Y É � � @ ���BQ � C'� 
� � Y � @ ���BQ � C for all

��	 � �T �ã ,
because

�  � is sufficiently away from the supportof
Ê
. Recallingthe representation
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formula (12), let usconsiderfirst component, � of , ��@ , � � , w � , ¢C andwrite it, for
convenience,as , � @ ��� G C â 
, @ ��� G C 1��, @ ��� G C«� (23)

where


, @ �N� G C � . �Ú @ "   �" �  ¿ � Ê+C � . �Ú ²ÂÁ P 7 �  ² -� "   � @ � . �  ��æKC" �  Ê @ �  � G . æKC 7 æ
and �, @ �N� G C � . ��yÚ @ "" � � �� ��� ¿ w Ê+C � . ��mÚ ² Á P Ê @ �  � G C "" � � �� � . �  � 7 �  ·
Since

Ê
is supportedin

Q � c� w , thesecondtermis bounded.Indeed,� �, @ ��� G C%� W Y ² 	 µ 7 �  ² -� � Ê @ �  � G C �� � . �  � w � 7 æW Y I ;&J	 µ � © � Ê¼� G� w WóY I ;&J	 µ � © � Ê�� ·
Secondly, utilizing therelation(11),werewrite

Ê @ ��� G C asfollows,


, @ ��� G C � . �Ú @ "   �" �  ¿ � ÊXC � . �Ú @ "   " � � 1 " w �" � � " �  C ¿ � Ê� . �Ú ² Á P 7 �  ² -�    @ � . �  ��æKC " Ê @ �  � G . æKC" � � 7 æ
. �Ú ² Á P 7 �  ² -� " � @ � . �  ��æKC" �  Ê @ �  � G . æKC" � � 7 æ

â 
, � @ ��� G C 1 
, w @ ��� G C · (24)

With theaid of theestimate(9), 
, � canbecontrolledin termsof
� Q�Ê��

. Indeed,� 
, � @ ��� G C%�+W YS� ²�Á P 7 �  ² -�    @ � . �  ��æKC " Ê @ �  � G . æKC" � � 7 æ��
WFY I ;&J	 µ � © � QSÊ¼� ² 	 µ 7 �  ² -� �æ µP @B@ � . �  C w 1 æKC 7 æWóY I ;&J	 µ � © � QSÊ�� �
� w ² -� 7 ææ µP WFY I ;&J	 µ � © � QSÊ¼� ·

It remainsto estimate
, w . Usingtheestimate(20)of
ì @ �  . �  ��æKC , weobtain� 
, w @ �N� G C%�&W Y I ;&J	 µ � © � Q�Ê�� ² 	 µ 7 �  ² -� � " � @ � . �  ��æKC" �  � 7 æ
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W Y I ;&J	 µ � © � QSÊ¼� ² 	 µ 7 �  ² -� ç É è
Pté³ê � æ ì @ �  . �  ��æKCæ tP 7 æ

WóY I ;&J	 µ � © � QSÊ¼� ² -� ç ÉÈè
Pté³ê � æ �æ tP æ� @ �  �B�  C 7 æ1 Y I ;&J	 µ � © � QSÊ¼� ² -� ç É è

Pté³ê � æ �æ tP � @ �  �B�  C ç É�� ��� è � ® ïp��� Pé ê 7 æ â ¤ 1 ¤¶¤ ·
We caneasilycheckthat integral partof ¤�¤ is bounded,andthuswe skip thedetails.
For thefirst term ¤ , usingthechangeof variable Ã � T tõ Ò ö , wehave

¤ WóY I ;&J	 µ � © � QSÊ�� ² ¡è tP � � ç É Ñ
P 7 Ã WóY I ;&J	 µ � © � Q�Ê�� ·

This completestheassertion(22) for , � . Following similar procedures,we obtainthe
sameestimatefor , w . Next considerthethird component,  .,  � . �&@ " Ö @ ��� G C" �  ¿ � Ê+C . �Ú @ "   " �  ¿ � Ê+C . ��mÚ @ "" �  �� ��� ¿ w ÊXC · (25)

First considerthelastterm.� @ "" �  �� ��� ¿ w Ê+C¢�XWóY I ;&J	 µ � © � Ê�� ² 	 µ "" �  �� � . �  � 7 �  WFY I ;&J	 µ � © � Ê¼� �
� w ·
Secondly, thefirst termis estimatedasfollows. We notefirst that² 	 µ ç É í è � îÂï � í

Pé³ê �� æ 7 �  WóY�� (26)

where
Y

is independentof
�  and

æ
. Indeed,the crucial fact is that

� �  . �  � never
vanishes.With the aid of the scalingmethod,(26) canbe easilyverified. Using the
estimate(26),we have� " Ö @ ��� G C" �  ¿ � Ê¼�+WFY ² -� ² 	 µ � ç É6í è �[îÂïp� í

Pé ê Ê @ �  � G . æKC 7 �  � � æ ç É è
Pté ê@±ë æKC tP � 7 æ

� Y I ;&J	 µ � © � Ê¼� ² -� ² 	 µ ç É6í è �±îÂïp� í
Pé³ê �� æ 7 �  �  ç ÉEè

Pté³ê@±ë æKC tP 7 æW Y I ;&J	 µ � © � Ê¼� ² -� �  ç ÉÈè
Pté³ê@ºë æKC t P 7 æ�W Y I ;&J	 µ � © � Ê¼� · (27)

Finally, usingthe relation(11) andthe estimate(27), the secondterm in (25) canbe
estimatedby the similar computationswe did before,andthuswe omit details. This
completestheproof.
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4 Normal derivativesnear boundary

In this section,we study a priori estimateof normal derivativesof velocity field ,
representedin (12) in

�'�T �ã > ¤ of theStokessystem(3) with boundarydata(4) whereÊ
is given in (5) and ¾ and � satisfies[S] and [T] , respectively. Next, we prove that

normalderivativesof , blow up near �  â � T �ã $ �%�  � �&� when G � Ã .
4.1 A priori estimate

In next Lemma,we assumethat
Ê

givenin (4) is smoothin spaceandtimevariables.

Lemma 4.1 Let
Ê

bea functiongivenin (5), andassumethat ¾ and � are smoothand
compactlysupportedin

Q � and ¤ , respectively. Let , be givenby the representation
formula(12). Thenthenormalderivativeof , is boundedin

� �T �ã > ¤ andthefollowing
estimateholds: I ;&J� Mè �ã��

© � Q T t , �¶WóY I ;&J	 µ � © @ � QSÊ¼� 1 � Q w Ê¼� 1 � Q - Ê�� C (28)

where
Y � Y @ � @ �  � �BQVC«��A6C .

Proof. Note first that it sufficesto consider
Q T t , Õ � Þ � �Â� � , because

Q T t ,  is con-
trolledby tangentialderivativesdueto

7+8¨9�; � � . In addition,weestimateonly
Q T t , � .

Sinceit followssimilar procedures,we omit thedetail for
Q T t , w . Recallingrepresen-

tationformula,we denote, � @ �N� G C â 
, @ ��� G C 1��, @ ��� G C astheproofof Lemma3.3(see
(23)). We notefirst that

� Q T t �, �×W�Y I ;&J 	 µ � © � QSÊ¼� . Indeed,since
Ê

is supportedinQ � , we have� �mÚ " �, @ �N� G C" �  �+W ² 	 µ � "" � � Ê @ �  � G C "" �  �� � . �  � � 7 �  WFY I ;&J	 µ � © � QSÊ¼� ·
Therefore,it remainsto analyze

Q T t 
, . As (24), we canexpress 
, � 
, � 1 
, w . First,
we considerthe secondterm,

Q T t 
, w @ �N� G C . Using @º" -E.ó/ T C � @ � . �  �BæKC � � , the
integrationby parts,andtheestimate(8) of

� @ � . �  ��æKC , we obtain� Ú " 
, w @ �N� G C" �  � � � ² Á P 7 �  ² -� " w � @ � . �  �BæKC" w �  " Ê @ �  � G . æKC" � � 7 æ��
W ²�Á P 7 �  ² -� wØ Õ:Ù � � " � @ � . �  �BæKC" � Õ " w Ê @ �  � G . æKC" � � � Õ � � æ
1 ² Á P 7 �  ² -� � " � @ � . �  ��æKC" � � " Ê @ �  � G . æKC" æ � 7 æ

W Y�� I ;KJ	 µ � © � Q w Ê�� 1 I ;&J	 µ � © � Q - Ê�� � ·
(29)
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Considerthefirst term, 
, � @ ��� G C . Takingderivativewith respectto
�  andusingthe

relation(11),we obtain� Ú " 
, � @ ��� G C" �  � � � ² Á P 7 �  ² -� "    @ � . �  �BæKC" �  " Ê @ �  � G . æKC" � � 7 æ��
W�� ² Á P 7 �  ² -� wØ Õ:Ù �  &Õ @ � . �  ��æKC " w Ê @ �  � G . æKC" � � � Õ 7 æ��

1 �yÚ � ²ÂÁ P 7 �  ² -� " Ö" �  @ � . �  ��æKC " Ê @ �  � G . æKC" � � 7 æ�� â ¤ 1 ¤¶¤ ·
With theaid of (9), ¤ is estimatedasfollows:

¤ W ² Á P 7 �  ² -� wØ Õ:Ù � �   Õ @ � . �  �BæKC " w Ê @ �  � G . æKC" � � � Õ � 7 æ�W Y I ;KJ	 µ � © � Q�w%Ê�� ·
Following thesimilar computationas(27),wehave

¤�¤ W ²ÂÁ P 7 �  ² -� � " Ö" �  @ � . �  ��æKC " Ê @ �  � G . æKC" � � � 7 æ�W Y I ;KJ	 µ � © � QSÊ¼� ·
To sumup,weget� " 
, @ ��� G C" �  �+W Y I ;KJ	 µ � © @ � QSÊ�� 1 � Q w Ê�� 1 � Q - Ê¼� C ·
Thiscompletestheproof.

4.2 Unboundednormal derivative

In this subsection,we estimatenormalderivative of , in
�'�T �ã > ¤ . According to a

priori estimate(28),weobservethateveryothertermsexceptfor
Q T t 
, w (see(29)) are

controlledby spatialderivativesof
Ê
. Therefore,it sufficesonly to analyze

Q T t 
, w . We
first recall

Q T t 
, w in (29):

Ú " 
, w @ ��� G C" �  �*²¶Á P 7 �  ² -� " w � @ � . �  ��æKC" w �  " Ê @ �  � G . æKC" � � � æ ·
Before we stateour main Lemma, let us make somecommentsfor boundarydataÊ @ �  � G C � ¾ @ � �  � C � @ G C in (5). Among arbitrary smoothfunctionssatisfyingcertain
properties(see[S] in page4), we canchoosean appropriatefunction ¾ suchthat for
everypoint

��	 ���T �ã , thefollowing conditionholds:

² 	 µ h ��j� �  . �  � @ " ¾" �  � C É @ � �  � C . �� �  . �  � @ " ¾" �  � C � @ � �  � C i 7 �  � � � (30)
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where
�  is the projectionof

� � @ �  �B�  CH	 ���T �ã onto �! � � T �ã $ �%�  � �+� .
Indeed,since¾ is radiallysymmetricanddecreasing,thesignof

Q�� �µ ¾ @ � �  � C is positive
if
� � � � andnegative if

� � ��� in
Q � . Dueto thedifferenceof thedistancefrom

�  
to supportsof @�� �� � �µ C É and @�� �� � �µ C � , (30)canbeeasilyverifiedby anappropriatechoice
of ¾ satisfying[S]. Now wearereadyto proveour mainLemma.

Main Lemma Let
Ê

be a function given in (5), andassumethat ¾ satisfies[S] and
(30), and � satisfies[T] . Let , begivenby the representationformula (12). Thenfor
each

��	 ���T �ã , we have� " , Õ @ �N� Ã C" �  �!� YS�#"%$'& @ � � ô Ã C%� . Y�� Þ � ��� � � (31)

where
Y � Y @ � @ �  � �áQ � C`�BA6C .

The Proof of Main Lemma We only prove the caseof Þ � �
. Sinceit follows the

sameprocedureline by line, we omit thedetailsfor thecaseof Þ �x� . In addition,as
mentionedearlier, it sufficesonly to consider

� ��() P _ T Z Ñ a� T t �
, andthereforein thisproof,we

only provethefollowing estimatefor
��	 �'�T �ã andwhen G � Ã ," 
, w @ �N� Ã C" �  �óYS�*"�$+& @ � � ô Ã C¢� . Y ·

Simplecomputationshows that" w � @ � . �  ��æKC" w �  � ç É�è
Pté³ê @ . �� æ 1 � wë æ w C �@ºëÂÚ æKC t P�ì @ �  . �  ��æKC`�

where
�

and
ì

aredefinedin (16)and(17), respectively. Thus,weobtainÚ " 
, w @ �N� Ã C" �  � ² Á P 7 �  ² Ñ� " w � @ � . �  �BæKC" w �  " Ê @ �  � ÃÈ. æKC" � � 7 æ
� �@ºëÂÚ æKC t P ²ÂÁ P 7 �  ² Ñ� ç É�è

Pté ê @ . �� æ C �æ tP�ì @ �  . �  ��æKC " Ê @ �  � ÃÏ. æKC" � � 7 æ
1 �@±ë�Ú æKC tP ²¶Á P 7 �  ² Ñ� ç É è

Pté³ê � wë æ w �æ tP�ì @ �  . �  ��æKC " Ê @ �  � ÃÏ. æKC" � � 7 æ â ¤ 1-, ·
We denote� @ �  �B�  C � � �  . �  � by �� � � , for simplicity. We first show that thesecond
term , is bounded.Indeed,usingtheestimate(20)and � @ ÃÏ. æKC � æ µP , we have, W YS�¨� " ¾ @ � �  � C" �  � �¨� ¡ ² 	 µ 7 �  ² Ñ� ç ÉÈè

Pté³ê � wë æ w æ µ
Pæ tP æ�� � � 7 æ1 YS�¨� " ¾ @ � �  � C" �  � �¨� ¡ ² 	 µ 7 �  ² Ñ� ç É è

Pté ê � wë æ w æ µ
Pæ tP @ �� � � ç É�� ÿ�

Pï �é ê C 7 æ
â YS�¨� " ¾ @ � �  � C" �  � �¨� ¡ @ , � 1-, w C ·
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As before,wenotethatthereexistsapositiveconstant
Y �F� suchthat

Y É � � @ �N���  CE�
� â � @ �  � �BQ � CE�óY � @ ���B�  C for all
��	 � �T �ã and

�  	�Q � . Now consider, � ., � WFY ² Ñ� ç É�è
Pté³ê � wë æ æ µ

Pæ tP 7 æ<WóY ² ¡è tP � ê ç É Ñ
P Ã 7 Ã W Y

Similarly, changingthevariable
T Pt � (. PÒ ö �0/ w , wehave, w WóY ² 	 µ 7 �  ² Ñ� ç É��|è
Pt M�1� Pê � wë æ  7 æ�W Y ² ¡� ç É��32 P /  7 / W Y ·

Next considerthefirst term ¤ .¤ � Y ² Á P 7 �  ² Ñ� ç É è
Pté³ê @ �� æ C �æ tP�ì @ �  . �  �BæKC @º" � µ ¾ C É @ � �  � C � @ Ã|. æKC 7 æ. Y ² Á P 7 �  ² Ñ� ç É�è
Pté³ê �� æ �æ tP�ì @ �  . �  �BæKC @º" � µ ¾ C � @ � �  � C � @ ÃÏ. æKC 7 æâ ¤ � 1 ¤ w ·

With theestimate(21)of
ì @ �  . �  ��æKC , we have

¤ � � Y ² 	 µ 7 �  ² Ñ� ç É è
Pté³ê @ �� æ C �æ tP ÷ Ú æ� �� � � @º" � µ ¾ C É @ � �  � C � @ ÃÏ. æKC 7 æ. Y ² 	 µ 7 �  ² Ñ� ç ÉÈè
Pté³ê �� æ �æ tP ÷ Ú æ� �� � � @ ç É4� ÿ�

Pï �é ê C @º" � µ ¾ C É @ � �  � C � @ ÃÏ. æKC 7 æâ ¤ �á� 1 ¤ � w ·
Let us show first that the secondterm ¤ � w is bounded. Indeed,using the factsthat" � µ Ê � @º" � µ ¾ C É � is boundedand 
� is strictly positive,we have� ¤ � w � W YS�:� " � µ Ê É �:� ¡ ² 	 µ 7 �  ² Ñ� ç ÉEè

Pté³ê �æ tP @ ç î 1�
Pé³ê C 7 æ

W Y �:� " � µ Ê É �:� ¡� w 1 
� w ² ¡è Pt M�1� PP � � ç É42 P 7 / WóY (32)

whereweusedthechangeof variable
T Pt � (. PÒ ö �-/ w . Beforeestimating¤ �B� , weconsider

first ¤ w . With theaidof upperbound(20)of
ì @ �  . �  ��æKC , we get

¤ w � . Y ² 	 µ 7 �  ² Ñ� ç ÉEè
Pté³ê �� æ �æ tP ÷ Ú æ�� � � @r" � µ ¾ C � @ � �  � C � @ Ã|. æKC 7 æ. ² 	 µ 7 �  ² Ñ� ç É è

Pté³ê �� æ �æ tP @±Ú � T � ç É4� ÿ�
Pï �é³ê C @r" � µ ¾ C � @ � �  � C � @ Ã|. æKC 7 æ� ¤ w � 1 ¤ wáw ·
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It is easilychecked that the secondterm ¤ wáw is boundedby the similar calculationas
(32). Indeed,� ¤ wáw � W Y ² 	 µ 7 �  ² Ñ� ç É è

Pté³ê �� æ �æ tP @ 
� ç É4� 1� Pé ê C @r" � µ ¾ C � @ � �  � C � @ Ã|. æKC 7 æW YS�:� @º" � µ ¾ C � �:� ¡ ² ¡� ç É��32 P /� w 1 
� w 7 æ�W Y ·
To sumup all theaboveestimates,we obtainÚ " 
, w @ �N� Ã C" �  � ¤ 1-, � ¤ . � , ��� ¤ � 1 ¤ w . Y� ¤ �B� 1 ¤ w � . � ¤ � w � . � ¤ wáw � . Y5� ¤ �B� 1 ¤ w � . Y ·
Thusit remainsto estimate¤ �á� 1 ¤ w � . Since¾ satisfies(30),wehave¤ �á� 1 ¤ w � � Y ² 	 µ 7 �  ² Ñ� ç É�è

Pté ê �æ @ @º" � µ ¾ C É @ � �  � C� �� � � . @º" � µ ¾ C � @ � �  � C�� � � C 7 æ
� Y ² 	 µ @ @º" � µ ¾ C É @ � �  � C� �� � � . @r" � µ ¾ C � @ � �  � C�� � � C 7 �  ² ¡è tP � � ç É42

P �/ 7 /� Y ² 	 µ @ @º" � µ ¾ C É @ � �  � C� �� � � . @r" � µ ¾ C � @ � �  � C�� � � C 7 �  @ . "�$+& @ � � ô Ã C�C ·
Summingup all together, we obtainÚ " 
, w @ ��� Ã C" �  � ¤ �á� 1 ¤ w � . Y6� Y @ . "%$'& @ � � ô Ã CBC . Y ·
where

Y � Y @ � @ �  � �áQ � C`�BA6C . Thiscompletestheproof.

Remark 4.2 Calculationssimilar to thoseabove givesthat , is Hölder continuous
with theexponent

v0	 @ � �¢�)C in
�'�T �ã > ¤ , i.e.� , @ �N� G C .
, @ �  � G  C%�XW Y @ � � . �  � 1 � G . G  �³µP C�s

where
Y � Y @ � @ �  � �áQ � C`�BAÏ�Bv�C . Sincecomputationsaresimilar to aboveMain Lemma

andmoreor lessstraightforward, weomit thedetails.

Remark 4.3 If wetake � @ Ã C ��@ ÃÏ. G C s where � �FvH� �w in (6), thenwehave" 
, w @ ��� Ã C" �  � Y� � É w s 1 Y ·
Conversely, similar computationshowsthereverseinequality, i.e." 
, w @ �N� Ã C" �  W�7 Y8"�$+& @ T tw õ Ñ C 1 Y when

v � �wY�� É � � w s 1 Y when� � v0� �w
where

Y � Y @ � @ �  � �BQ � C«��A6C .
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5 Weakderivativeand pressure integrability

Up to now, wehaveshown thatthenormalderivativesof tangentialcomponent, blow
up at theboundary�! � � T �ã $ �%�  � �&� at time G � Ã , which impliesthat , cannot
be a classicalsolution. We will show that , is a weaksolutionof the Stokessystem
(14) and(15). For convenience,we denoteb �T �ã � �'�T �ã > ¤ and � � Z w� � @ ���T �ã C � � , 	� � Z w @ ���T �ã C�� , � � on �E � . Hereaweaksolution , meansthat , 	�� ¡ @ ¤j¦ � w @ ���T �ã C�C $� w @ ¤j¦á� � Z w� � @ �'�T �ã C�C , div , � � a.e.in b �T �ã , and

² LNMè �ã
h , @ �N� G CñÊ - @ ��� G C .03', @ �N� G C 3 Ê @ �N� G C i 7 � 7 G � � (33)

for everydivergencefreevectorfield
Ê�	  �¡� @ b �T �ã C (seee.g.[14, page171]for ananal-

ogousversionof weaksolutions).We notethatoncewe have , 	�� w @ ¤K¦§� � Z w�&� @ � �T �ã C�C ,
weeasilyobtain(33)by regularizingthefunction � in (6) andpassingto thelimit. The
pressuredoesnot appearexplicitly in this definition,but canberecoveredmoduloan
arbitraryfunction of G . Formula(13) givesa representationof the pressure,andthis
representative is in

� � @ � �T �ã > ¤ C for every
��� � (seeLemma5.2). An equivalent

approachwouldbeto bring 5 into thedefinitionof weaksolutionsandreplace(33)by² L�Mè �ã
h , @ ��� G CñÊ - @ ��� G C .�3�, @ ��� G C 3 Ê @ ��� G C 1�5 @ ��� G C 3 ´ Ê @ ��� G C i 7 � 7 G � �

for every
Ê�	  �¡� @ b �T �ã C .

Lemma 5.1 Let � �692� �w and
Ê

be a functiongivenin (5), andassumethat ¾ and� satisfy[S] and [T] , respectively. Let , begivenby therepresentationformula (12).
Then, 	�� ¡ @ ¤j¦ � w @ �'�T �ã CBC $ � w @ ¤K¦§� � Z w� � @ ���T �ã C�C and 3�, satisfiesthefollowing point-

wiseestimatein
���T �ã > ¤ :

� 3�, @ ��� G C¢�+W 7 �_ Ñ É - a µP î': 1 Y if G � ÃYS�*"�$+& @ G .�Ã C¢� 1 Y if Ã � G ��AÏ� (34)

where
Y � Y @ � @ �  � �BQ � C«��AÏ�;9`C .

Proof. Notethat , 	�� ¡ @ ¤j¦ � w @ ���T �ã C�C $ � w @ ¤j¦á� � Z w� @ ���T �ã C�C is theeasyconsequenceof
estimate(34),Lemma3.3,andRemark4.2,andthereforeweonly show (34). In fact,it
sufficesto estimate" T t , Õ for Þ � �Â� � , becausetangentialderivativesarecontrolledin
termof derivativesof

Ê
and

7&8¨9�; � � . In this proof,we consideronly " T t , � , because" T t , w follows similar computations.In addition,accordingto a priori estimates(28),
weestimateonly " T t 
, w in (29)becausetheothertermsarecontrolledin termsof

� ¡ -
normof

Ê
andspatialderivativesof

Ê
.

Let usfirst considerthecaseÃ � G �?A . For simplicity, we denoteI ;KJ 	 µ � Q ¾ � ��:� Q ¾ �:� ¡ andasmentionedearlier, we notethat thereexistsa positive constant
Y ���
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suchthat
Y É � � @ ���BQ � C�� 
� â � @ �  � �BQ � C��xY � @ ���BQ � C for all

�0	 ���T �ã . Using the

estimate(8) of
� @ ��� G C and � @ æKC � � when

æ � Ã , wehave� " 
, w @ ��� G C" �  � W YS�¨� Q ¾ �¨� ¡ ² 	 µ ² Ñ� � " w � @ � . �  � G . æKC" w �  � � @ æKC 7 æW YS�¨� Q ¾ �¨� ¡ ² 	 µ ² Ñ� @ ÃÏ. æKC µP 7 æ@ � w 1 @ G . æKC�C t P @�@ � . �  C w 1 @ G . æKC�C µP ·
Since @�@ � . �  C w 1 @ G . æKC�C � �� w â � �  . �  � w �F� and @ Ã|. æKC�W @ G . æKC , we have� " 
, w @ ��� G C" �  � W YS�:� Q ¾ �:� ¡�� ² Ñ� @ Ã|. æKC µP 7 æ@ � w 1 @ G . æKC�C t P W YS�¨� Q ¾ �¨� ¡�� ² Ñ� 7 æ@ G . æKCW YS�:� Q ¾ �:� ¡
� @ �*"�$+& @ G .�Ã C¢� 1 �#"%$'& @ Ã C%� CÈW YS�#"%$'& @ G .0Ã C¢� 1 Y ·
In thecasethat � � G � Ã , we notefirst that" 
, w @ ��� G C" �  ��² Á P ² -� @r" - . wØ Õ:Ù � " wT P< C � @ � . �  � G . æKC " Ê @ �  �BæKC" � � 7 æ
wherewe usedthefactthat

� @ ��� G C satisfiestheheatequation.SinceG is lessthan Ã , Ê
is smooth,andthereforeusingtheintegrationby parts,weobtain" 
, w @ ��� G C" �  ��² Á P ² -� � @ � . �  � G . æKC " ö " Ê @ �  ��æKC" � � 7 æ

. wØ Õ:Ù � ²ÂÁ P ²
-� � @ � . �  � G . æKC " w� P< " Ê @ �  ��æKC" � � 7 æ â ¤ 10, �

wherewe usedthe fact that
� @ �N� � C � � and

Ê @ �  � � C � � . We first show that , is
uniformly bounded.Usingtheestimate(8) of

� @ ��� G C , weobtain� , �XW��¨� Q  ¾ �:� ¡ ² 	 µ ² -� Y @ Ã|. æKC µP 7 �  7 æ@ � w 1 @ G . æKC�C µP @B@ � . �  C w 1 @ G . æKCBC µP W YS�:� Q� ¾ �¨� ¡
� �
whereweusedthefactthat G . æ�W ÃE. æ and 
� � Y �� . Thus,it remainsto analyzethe
first term ¤ . Usingtheestimate(8) again,we have� ¤ � W YS�¨� Q ¾ �¨� ¡ ² 	 µ 7 �  ² -� � �>= _ ö a� ö � 7 æ@ � w 1 @ G . æKC�C µP @B@ � . �  C w 1 @ G . æKCBC µPW YS�¨� Q ¾ �¨� ¡�� ² -� �@ Ã|. æKC µP @ � w 1 @ G . æKC�C µP 7 æW YS�¨� Q ¾ �¨� ¡
� ² -� �@ Ã|. æKC µP @ G . æKC µP 7 æ ·
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Since @ G . æKC�� @ ÃÏ. æKC , for any
9

with � �?9Ï� �w , we have�@ ÃÏ. æKC µP @ G . æKC µP W �@ ÃÏ. æKC µP ÉA@ @ G . æKC µP � @ ·
With theaid of theinequalityabove,weget� ¤ �+W YS�:� Q ¾ �:� ¡�� @ ÃÏ. G C µP ÉA@ ² -� �@ G . æKC µP � @ 7 æ�W YS�¨� Q ¾ �¨� ¡ G µP É�@
� @ Ã|. G C µP ÉA@ W Y@ Ã|. G C µP ÉA@ �
where

Y � Y @ � @ �  � �BQVC«��AÏ�;9`C . To sum up estimatesabove, we obtain (34), which
immediatelyimpliesthat 3�, @ ��� G C is squareintegrablein

� �T �ã > ¤ . Thiscompletesthe
proof.

Next, weshow thatthepressure5 givenin (13) is in theclass
� � @ � �T �ã > ¤ C for every��� � . Let usfirst recall therepresentationof thepressurealreadyshown in (13).5 @ ��� G C � ��yÚ " w" w �  ²ÂÁ P Ê @ �  � G C �� � . �  � 7 �  . �Ú "" �  @ "" G . wØ� Ù � "

w" � w � C ²ÂÁ P 7 �  ²
-� � @ � . �  ��æKCpÊ @ �  � G . æKC 7 æ1 ��mÚ ²�B P �� � . �  � " Ê @ �  � G C" G 7 �  â ¤ 1-,V1 ì ·

Lemma 5.2 Let
Ê

be a function given in (5), and assumethat ¾ and � satisfy [S]
and [T] , respectively. Let 5 be givenby the representationformula (13). Then 5 	� � @ �'�T �ã > ¤ C for every

��� � andthefollowing point-wiseestimateholdsin
���T �ã > ¤ :

� 5 @ ��� G C¢�+W ËÍ Î �_ Ñ É - a µP 1 Y if G � ÃYS�*"�$+& @ G .0Ã C%� 1 Y if Ã � G � G � (35)

where
Y � Y @ � @ �  �BQ � C`��A�C .

Proof. The first assertionis the easyconsequenceof (35). Thus it sufficesto show
the estimate(35). We note that thereexists a positive constant

Y � � such thatY É � � @ ���áQ � C�� 
� â � @ �  � �BQ � C��ÅY � @ ���BQ � C for all
�£	 � �T �ã . The first term is

uniformly bounded.Indeed,� ¤ � � ��yÚ " w" w �  ²ÂÁ P Ê @ �  � G C �� � . �  � 7 �  W Y 
�  I ;&J� Mè �ã �
© � Ê¼� ·

(36)

Next considerthe third term
ì

. If G � Ã , then
Ê @ �  � G C � � , which implies

ì � � .
Thereforeit sufficesto estimateit when G W Ã .� ì �¶W Y ² 	 µ �� � . �  � � " Ê @ �  � G C" G � 7 �  W YS�:� ¾ �:� ¡
� @ Ã|. G C µP ·
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It remainsto estimatethe secondterm , . For the secondterm, it sufficesto estimate
thepart,denotedby , again,containingthenormalandtime derivative becauseother
termscontainingnormalandtangentialderivativescanbeeasilyshown to bebounded.
First considerthecaseof G � Ã . usingtheestimate(7), we have� , � W YS�:� ¾ �:� ¡ ² 	 µ 7 �  ² -� � " ö � @ æKC@ G . æKC µP @�@ � . �  C w 1 @ G . æKC�C � 7 æW YS�:� ¾ �:� ¡
� w ² -� �@ ÃÏ. æKC µP @ G . æKC µP 7 æ�W YS�¨� ¾ �:� ¡ G
� w @ Ã|. G C µP W Y@ Ã|. G C µP ·
In thecaseof G � Ã , usingtheestimate(7) again,we obtain� , � W YS�:� ¾ �:� ¡ ² 	 µ 7 �  ² Ñ� @ ÃÏ. æKC µP@ G . æKC tP @�@ � . �  C w 1 @ G . æKC�C 7 æW Y �:� ¾ �:� ¡
� wT � ² Ñ� @ ÃÏ. æKC µP@ G . æKC t P 7 æ�WFYS�#"%$'& @ G .0Ã C¢� �
wherewe usedG . æHW Ã�. æ . To sumup above estimates,we obtainthepoint-wise
estimate(35) of pressure,which immediatelyimpliesthat 5 	
� � @ � T �ã > ¤ C for every��� � . This completestheproof.

Summarizingthepreviousresults,we obtainthefollowing maintheorem.

Main Theorem Let
Ê

bea functiongiven in (5), andassumethat ¾ satisfies[S] and
(30), and � satisfies[T] . Let , and 5 begivenby the representationformula (12) and
(13), respectively. Then @ , � 5 C is a weaksolutionof theStokessystem(14) and(15).
Thepressure5 is in

� � @ � �T �ã > ¤ C for any
��� � and, is boundedandHöldercontinuous

up to theboundaryin
� �T �ã Z \ > ¤ for any � �*f<� �

, i.e. , 	   s&Z l PT Z - @ � �T �ã Z \ > ¤ C where� �xv��D�
. Thenormalderivativesof tangentialcomponentsof , areunboundedat

near�! � � T �ã $ �%�  � �&� when G � Ã .
The Proof of Main Theorem This is dueto Lemma3.3,Main Lemma,Remark4.2,
Lemma5.1,andLemma5.2above.

Weconcludethissectionby constructinganotherexamplewhichis notevenHölder
continuousup to theboundary.

Remark 5.3 We canalsoconstructa weaksolution,which is boundedbut not Hölder
continuous.For simplicity, let Ã � � and

A ��� . We define� @ G C asfollows

� @ G C � 7DC ¡Õ¨Ù w3E Õ @ � . G C ] < Ð @ G C if � W G W*�� if
��W G W � � (37)

where E Õ is a positivenumbersatisfyingC ¡Õ:Ù w Þ w E Õ � } and g�Õ � � Õ , and

Ð
is a cut-off

functionsupportedin @ � � � C . Let
Ê

bea functiongivenin (5), andassumethat ¾ satisfies
[S] and (30), and � satisfies(37). Suppose, be givenby the representationformula
(12). We notethat since � is bounded,so is , , i.e. , 	
� ¡ @ � �T �ã >H@ � � � CBC becauseof
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Lemma3.3.Moreover, following thesimilar procedureasin Lemma5.1,weobtainthe
followingestimateof derivativeof , :

� 3�, @ �N� G C¢��F ËGÍ GÎ
Y C ¡Õ:Ù w ÕIH <_ � É - a µP î µP < if G �*�Y E w �*"�$+& @ G . �¸C¢� 1 Y C ¡Õ:Ù  Õ�H <_ - É � a µP î µP < if

��� G � � ·
Thisimplies

� 3�, @ �N� G C¢�&	�� w @ �'�T �ã >
@ � � � C�C . Indeed,simplecalculationsshow

² w� ² � Mè �ã � 3�, � w W Y ²
�� @ ¡Ø Õ¨Ù w Þ E Õ@ � . æKC µP É µP < C w 7 æ

1 Y ² w� @ E w �*"�$+& @ æ . �)C¢� 1 ¡Ø Õ:Ù  1 Þ E Õ@ � . æKC µP É µP < C w 7 æW Y E ww 1 Y @ ¡Ø Õ:Ù w Þ E Õ C ² �� ¡Ø Õ:Ù w Þ E Õ@ � . æKC � É µ < 7 æWóY E ww 1 Y @ ¡Ø Õ:Ù w Þ E Õ C @ ¡Ø Õ¨Ù w Þ w E Õ CE� } ·
whereweusedC ¡Õ¨Ù w Þ E Õ WFY C ¡Õ:Ù w Þ w E Õ . On theotherhand,wenotethat� , @ �  �B�  �%�)C%��� Y E Õ � P < ² ¡è tP ç É42 P / É P < � / for all Þ � � ·
From this observation,we note that , is not Hölder continuousup to the boundary.
Indeed,for a fixed � � � , since Þ can be chosento be arbitrary large, we have� , @ �  ���  �¢�¸C¢� � É = � Y�� P < É = . We can seethat the right-side goesto infinity as

� 
goesto zero providedthat

w Õ . � is negative, and therefore it cannotbe Hölder con-
tinuous. Next, by following similar proceduresas in Lemma5.2, we can seethat the
pressure 5 representedin (13)satisfiesthefollowingpoint-wiseestimate:

� 5 @ ��� G C¢�+F ËGÍ GÎ
Y C ¡Õ:Ù w ÕIH <_ � É - a µ î µ < if G �£�Y E w �#"%$'& @ G . �)C%� 1 Y C ¡Õ¨Ù  ÕIH <_ - É � a µP î µP < if

��� G � � ·
It canbeeasilycheckedthat 5 	4� � @ � �T �ã >�@ � � � CBC , but it is not in

� � @ � �T �ã >4@ � � � C�C
for any

� � �
. This showsthat someassumptionson 5 are necessaryto get Hölder

continuityup to theboundary. We remarkthat if 5 	
� � @ �'�T �ã >0@ � � � CBC`�á� � � , then ,
is Hölder continuouswith theexponent

v � v @ �mC (seeLemma1 andLemma2 in [9,
page216,219]).
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