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A Variational Approach to Control with Transients

Wayne W. Lu, Gary J. Balas, and E. B. Lee

Abstract—This paper presents a variational approach toH1 control
with transients in the state feedback case. The approach here provides a
precise description with equality, instead of inequality, in the necessary
and sufficient conditions for the existence of a linear controller. Further-
more, the solution existence and uniqueness are proved in terms of certain
properties of the indefinite Riccati equations derived in this paper. The
linear time-variant (LTV) plant on finite horizon is considered first, and
then the results are extended to the linear time-invariant (LTIV) plant
on the infinite horizon. By this approach, it can be directly concluded
that only suboptimal H1 state feedback control can be achieved in an
input–output point of view and that the performance measure (�1=2

used in this paper) is a strict upper bound.

Index Terms—H1 control, optimal control, Riccati equations, solution
existence and uniqueness.

I. INTRODUCTION

TheH1 control problem has been formulated in many different
ways. Reference [8] introduced a performance measure that is the
induced norm of the regulated outputs over all exogenous signals
and initial conditions. It also allowed for a penalty on the terminal
state in the finite horizon case. The reference then formulated a
synthesis problem termedH1 control with transients where the
performance measure of the closed-loop system is minimized under
the worst case exogenous signals and initial conditions. The reference
derived the necessary and sufficient conditions for the existence of
a linear controller such that the performance measure of the closed-
loop system is less than a prespecified number. Those necessary and
sufficient conditions relate to the solutions of a Riccati differential
equation (RDE) and an algebraic Riccati equation (ARE) coupled to
certain algebraic inequalities on finite horizon and the infinite horizon,
respectively.

This paper presents a variational approach toH1 control with
transients in the state feedback case. The Lagrange multiplier is used
to take some of the constraints into account. The method used here is
well known and was used in [6] to derive optimal control for certain
performance indexes with various constraints. An application to the
control of a helicopter in hover is also presented there. In this paper
the variational approach provides a precise description with equality,
instead of inequality, in the necessary and sufficient conditions. The
solution existence and uniqueness are also proved by this approach
in terms of certain properties of the indefinite Riccati equations. The
classic completion of squares arguments are used to reveal those
properties. The linear time-variant (LTV) plant on finite horizon is
considered first, and then the results are extended to the linear time-
invariant (LTIV) plant on the infinite horizon. By this approach, it
can be directly concluded that only suboptimalH1 state feedback
control can be achieved in an input–output point of view and that the
performance measure�1=2 is a strict upper bound.
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II. SOME PROPERTIES FORRICCATI EQUATION

Consider the finite-dimensional LTV system� on the finite support
[0; T ]

_x(t) = A(t)x(t) +B1(t)w(t) +B2(t)u(t) (1)

z(t) =
C(t)x(t)
D(t)u(t)

(2)

wherex(t) 2 Rn; w(t) 2 R`; u(t) 2 Rm; and z(t) 2 Rp denote,
respectively, the state, exogenous input, control input, and regulated
output. Assume that the initial statex(0) is possibly nonzero and
unknown.

It is assumed that each of the matrices in (1) and (2) has entries
that are continuous functions fort 2 [0; T ] and thatD(t) has full
column rank and has been scaled so that

D
T (t)D(t) = I: (3)

In the following, the variablet in parentheses will be omitted when
no confusion can arise.

Let L2[0; T ] denote the vector space of measurable functions,
f : R+ ! R`, such that

kfkL [0;T ] =
T

0

`

i=1

jfi(t)j
2
dt

1=2

<1: (4)

Let L2 denote the vector space of measurable functions,f : R+ !
R`, such that the interval of the integral in (4) extends to[0;1).

We first present certain properties of the Riccati equations in the
following theorems. Those will be used later.

Theorem 1: Given�1 > 0 and�2 > 0 that result in the bounded
solutions of the RDE

� _P = PA + A
T
P � P B2B

T
2 �

1

�
B1B

T
1 P + C

T
C;

P (T ) = S (5)

where S � 0 is a constant matrix, we haveP1(t) � P2(t) for
t 2 [0; T ) if �1 < �2. Conversely,�1 < �2 if P1(t) � P2(t) for
some t 2 [0; T ).

Proof: Assume�1 < �2; ui = �BT
2 Pix; wi =

1
� BT

1 Pix for
i = 1; 2 andx(t) 2 Rn for t 2 [0; T ). By the completion of squares
argument, one can readily get

x
T (t)(P1 � P2)x(t) = ku1 � u2k

2
L [t;T ] + �1kw1 � w2k

2
L [t;T ]

+ (�2 � �1)kw2k
2
L [t;T ] � 0: (6)

This completes the proof of the first part. For the second part, one
has in the same way

(�2 � �1)kw1k
2
L [t;T ] = ku1 � u2k

2
L [t;T ] + �2kw1 � w2k

2
L [t;T ]

+ x
T (t)(P1 � P2)x(t) > 0 (7)

by selecting anx(t) such thatP1(t) > P2(t) for the givent 2 [0; T ).

It is obvious that ifP1(t) � P2(t) for some t 2 [0; T ), then
P1(t) � P2(t) for all t 2 [0; T ).
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Corollary 1: Suppose thatP (t) is a bounded solution for all
t 2 [0; T ] given some�. Then for anyx(t) 2 Rn; w� = 1

�B
T
1 Px:

and u� = �BT
2 Px, the partial derivative ofP (t) with respect to

� satisfies

x
T (t)P�(t)x(t) = �kw�k2

L [t;T ] (8)

where the norm is taken along the trajectory of the plant (1) with the
loop closed byu� andw�. Furthermore, along the trajectory

@

@t
x
T (t)P�(t)x(t) = w

�T (t)w�(t) (9)

for t 2 [0+; T�]. Heret+ and t� denote the right-side and left-side
partial derivatives, respectively.

Proof: Equation (8) follows immediately from (6). And the (9)
follows from (8).

In fact,P�(t) can be solved by the following differential equation
obtained by taking the partial derivative ofP (t) with respect to�:

� _P� = P� A � B2B
T
2 �

1

�
B1B

T
1 P

+ A� B2B
T
2 �

1

�
B1B

T
1 P

T

P� �
1

�2
PB1B

T
1 P;

P�(T ) = 0 (10)

together with the RDE in (5). HereP�(T ) = 0 andP�(t) � 0 for
t 2 [0; T ) by (8).

Alternatively, we can showP�(t) � 0 from the solution of the
linear matrix differential equation (10) [3]

P�(t) = �
T

t

1

�2
�T (�; t)P (�)B1(�)B

T
1 (�)P (�)�(�; t) d�

� 0; 8t 2 [0; T ) (11)

where �(�; t) is the state transition matrix associated with[A �
(B2B

T
2 � 1

�B1B
T
1 )P ]

T . Hence in this way, Theorem 1 can also
be claimed in terms ofP�(t) � 0 for t 2 [0; T ). Furthermore,
by pre- and post-multiplying (11) byxT (t) and x(t), respectively,
Corollary 1 can also be claimed.

The above results can be extended to the steady-state case for the
ARE on the infinite horizon.

Theorem 2: Given �1 > 0 and �2 > 0, assume thatAci =
A � (B2B

T
2 � 1

� B1B
T
1 )Pi; i = 1; 2 have all eigenvalues with

negative real parts forPi � 0 and

PiA +A
T
Pi � Pi B2B

T
2 �

1

�i
B1B

T
1 Pi + C

T
C = 0 (12)

where all the coefficient matrices are constant. Then we haveP1 � P2

if and only if �1 < �2.
Proof: The proof is based on the relationship between RDE and

ARE. Assume that�Pi; i = 1; 2 are the two solutions for�1 < �2. We
extend the ARE to the RDE for someT 2 (0;1) with any terminal
boundary condition. By Theorem 1,P1(T � t) � P2(T � t). The
steady-state solutions as the limits ofT ! +1 exist uniquely due
to the assumption [1], [7]. Thus�P1 � �P2.

For the necessity part, suppose by contrast that�1 � �2 for
�P1 � �P2. Then we have�1 > �2 since�1 = �2 implies �P1 = �P2

by the solution uniqueness. Thus�P1 � �P2.
Corollary 2: Suppose thatP � 0 is a solution of the ARE such

that Ac = A � (B2B
T
2 � 1

�
B1B

T
1 )P has all eigenvalues with

negative real parts. Then for anyx(t) 2 Rn; w� = 1
�B

T
1 Px and

u� = �BT
2 Px, the derivative ofP with respect to�, denoted also

by P�, satisfies

x
T (t)P�x(t) = �kw�k2L [t;1) (13)

where the norm is taken along the trajectory of the plant (1) (LTIV)
with the loop closed byu� andw�. Furthermore, along the trajectory

@

@t
x
T (t)P�x(t) = w

�T (t)w�(t) (14)

for t 2 [0+;1).
Proof: Equation (13) holds in terms of (6) on the infinite horizon

and the fact that the stability of the closed-loop system associated
with Ac remains for an arbitrarily small increment of� since the
eigenvalues of a matrix continuously depend on the matrix entries.
Note that the completion of squares for an LTIV plant with the ARE
on finite horizon takes the same forms as for an LTV plant with the
RDE. Equation (14) follows from (13).

Alternatively, the same arguments with the steady-state version of
(10) and (11) can be used to verify the above theorem and corollary.

Corollary 3: For an LTIV plant, suppose thatfA;B1g and
fA;B2g are stabilizable,fC;Ag is detectable, andu andw are the
state feedback as defined before. Then as� decreases continuously
given a sufficiently large� > 0, the following hold: 1)P goes
positively unbounded and 2)P andP� are unbounded ifAc becomes
an unstable matrix.

Proof: The stabilizability and detectability assumption ensures
the existence of a stableAc for a large� > 0 [1]. Part 1) can
be readily proved by Theorem 2 and continuity. Part 2) can be
proved immediately from (6) on the infinite horizon and (13). In
(6), assume that�2 > �1 and x(0) (t = 0) is imposed on both
stabilizable and detectable modes, which are measurable byu(t) and
w(t) since the detectable modes can be fedback throughP to regulate
the stabilizable modes throughB1 andB2. Then we fix�2 and reduce
�1. The right side of (6) goes unbounded if the closed-loop system
becomes unstable. A similar argument can be used in (13) forP�.

Let fa; b1; b2; cg = f0; 1; 1; 1g. As � # 1; ac " 0 andp ! +1.
The second part of Corollary 3 is not necessarily true in the opposite
direction. For example, letfa; b1; b2; cg = f1; 1; 1; 1g. As � # 1;
p! +1 while ac " �1 due to cancellation between the numerator
and denominator ofac.

Remark 1: The second part of Corollary 3 shows a relationship
among the parameter�, the solution of the ARE, and stability of the
closed-loop system. It is equivalent to stating that ifP � 0 and is
bounded, given a� > 0, the resultingAc is always a stable matrix
(cf., the LQR design where given anyR > 0 andQ � 0; P � 0 is
bounded and the resultingAc is a stable matrix).

Before we finish this section, we would like to mention that for
the RDE and ARE associated with the LQR setting

� _P = PA +A
T
P � PBR

�1
B

T
P +Q; P (T ) = S (15)

and

PA +A
T
P � PBR

�1
B

T
P +Q = 0 (16)

we can getP1 � P2 if R1 � R2 in the same way. If we define
R = rI; r > 0, we have similar results parallel to those discussed
before.

III. FINITE HORIZON CASE

For a fixed timeT > 0; S � 0; andR > 0, define the worst case
closed-loop performance measure as [8]

J(�cl; R; S; T ) = max
kzk2

L [0;T ] + xT (T )Sx(T )

kwk2
L [0;T ]

+ xTo Rxo

1=2

(17)

where the maximum is taken over allxo 2 Rn; w 2 L2[0; T ]; and
kwk2

L [0;T ] + xTo Rxo > 0. The weighting matrixR is a measure of
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the relative importance of the uncertainty in initial condition versus
the uncertainty in the exogenous signalw. We also define the unit
ball in Rn � L2[0; T ]

BR �L [0;T ] := (xo; w) 2 R
n �L2[0; T ] : xTo Rxo

+ kwk2L [0;T ] � 1 : (18)

In terms of the above performance measure, the synthesis problem
can be introduced as follows:

J
�(�cl; R; S; T ) = min

u
max
(x ;w)

kzk2
L [0;T ] + xT (T )Sx(T )

kwk2
L [0;T ]

+ xTo Rxo

1=2

= min
u

max
(x ;w)2B

kzk2L [0;T ]

+ x
T (T )Sx(T )

1=2
: (19)

It can be regarded as the synthesis ofH1 control with transients [8].
Note that minimax instead of infsup in [8] is used here.

We summarize the results from the variational approach in the
following theorem.

Theorem 3: Consider the plant (1), (2) with the performance
objective (19).

1): There is a controller such that

J
�(�cl; R; S; T ) = �

1=2 (20)

if and only if there exists a symmetric matrix functionP (t); t 2 [0; T ]
such that

� _P = A
T
P + PA � P B2B

T
2 �

1

�
B1B

T
1 P + C

T
C;

P (T ) = S (21)

and

�m[R�1
P (0)] = �: (22)

2): In this case, the control law

u
� = �BT

2 Px (23)

achievesJ�(�cl; R; S; T ) = �1=2 under the worst case disturbance

w
� =

1

�
B
T
1 Px (24)

and the worst case initial condition

xo = �~xo: (25)

Here ~xo is the unit eigenvector associated with the maximum eigen-
value ofR�1P (0) and� satisfies

�
2 =

1

~xTo
1
�

T

0
�T (t; 0)PB1BT

1 P�(t; 0)dt+R ~xo
(26)

where�(t; 0) is the closed-loop state transition matrix.
3): Given anyR > 0 and S � 0, the above solution exists

uniquely.
Proof: To prove the necessity part, assume that (19) has a

solution such that (20) holds. Since the plant is linear, the pair of
(xo; w) are on the surface of the unit ball [4]. In an energy point of
view, both disturbance and initial condition will take as much energy
as possible to maximizeJ(�cl; R; S; T ).

The constraint of the plant (1) must be satisfied for allt 2 [0; T ]
while the one in (18) involves a number evaluated at an initial time
and on certain time interval. Thus we adjoin the constraints of (1) and
(18) to the performance measure with a function Lagrange multiplier

�(t) and a constant one�, respectively, to form the augmented
performance measure

�J2 = x
T (T )Sx(T ) + � 1� x

T
o Rxo +

T

0

[xTCT
Cx+ u

T
u

� �w
T
w + �

T (Ax+B1w +B2u� _x)] dt: (27)

For convenience, define the Hamiltonian function as

H = x
T
C
T
Cx+u

T
u��w

T
w+�

T (Ax+B1w+B2u): (28)

Integrate (27) by parts to obtain

�J2 = x
T (T )Sx(T ) + � 1� x

T
o Rxo + �

T (0)xo � �
T (T )x(T )

+
T

0

(H + _�T x) dt: (29)

Consider the variation of�J due to variations ofu; w and the
corresponding variation ofx

2 �J� �J = (�T � 2�xTR) �xjt=0 + (2xTS � �
T ) �xjt=T

+
T

0

[(Hx + _�T ) �x +Hu �u+Hw �w] dt: (30)

Note thatminmaxJ1=2 = (minmaxJ)1=2 for a positive cost since
2 �J� �J = 0 if and only if � �J = 0.

On the extremal curves, the variations must be zero, i.e.,� �J = 0.
Thus the necessary conditions for the minimax problem are

_� = �HT
x

= �2CT
Cx� A

T
�; �(T ) = 2Sx(T ) (31)

Hu = 2uT + �
T
B2 = 0 (32)

Hw = �2�wT + �
T
B1 = 0 (33)

�(0) = 2�Rxo: (34)

Rearranging (1) and (31) by substituting leads to the linear two
point boundary value problem

_x
_�

=
A � 1

2
B2B

T
2 + 1

2�
B1B

T
1

�2CTC �AT
x

�

x(0)
�(T )

=
1
2�
R�1�(0)

2Sx(T )
:

(35)

The assumption of existence ofJ� implies existence of a solution to
(35) in terms of the necessary condition

x(t)
�(t)

=
�11 �12

�21 �22
(t; T )

x(T )
�(T )

; �(T; T ) = I: (36)

Then

�(t) = 2[0:5�21(t; T ) + �22(t; T )S]

� [�11(t; T ) + 2�12(t; T )S]
�1
x(t)

=: 2P (t)x(t) (37)

where

x(t) = [�11(t; T ) + 2�12(t; T )S]x(T ): (38)

Here�11(t; T )+2�12(t; T )S is nonsingular for allt 2 [0T ] due to
the solution existence of (35) and the semigroup property of the state
transition matrix [7]. It is easy to verify thatP (t) in (37) satisfies
the RDE of (21).

Then by (32) and (37), the minimax control is a state feedback

u
� = �BT

2 Px: (39)

By (33) and (37), the worst case disturbance is equivalent to a positive
state feedback

w
� =

1

�
B
T
1 Px (40)
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and by (34) and (37)

P (0)xo = �Rxo: (41)

To calculate the optimal cost, consider the derivative ofxTPx

along the optimal state trajectory

d

dt
x
T
Px = _xTPx+ x

T
P _x + x

T _Px

= �xTCT
Cx� u

�T
u
� + �w

�T
w
�

: (42)

Integrating (42) and substituting from (41) yields

J
�2(�cl; R; S; T ) = �: (43)

Then maximizing� with respect toxo in (41) gives

�m[R�1
P (0)] = �: (44)

Hencexo is the eigenvector associated with the maximum eigenvalue
� of R�1P (0). If we definexTo xo = �2, the magnitude ofxo can
be determined by the fact that

x
T
o Rxo +

T

0

w
T
wdt = 1:

Simple manipulation leads to (25), (26).
This completes the proof of the necessity. To prove the sufficiency

we can use the standard completion of squares argument as follows.
Since (21) is assumed to have a solutionP (t); t 2 [0; T ] with

P (T ) = S, we have, for anyu;w 2 L2[0; T ] andxo 2 Rn

J
2(�cl; R; S; T )

=
T

0

x
T
C
T
Cx+ u

T
u� �w

T
w +

d

dt
x
T
Px dt

+ �kwk2L [0;T ] + x
T
o P (0)xo: (45)

Substituting from (1) and (21) leads to

J
2(�cl; R; S; T ) = ku� u

�k2L [0;T ] � �kw � w
�k2L [0;T ]

+ �kwk2L [0;T ] + x
T
o P (0)xo: (46)

For minimax ofJ , it is clear thatu = u� andw = w�. Furthermore,
� = �m[R�1P (0)] implies xTo P (0)xo = �xTo Rxo, wherexo is the
eigenvector associated with the maximum eigenvalue ofR�1P (0).
Thus J�(�cl; R; S; T ) = �1=2. This completes the proof of the
sufficiency.

Now we need to show that a solution in Theorem 3 always exists.
The sufficient conditions

Huu = 2Im > 0 (47)

Hww = �2�Il < 0; � > 0 (48)

imply that a saddle point exists for both minimax and maximin
solutions if there is a� > 0 that results in a bounded solution
of the RDE and satisfies (22). In fact, given any boundedR > 0
� can always be adjusted to satisfy (22). For anR > 0 with a
small minimum eigenvalue,� value can be increased to satisfy (22).
(�!1 leads to the LQR problem which always has a solution.) On
the other hand, keeping the� value reduced will lead to unbounded
solution ofP (t) (finite escape time). Hence, for anR > 0 with a
large maximum eigenvalue,� value can be reduced to satisfy (22)
by continuity.

It now remains to show that the solution is unique, or� is
unique in (48). Suppose that there are two solutions with�1 <

�2. Then P1 � P2 by Theorem 1. SinceR > 0, one can
write R�1 = (R�1=2)TR�1=2. At time t = 0; R�1P (0) and

(R�1=2)TP (0)R�1=2 share the same eigenvalues sincedet(In �
AB) = det(In � BA). Thus

�1 < �2

) P1(0) � P2(0)

) (R�1=2)TP1(0)R
�1=2 � (R�1=2)TP2(0)R

�1=2

) �m[(R�1=2)TP1(0)R
�1=2] � �m[(R�1=2)TP2(0)R

�1=2]

) �m[R�1
P1(0)] � �m[R�1

P2(0)]

which leads to�1 � �2—a contradiction.
Remark 2: AssumeS = 0. When the minimum eigenvalue ofR

goes to infinity,xo goes to zero, which means that the performance
objective becomes minimizing the input–output induced norm. Here
(0; w) 2 BR �L [0;T ] with kwkL [0;T ] � 1. However,P (0) in (22)
becomes unbounded, which implies that the optimal control is not
attainable for this state feedback setting. In other words, one can
only get a suboptimal control in an input–output point of view.

Remark 3: Any fixed �1=2 that yields a closed-loop system is a
strict upper bound of the input–output mapping due toL2[0; T ] �
Rn � L2[0; T ] and the solution uniqueness. The same conclusion
was drawn by implementing the state space realizations of the
input–output mapping and inverse mapping in [9].

IV. I NFINITE HORIZON CASE FOR LTIV PLANT

The results for the LTV plant on finite horizon can be extended to
those for the LTIV plant on the infinite horizon. For the sake of the
closed-loop stability, we need to assume thatfA;B1g andfA;B2g
are stabilizable, andfC;Ag is detectable. With the above assumptions
andS = 0, we have the following theorem.

Theorem 4: Consider the LTIV plant (1), (2) with the performance
objective (19) on the infinite horizon.

1): There is a controller such that

J
�(�cl; R; 0;1) = �

1=2 (49)

if and only if there exists a symmetric matrixP � 0 such that:

A
T
P + PA � P B2B

T
2 �

1

�
B1B

T
1 P + C

T
C = 0 (50)

and

�m(R�1
P ) = �: (51)

2): In this case, the control law

u
� = �BT

2 Px (52)

achievesJ�(�cl; R; 0;1) = �1=2 under the worst case disturbance

w
� =

1

�
B
T
1 Px (53)

and the worst case initial condition

xo = �~xo: (54)

Here ~xo is the unit eigenvector associated with the maximum eigen-
value ofR�1P and � satisfies

�
2 =

1
1
�

trace KPB1BT
1 P + ~xTo R~xo

(55)

whereK is determined by the following Lyapunov equation

AcK +KA
T
c + ~xo~x

T
o = 0: (56)
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3): Given any boundedR > 0, the above solution exists uniquely.
Proof: To prove the necessity part, assume that (19) on the

infinite horizon has a solution such that (49) holds. First we claim
that for any0 < T1 < T2, we have

J
�(�cl; R; 0; T1) � J

�(�cl; R; 0; T2): (57)

The claim can be proved as follows. Suppose by contraries
J�(�cl; R; 0; T1) > J�(�cl; R; 0; T2). Then we have�1 > �2. Let
P
T
1

(t) denote the solution of the RDE with�1 andP T
1

(T2) = 0.
Then P1(t) � P

T
1

(t) for t 2 [0; T1] since P T
1

(t) � 0 and is
nonincreasing [9]. By Theorem 1,P T

1
(t) � P2(t) for t 2 [0; T2].

HenceP1(0) � P2(0), which leads to a contradiction by the same
argument as for the proof of the solution uniqueness in Theorem 3.
We now extend the result for the finite horizon case to that for
the infinite horizon case. SinceJ�(�cl; R; 0; Tn) is monotonically
increasing and bounded, it goes to the limitJ�(�cl; R; 0;1)
as Tn ! 1. Meanwhile, the boundedness ofJ�(�cl; R; 0;1)
implies the boundednessx sincefC;Ag is detectable. Moreover, the
boundedness ofx implies the boundedness of the unique steady-state
solutionP sincex0 is the eigenvector associated with the maximum
eigenvalue ofR�1P .

The proof of the sufficiency part can be done by completing squares
for the LTIV plant with the ARE.

A stable solution always exists due to the stabilizability and
detectability assumption. More specifically, given any boundedR >

0, P exists and is bounded from (51) so that the closed-loop system
is stable by Corollary 3.The proof of the necessity part shows that a
solution is also unique. Equations (55) and (56) can be established by
(26) with the integral limit extended to infinity in terms of the matrix
trace property and the relation between the controllability gramian
and Lyapunov equation.

Remark 4: Equation (51) in Theorem 4-1) guarantees the asymp-
totic stability of the closed-loop system. However, the stability

of AC = A � B2B
T
2 �

1

�B1B
T
1 P should be checked during

numerical computation.
A larger sizeR leads to a smaller sizexo to maintainxTo Rxo +

kwk2
L

= 1. It also results in a smaller� > 0 and a higher gainP
in terms of (51). Theoretically, b) in 1) of Theorem 4 is redundant.
However, it is useful in numerical computation.

The optimal control in an input–output point of view is also not
attainable due to the constraint of (51). Again for any suboptimal
�1=2; J� < �1=2. This is the standardH1 state feedback control
design.

V. CONCLUSION

This paper presents a variational approach toH1 control with
transients for the state feedback case. The solution existence and
uniqueness are crucial to this approach because of the equalities
in the necessary and sufficient conditions. Some properties of the
Riccati equation are introduced for the proof of the solution existence
and uniqueness. By the equalities in the necessary and sufficient
conditions and the solution uniqueness, it can be directly concluded
that only suboptimalH1 control can be achieved in an input–output
point of view and that�1=2 is a strict upper bound.

REFERENCES

[1] B. D. O. Anderson and J. B. Moore,Optimal Control—Linear Quadratic
Methods. Englewood Cliffs, NJ: Prentice-Hall, 1990, pp. 50, 371–372.

[2] T. Basar and P. Bernhard,H1-Optimal Control and Related Minimax
Design Problems. Boston, MA: Birkhauser, 1991.

[3] R. W. Brockett,Finite Dimensional Linear Systems. New York: Wiley,
1970, p. 59.

[4] C. A. Desoer and M. Vidyasagar,Feedback Systems: Input–Output
Properties. New York: Academic, 1975.

[5] J. C. Doyle, K. Glover, P. P. Khargonekar, and B. A. Francis, “State-
space solutions to standardH2 andH1 problems,” inProc. American
Control Conf., 1988.

[6] L. El Ghaoui, A. Carrier, and A. E. Bryson, Jr., “Linear quadratic
minimax controllers,”J. Guidance, Contr. Dynamics, vol. 5, no. 4, pp.
953–961, July–Aug. 1992.

[7] T. Kailath, Linear Systems. Englewood Cliffs, NJ: Prentice-Hall, 1980,
p. 232.

[8] P. P. Khargonekar, K. M. Nagpal, and K. R. Poolla, “H1 control with
transients,”SIAM J. Contr. Optim., vol. 29, no. 6, pp. 1373–1393, Nov.
1991.

[9] D. J. N. Limebeer, B. D. O. Anderson, P. P. Khargonekar, and M. Green,
“A game theoretic approach toH1 control for time-varying systems,”
SIAM J. Contr. Optim., vol. 30, no. 2, pp. 262–283, Mar. 1992.

[10] G. Tadmor, “Worst-case design in the time domain: The maximal
principle and the standardH1 problem,” Math. Contr., Signals Syst.,
vol. 3, no. 4, 1990.

Observer-Based Approach to Fault Detection
and Isolation for Nonlinear Systems

H. Hammouri, M. Kinnaert, and E. H. El Yaagoubi

Abstract—The design of a residual generator for fault detection and
isolation (FDI) in nonlinear systems which are affine in the control signals
and in the failure modes is studied. First, the problem statement used
for linear systems is extended, and a set of sufficient conditions for the
existence of a solution is given. Next, circumstances under which high-gain
observers for uniformly observable systems can be used in the synthesis
of the residual generator are provided.

Index Terms—Fault detection, nonlinear observer, residual filter.

I. INTRODUCTION

Several approaches exist for the synthesis of residual generators for
linear systems. Among them, the observer-based methods have been
extensively studied. Initially the residual generators were designed so
as to include an observer for the whole state of the plant [1]–[5]. Later
it was realized that only a specific part of the plant state needs to be
estimated to obtain a residual [6]–[8]. In this framework, necessary
and sufficient conditions for the existence of a solution to a basic
problem of fault detection and isolation (FDI), called the fundamental
problem of residual generation (FPRG), can be expressed very clearly
both in geometric terms and in the frequency domain [6].

In this paper, we attempt to generalize the latter approach to the
class of nonlinear systems which are affine in the control and the
failure modes. To this end, we give a careful formulation of the
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