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Abstract. We obtainlocal estimatesof thesteady-stateStokessystem“without pressure”near
boundary. As anapplicationof thelocalestimates,weprovethepartialregularityupto thebound-
ary for thestationaryNavier-Stokesequationsin asmoothdomainin five dimension.
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1. Intr oduction

The objective of this paperis to study the regularity of stationaryStokesand
Navier-Stokes equationsnear boundaryin a domain with smoothboundary.
As oneof our main results,we obtainlocal estimates“without pressure”near
boundaryfor theStokessystem.More precisely, let ��������
	�� � ��
 	��������
betheunit half ball in � � andlet usconsidera solutionof theStokessystem��������� � ��!��"#� �$� %

in � ��'&
which vanisheson the flat part of the boundary, i.e. �)( 	+*,�-� for 	 � �.� .
Without lossof generality, it is assumedthat themeanvalueof a pressure� is
zeroin ���� . Thenfor every integer / with �1032 /5476 , thefollowing estimate
is satisfied;
 � 
 8:9<;>=@? ACBED ; F=HG � 
 � 
 8:9<; F ? ACBED ; F=IG 2KJL( 
 � 
 M F BED ;F G � 
 ! 
 8:9N? AOBED ;F G *OP (1)

where J � JQ( / &NR�&TSU* and 0 4 R 4V6 . The main point is that the pressure� doesnot appearin theright-handsideand,in addition,we do not requirethe
controlof � everywhereat W����� . If we assume� 
 X D ;F ��� , estimatessimilar to
(1) canbefound in [13], but the local versiondescribedin this paperseemsto
benew. This resultcanbeextendedto generalsmoothdomains.

As an applicationof (1), we give a proof of the partial regularity for the
stationaryNavier-Stokesequationsup to the boundaryin a smoothdomainin
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fivedimension.Thefivedimensionalsteady-stateNavier-Stokesequationshave
beenstudiedin anumberof papers(see[9], [10], [11], [12], [28] and[29]). The
problemis interestingbecausedimensionfive is thesmallestdimensionwhere
steady-stateNavier-Stokesequationsis super-critical. Interior partial regularity
for suitableweaksolutionsof fivedimensionalsteady-stateNavier-Stokesequa-
tionswasprovedin [28]. In [9], it wasprovedthattheboundaryvalueproblem
of theNavier-Stokesequations�����Y��(Z�["#� * ���\�]� ��!�^"
� �$� %

in _a`��)b� �$� on Wc_
hasat leastonesolutionwhich is regular in the interior provided that ! is suf-
ficiently regular. However, theboundaryregularity for thesesolutionsremains
open.By inspectingthe constructionin [10] onecanseethat the constructed
solutionsaresuitableweaksolutionsup to theboundaryasdefinedbelow (see
(28)). Thereforewe canconcludethat possiblesingularitiesof thesesolutions
mustlie in a closedset da`eWf_ of onedimensionalHausdorff measurezero.
The partial regularity at the boundaryfor threedimensionaltime dependent
Navier-Stokesequationswasstudiedin [23]. Very recently, the interior partial
regularity resultsin [3] wereextendedup to the boundaryin [25]. This result
improves [23] by showing that, underreasonableassumptions,suitableweak
solutionsareHölder continuousup to theboundaryaway from a closedset d
with g � ( d *h�$� whereg � is anonedimensionalparabolicHausdorff measure.
However, optimalhigherregularity of thesesolutionsat Wc_ei ( �j&<k]*Ul d , even
in spatialvariables,is not known.

Theplanof thispaperis asfollows:
In Section2, notationanddefinitionsareintroduced.In addition,we recall

somewell-known factsneededfor ourproofs.
In Section3, weprove theestimate(1) for theStokessystemnearboundary.
In Section4, we briefly review resultson the interior partial regularity of

suitableweaksolutionsof the Navier-Stokes equationsin five dimensionand
prove thattheresultof interior caseis extendedup to theboundaryin asmooth
domainof fivedimensionalspace.

2. Preliminaries

In this section,we introducenotationanddefinitionsandalsorecallsomewell-
known resultsusedlater. Let usbegin with somedefinitionsandnotations.m For 	,� � � and n �o� wedenoteby �qpIr s theopenball �
tu� � �,v 
 	 � t 
 4wn �
and if 	��x�y� , i.e. 	^� ( 	{z|&N�>* , then we denoteby � �pIr s the half-ball �
t^�� pIr s 
 tH�[����� .



ON REGULARITY NEAR BOUNDARY 3m Let _}`~� � be an openset.For 0�2^��2 6 , ��� r � ( _ * denotethe usual
Sobolev space,i.e. � � r � ( _ * ��� � ��� � ( _ * v{�[� � ��� � ( _ *O&N� 2 
 ��
 2 / � .
As usual,� � r �� ( _ * is definedthecompletionof �f�� ( _ * in ��� r � ( _ * . Wedenote
by �a� � r � ( _ * thedualspaceof � � r �� ( _ * where� � � � R � � � 0 . Wealsodenote

by � � � F� r � ( Wf_ * thetracespaceof � � r � ( _ * .m For � � ( �j& 0 * , wedenoteby � � r � (f�_ * thespaceof functionswhosederivatives
up to the / orderareHöldercontinuousin �_ .m For simplicity, � ��� ! ( 	+*���	 indicatesthe averageof a given function !��� � ( _ * , namely, � ��� ! ( 	+*��j	�� �� � � ��� ! ( 	+*���	 . If thereis no confusion,we use( !f*T� insteadof � ��� ! ( 	+*���	 .m _ z+� _ meanstheclosureof _ z is compactandcontainedin _ .m Thediameterof ameasurableset _ is denotedby � ( _ * .m Thecapitalletter J is usedto denotethegenericconstant,thevalueof which
maychangefrom line to line.

Next we review somewell-known factsneededfor our purpose.We start
with the following Lemmashowing a characterizationof Hölder continuous
functions.

Lemma 1. Let _ bea Lipschitz domainin � � .

1. Supposethat !�� � � r � (f�_ * . Then,for any 	 � �_ andfor any ¡ ��� ,¢£ D{¤ ? ¥§¦ � 
 ! ��( !f* pIr ¨ 
 � 2KJ ¡ � � & (2)

where ( !f* pIr ¨ � � � D ¤ ? ¥ ¦ � ! ( t�*��jt .
2. Conversely, assumethat ��©ª0 and !\�«� � ( _ * . If there exists J ��� such

that, for any 	,� _ andfor any ¡ ��� , (2) holds,then !�� � � r � ( �_ * .
Proof. SeeTheorem3.1in [16, page41]. ¬­
Next, we recall the definitionof Hausdorff dimensionandelementaryLemma
regardingtheHausdorff dimensionof asetwith somenon-Lebesguepoints.

Definition 1. Let � 4 � 2 S and � �-� . The Hausdorff measure of a set® `w� � is ¯ � ( ® *h� °²±´³µ<¶ � ;q· �µ ( ® *
and · �µ ( ® * is definedasfollows:· �µ ( ® *h�$±²¸�¹ ��º » ( � *<¼ � � ( ��±´½H³ d�¾ * � v ® `K¿À¾�d�¾ &Á��±²½H³ d�¾34o� �Â&
where » ( � *Ã� Ä{Å =Æ B Å = � � G denotethevolumeof unit ball in � � dimensionalspace.
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Lemma 2. Suppose� 4 � 4 S and !-��� � ( _ * where _ `Ç� � . Then
¯ � ( ® *h�$� wherea set

®
is definedasfollows:® ���
	 � _ v °´±´³�ÈNÉ�Ês ¶ � 0n � £ D ¤ ? Ë 
 ! 
 �����ÂP

Proof. SeeTheorem3.1in [6, page77]. ¬­
Wealsorecalla well-known factverifiedeasilyby iterations.

Lemma 3. Let ! (ZÌ * bea nonnegativeboundedfunctiondefinedin Í Î � & Î �TÏ whereÎ � ��� . Supposethat for Î � 2wÌ 4oÐ 2 Î � wehave! (ZÌ * 2 Í Ñ ( Ð ��Ì * � � � � Ï �\Ò ! ( Ð *O&
where Ñ & � & � & and Ò are nonnegativeconstantswith � 2�Ò 4 0 . Thenfor allÎ � 2wÌ 4oÐ 2 Î � wehave! (ZÌ * 2KJ Í Ñ ( Ð ��Ì * � � � � Ï &
where J is a constantdependingon � and Ò .
Proof. SeeLemma3.1 in [15, page161]. ¬­
In fact,we will needaslightly moregeneralversionof Lemma3.

Lemma 4. Let ! (ZÌ * bea nonnegativeboundedfunctiondefinedin Í Î � & Î �TÏ whereÎ � © � and Ó bea positiveinteger. Supposethat for Î � 2wÌ 4oÐ 2 Î � , wehave

! (ZÌ * 2 ÍÕÔº Ö´× � Ñ Ö ( Ð �ØÌ * � �HÙ � � Ï �\Ò ! ( Ð *O&
where Ñ Ö & � & � Ö and Ò are nonnegativeconstantswith � 2�Ò 4 0 . Thenfor allÎ � 2wÌ 4oÐ 2 Î � wehave! (ZÌ * 2KJ Í{Ôº Ö´× � Ñ Ö ( Ð �ØÌ * � �HÙ � � Ï &
where J is a constantdependingon � Ö and Ò .
Proof. This canbe proved by modifying theproof of Lemma3.1 in [15, page
161].Themodificationis self-evident,andthereforewe omit thedetails. ¬­
We concludethis sectionby recallingexistenceresultsfor divergenceequation
div »��x! in a boundeddomain _a`w� � (see[2] and[13]).
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Lemma 5. Let RY� (<0 & 6 * . Suppose_a`w� � beadomainwhich contains� p
ÚCr Û
andis star-shapedwith respectto each pointof � p
ÚOr Û . Thenfor any !��5� � ( _ *
with � � � !Ü�$� , there existsa vectorfield »�� � � r �� ( _ * such that�^" »���! in _ (3)

and £ � 
 � » 
 � 2KJ £ � 
 ! 
 � (4)

with J � J � ( SÝ&NRÂ* (<0Þ� µ B � GÛ * � � � , where J � ( SÝ&NRH* dependson S and R , but not_ .

Proof. SeeLemma3.1 in [13, page121]. ¬­
3. Estimatesfor the Stokessystem

In thissection,wewill provetheestimate(1) for theStokessystemmentionedin
theintroduction.Let 	 beaboundarypointof adomain _a`w� � with Lipschitz
boundary. For convenience,wedenote_ pIr s � � pIr sUß _ with � 2 n 2 n � . Heren � is the largestpositive radiussuchthat _ pIr s@Ú `à_ and

µ B � ¤ ? Ë Gµ BáD ¤ ? Ë G 2�J for all� 4Kn 2 n � where � pIr s is thelargestball containedin _'pIr s and � ( Ñ * indicates
thediameterof Ñ . Since _ is aLipschitzdomain,thereexistsapositive n � ���
satisfyingsuchpropertiesat a given 	�� Wc_ . If n � � 6 , thenwe take n � � 0
becauseourconcernis local estimatenearboundary.

Now wearereadyto investigatethelocalestimateof theStokessystemnear
the boundary. Suppose	$� Wc_ where _â`a� � is a Lipschitz domainandas
mentionedabove, n � bethelargestpositive radiusdependingon 	 . Weconsider
thefollowing localproblemof theStokessystem:ãäæå �������w� � �x! in _ pIr s@Ú��"ç� ��� in _'pIr s@Ú� ��� on �qpIr s Ú)ß Wf_ & (5)

Weemphasizethatthehomogeneousconditionis only assignedonsomepartof
theboundaryof _'pIr s@Ú , notall of Wc_'pIr s@Ú . Let � beaweaksolutionsolving(5) in
a weaksense,in otherwords, � is in � � r è ( _'pIr s@Ú * andvanisheson � pIr s@Ú ß Wf_
andsatisfies £ � ¤ ? Ë Ú ���Õ��é � £ � ¤ ? Ë Ú ! é (6)

for all é � � �� ( _'pIr s Ú & � � * with ��"
é �$�j&£ � ¤ ? Ë Ú �L"��Lê �$� for all ê � � �� ( _'pIr s@Ú *OP (7)
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Without lossof generality, wemayassume	Ü�$� by translationandfor simplic-
ity we denote_ � r s � _'s for any � 2 n 2 n � . Let n & Ð beany positive numbers
with � 2 n 4^Ð 2 n � and Ì is themidpointof n and Ð , i.e. Ì � s �Àëè . Suppose
that ì � and ìÂè bestandardcut off functionsdefinedasfollows:ì � �ªí 0 in � s� outside� î & ìÂè �ïí 0 in � î� outside� ë
suchthat ì � and ìÂè aresupportedin � î and � ë , respectively and for a fixed
constantJ they satisfy
 � ì ��
 2 JÌ)� n 2 ¼ JÐ � n & 
 � ìÂè 
 2 JÐ �ØÌ 2 ¼ JÐ � n P
We first considerthe case!ð�â� . We notefirst that in the weak formulation
above, it is easilyseenthat � is in � è ( _ s@Ú * by thevariationalformulation(see
Lemma1.1 in [13, page186]). Moreover, we may uniquelytake a pressure�
satisfying ����Ë Ú � �$� . Multiplying � ì èè to (5) andusingtheintegrationby parts,
we have £ �{ñ 
 ��� 
 è ì èè 2KJ £ �{ñ 
 � 
 è 
 � ìÂè 
 è ��J £ �{ñ 
 � ìÂè 
 " 
 �Õ� ìÂè 
2KJ £ �{ñ 
 � 
 è 
 � ìÂè 
 è ��J £ �{ñTòN�{ó 
 � ìÂè 
 è (8)

Usingtheenergy estimate(8), we controlthepressurein termsof � .

Lemma 6. Let � bea weaksolutionof theStokessystem(5). Thenfor every n & Ð
with � 2 n�4oÐ 2 n � , thefollowing estimateholds:£ � Ë 
 � 
 è 2 J( Ð � n * è £ � ñ 
 � 
 è P (9)

Proof. Let us first considerthe divergenceproblem.According to Lemma5,
thereexists »�� � � r è� ( _'î * suchthat�^" »�� � ì è � �o(ô� ì è � *öõ in _'î & »x�$� on Wc_'î & (10)

where (ô� ì è� *öõ � � ���{ó �)( t�* ì è� ( t�*���t andthefollowing estimateholds£ �{ó 
 � » 
 è 2KJ £ �{ó 
 � ì è� �o(ô� ì è� *öõ 
 è & (11)

where J is independentof radiusof _ î becauseof Lemma5 andthechoiceofn � . Usingtheabove estimateand ���{Ë Ú � �7� , we get£ �{Ë Ú 
 � 
 è ì è� � £ �{Ë Ú �)(ô� ì è � �K(ô� ì è � *öõI*Ý� £ �{Ë Ú �+��" »� £ �{ó �q��� »�� £ �{ó ���+� »
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With theaid of theYoung’s inequality, theright sideis estimatedasfollows:£ � ó ���+� » 2�(Z÷>ø * � � £ � ó 
 ��� 
 è �wø £ � ó 
 � » 
 è2�(Z÷>ø * � � £ �{ó 
 ��� 
 è ��Jùø £ �{ó 
 � ì è� �o(ô� ì è� *öõ 
 è2�(Z÷>ø * � � £ �{ó 
 ��� 
 è ��Jùø £ �{Ë Ú 
 � ì ��
 è P
Choosingsmall ø with J1ø 4 �è , we obtain£ � Ë 
 � 
 è 27J £ � ó 
 ��� 
 è P
Accordingto theenergy estimate(8), we have£ ��Ë 
 � 
 è 2KJ £ �{ñ 
 � 
 è 
 � ìÂè 
 è ��J £ �{ñTòN�{ó 
 � 
 è2 J( Ð � n * è £ �{ñ 
 � 
 è ��J £ �{ñ<òN�{ó 
 � 
 è2 J( Ð � n * è £ �{ñ 
 � 
 è ��J £ �{ñ<òN�{Ë 
 � 
 è P
Usingtheholefilling technique,we obtain£ �{Ë 
 � 
 è 2 J( Ð � n * è £ �{ñ 
 � 
 è ��Ò £ �{ñ 
 � 
 è &
where Ò � úú � � which is independentof n & Ð . Since n & Ð arearbitrarynumbers,
dueto theLemma3, theassertion(9) is completed. ¬­
Sincepressureis estimatedin termsof velocity, we easilyhave the following
Caccioppoliinequality.

Lemma 7. Let � bea weaksolutionof theStokessystem(5). Thenfor every n & Ð
with � 2 n�4oÐ 2 n � , thefollowing estimateholds:£ � Ë 
 ��� 
 è 2 J( Ð � n * è £ � ñ 
 � 
 è P
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Proof. It is easyconsequenceof theestimate(8) and(9). Indeed,£ ��Ë 
 ��� 
 è 2KJ £ �{ó 
 � 
 è 
 � ì � 
 è �wJ £ �{óZòN�{Ë 
 � ì � 
 è2 J(ZÌÝ� n * è £ ��ó 
 � 
 è ��J £ �{ó 
 � 
 è2 J(ZÌÝ� n * è £ � ó 
 � 
 è � J( Ð �ØÌ * è £ � ñ 
 � 
 è2 J( Ð � n * è £ �{ñ 
 � 
 è P
Thiscompletestheproof. ¬­
Remark1. A standardmodificationof theabove proof givesthefollowing esti-
matewhen !�� � � � r è ( _'söÚ * and û � � F= r è (ýü * where ü � Wf_ ß � söÚ ;
á
 ��� 
á
 M = B � Ë G � 
á
 � 
á
 M = B � Ë G 2 J( Ð � n * è 
á
 � 
á
 M = B � ñ G�1JL( 
á
 ! 
á
 è 8uþ F ? = B �{ñ G � 
á
 û 
á
 è 8 F= ? = B Æ G * (12)

for any � 2 n�4KÐ 2 n � . In whatfollowswewill notusethisestimatefor û ÿ��� .
The case! ÿ� � and û � � canbe proved by an obvious modificationof the
proof above,andthereforewe omit thedetails. ¬­
Sofar, weshowedthat ��� andpressure� canbecontrolledby � nearthebound-
ary. Now we will show, furthermore,higherderivativesof � and � canbealso
estimatedin termsof � providedthat _ is sufficiently smooth.

Theorem 1. Let _ `�� � be a domainof class �+� � è and / be an integer with�10[2 /«4a6 . Suppose!o� � � r è ( _ * and � bea weaksolutionof theStokes
system(5).Thenfor every n & Ð with � 2 n�4KÐ 2 n � , thefollowinglocal estimate
holds:
á
 � 
á
 8L9<;>=@? =OB ��Ë G � 
á
 � 
á
 8:9ö; F ? =OB �{Ë G 2KJL( 
á
 � 
á
 Mj=CB � ñ G � 
á
 ! 
á
 8:9§? =§B ��ñ G *O& (13)

where J � JQ( / &TSU* .
Proof. If / � �ù0 , theestimate(13) is dueto Lemma6, Lemma7 andRemark
1. Let Ì � s �Àëè . In thecaseof / © � , thefollowing localestimatenearboundary
wasknown for a domainof class�+� � è (seeTheorem5.1 [13, page224-225]).
For all � 2 n�4 Ì�2 n �
á
 � 
á
 8L9<; =@? =OB �{Ë G � 
á
 � 
á
 8:9<; F ? =OB �{Ë G2oJQ( 
á
 � 
á
 8 F ? =OB �{ó G � 
á
 � 
á
 Mj=OB �{ó G � 
á
 ! 
á
 8:9§? =§B � ó G *OP (14)
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Usingtheestimate(13) when / � �ù0 , theright sideof (14) is estimatedby in
termsof � and ! , thatis,
á
 � 
á
 8 F ? =OB � ó G � 
á
 � 
á
 M�=OB � ó G � 
á
 ! 
á
 8 9§? = B �{ó G2KJL( 
á
 � 
á
 M = B �{ñ G � 
á
 ! 
á
 8:9§? =§B � ñ G *OP
Thiscompletestheproof. ¬­
Remark2. OnecanalsoderiveTheorem1 directlyfrom Lemma6 and7 without
usingresultsin [13] by theusualtechniqueof takingderivativesof theequations
in thetangentialdirectionsfirst andusingtheequationsin thenormaldirection
(This is completelystraightforward if _ is ahalf-space). ¬­
Remark3. As is usualin similar situations(see[1], for example),Theorem1
impliesa Liouville-type theorem.Considertheboundary-valueproblemãä å �q�����w�]� �$� in � � ���"ç� �$� in � � �� �$� on W�� � � (15)

Corollary 1. Let � � � � r è����� ( � � � * be a weaksolution(15). If �)( 	+*3��� ( 
 	 
 * as
 	 
	� 6 , then ��
 � .
Proof. This is a standardargument,which we neverthelesssketchfor thecon-
venienceof thereader. Let

� �K� andset ��
�( 	À* � � ( � 	+* . By theestimate(13)
andimbeddingtheorem,onehasÈNÉ�ÊD ; F= 
 ����
 
 2KJ È§É�ÊD ;F 
 ��
 
 (16)

for each
� �â� . However, � ( 	+*,��� ( 
 	 
 * as 
 	 
	� 6 , then applying (16) as� � 6 , we seethat � is constant,andtherefore��
 � because� �à� on theW�� � � . This completestheproof. ¬­

Similar theoremwas proved in [8] by using the reflection principle for the
Stokessystem(15). However, it doesnot seemobvious that themethodin [8]
couldbeeasilyusedto obtainlocalestimates(13). ¬­
In remainingpartof this section,usingresultsabove, we canverify ��� r � esti-
mate(1) for theStokessystem.Let _ bea smoothdomainand !�� � � r � ( _ *
where 0 4 R 4K6 and / is any integerwith �1032 /Ü4K6 . For convenience,let
usrecalltheStokessystem(5):ãäæå �������w� � ��! in _ s@Ú��"
� ��� in _'s@Ú� �$� on �qs Úhß Wf_ P
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We usethesamenotationsusedin (5). We notefirst thatwe mayassume_ s@Ú
hasasmoothboundary. In fact,it maynotbesmoothatpointson Wc_ ß � s@Ú (for
example,if _ � � � � , then _'s Ú � � �s@Ú ), but we cantake a smoothdomain _ z ,
insteadof _'s@Ú , suchthat _ z `a_'s@Ú and _ Ë Ú= is containedin _ z . Thus,without
lossof generality, _'s@Ú is assumedto be smooth.Now we are readyto prove��� r � estimatenearboundaryfor theStokessystemabove.

Theorem 2. Let _ `�� � be a domainof class � � � è and / be an integer with�10Q2 /Ø4�6 and 0 4 R 4�6 . Suppose!\� ��� r � ( _'s Ú * and � � � � r � ( _'s Ú *
solvetheStokessystem(5) in a weaksense. Thenfor any � 2 nÜ4�Ð[4ðn � the
following local estimateholds:
á
 � 
á
 8L9<;>=@? ACB � Ë G � 
á
 � 
á
 8L9<; F ? A B � Ë G 2KJQ( 
á
 ! 
á
 8:9§? ACB � Ë Ú G � 
á
 � 
á
 M F B �{ñ G *O& (17)

where J � JQ( / &TSÝ&NRÂ* .
Proof. Wefirst investigateapriori estimatefor smoothsolutions.Theideais to
split � assumof � and » , whichsolvestheStokessystemwith nonzeroexternal
force and zero boundary, and with zero external force, respectively. First we
considerthefollowing Stokessystem:ãä å ��� � �w� � � ��! in _'söÚ��" � ��� in _'s Ú

� �$� on Wf_'söÚ P
It is well known thatthefollowing estimateholds(seeTheorem6.1in [13,page
231–232]). 
á
 � 
á
 8 9<;>=@? A B ��Ë Ú G � 
á
 � ��
á
 8 9<; F ? A B �{Ë Ú G 2KJ 
á
 ! 
á
 8 9§? A B �{Ë Ú G & (18)

where� � is thenormalizedpressure,i.e. ��� Ë Ú � � �a� . Herewe set »e� �5� �
and� è � �:�u� � . Then » & � è solveãäæå �q� » �w�]� è �$� in _'s Ú��" »x�$� in _'söÚ»x�$� on � s@Ú ß Wc_ P
Using � è estimate(13)of theTheorem1, for any �1012 Ó�476 we have
á
 » 
á
 8��À; =@? = B � Ë G � 
á
 � è 
á
 8��À; F ? =OB � Ë G 2KJ 
á
 » 
á
 M�=OB � ó G & (19)

where Ì is the midpoint of n and Ð , i.e. Ì � s �Àëè . Using the estimate(19) and
iterationmethod,for any ¡ � & ¡�è with � 2 ¡ � 4w¡ è 2 n � , we caneasilyprove£ �{¥ F 
 » 
 è 2 J( ¡�è � ¡ � * � ( £ �{¥ = 
 » 
 * è P (20)
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Combining(19)and(20),we have
á
 » 
á
 8L9<;>=@? A B � Ë G � 
á
 � è 
á
 8L9<; F ? ACB � Ë G 2KJ 
á
 » 
á
 M F B �{ñ G P (21)

To sumupestimatesabove,we have thefollowing apriori estimate
á
 � 
á
 8 9<;>=@? A B �{Ë G � 
á
 � 
á
 8 9<; F ? A B ��Ë G 2KJQ( 
á
 ! 
á
 8 9§? A B ��Ë Ú G � 
á
 � 
á
 M F B �{ñ G *OP (22)

Indeed,usingestimates(18)and(21),wehave
á
 � 
á
 8 9<;>=@? A B �{Ë G � 
á
 � 
á
 8 9<; F ? A B �{Ë G 2KJQ( 
á
 ! 
á
 8 9§? A B �{Ë Ú G � 
á
 » 
á
 M F B � ñ G *2KJL( 
á
 ! 
á
 8L9§? AOB � Ë Ú G � 
á
 � 
á
 M F B �{ñ G � 
á
 � 
á
 M F B �{ñ G *2KJL( 
á
 ! 
á
 8 9§? A B �{Ë Ú G � 
á
 � 
á
 M F B � ñ G � 
á
 � 
á
 8 9<;>=@? A B ��ñ G *2KJL( 
á
 ! 
á
 8 9§? A B �{Ë Ú G � 
á
 � 
á
 M F B �{ñ G *OP
Next we approximatesolution � by smoothsolutions.For convenience,we de-
note ü�
 Wc_'s@Ú . We notefirst if !K� �ð� r � ( _'s@Ú * , thenthereexistsa sequence! � � �f� ( _ s@Ú * suchthat ! � convergesto ! in �ð� r � ( _ s@Ú * . On theotherhand,

since� � � � r � ( _'s Ú * , wehave � 
 Æ � � � � FA r � (ýü * . Thus,thereexistsasequence· �Ø� �f� (ýü * suchthat they approximate� 
 Æ in � � � FA r � (ýü * . In particular, we
canchoose· � suchthat · � �a� on � söÚÃß Wf_ . Now for givensmoothdata ! �
and · � , thereexistssmoothsolutions� � andnormalizedpressures� � suchthat
they solve thefollowing Stokessystem:ãä å ����� � �w� � � ��! � in _ s@Ú��"ç� � �$� in _'s@Ú� � � · � on ü (23)

Sincethey aresmooth,� � and� � satisfytheestimate(22), thatis
á
 � � 
á
 8:9<;>=@? ACB � Ë G � 
á
 � 
á
 8L9<; F ? ACB � Ë G 27JQ( 
á
 !�� 
á
 8:9§? ACB � Ë Ú G � 
á
 � � 
á
 M F B ��Ë Ú G *OP (24)

On the otherhand,using the linearity of the systemabove, we alsohave the
following estimate
á
 � � ��� Ô 
á
 8 F ? A B �{Ë Ú G � 
á
 � � �5� Ô 
á
 M A B �{Ë Ú G2KJQ( 
á
 ! � � ! Ô 
á
 8uþ F ? A B �{Ë Ú G � 
á
 · � � · Ô 
á
 8 F þ FA ? A B Æ G *OP (25)

Observing 
á
 ! � � ! Ô 
á
 8 þ F ? A B � Ë Ú G 2ªJ 
á
 ! � � ! Ô 
á
 8L9§? ACB �{Ë Ú G when / ©��ù0 , we

obtainthat � � and� � areCauchysequencesin � � r � ( _ s@Ú * and � � ( _ s@Ú * . Let us
write �� and �� aslimits of � � and � � , respectively. It is easilyseenthat �� and ��
solvesthefollowing stokessystemin aweaksense:ãäæå ��� ����w� �� ��! in _ s@Ú��" �� ��� in _'s@Ú

�� � � on ü � Wf_'s Ú (26)
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We notethatby approximationargument, �� and �� satisfy(22) dueto (24) and
(25). On theotherhand,it is obvious that �� � � and �� � � in _'s@Ú becauseof
theuniquenessof boundaryvalueproblemof theStokessystem.Thiscompletes
theproof. ¬­
Remark4. Estimate(17) will play an importantrole in the proof of the par-
tial regularity resultup to theboundaryfor theNavier-Stokesequationsat the
boundaryin next section. ¬­
4. Partial regularity for the Navier-Stokesequations

In this section,we first review the partial regularity of weaksolutionsof the
Navier-Stokes equationsaway from the boundaryin five dimension(see[28]
and[30]). Next we prove thattheresultof interiorpartialregularity is extended
up to theboundaryin a smoothdomainof � -dimensionalspace.

4.1. Interior partial regularity

Let _ be a boundedor unboundeddomainwith smoothboundaryin � b . We
considerthestationaryNavier-Stokesequations:ãä å �q���Y��(Z�["#� * �Q�w� � ��! in _��"ç� ��� in _� ��� on Wc_ & (27)

where � and � areunknown velocity field andpressureand ! is a prescribed
externalforce.As usual,aweaksolution � v _ � � b meansthatit is in theclass� � r è� ( _ & �hb * andsatisfiesthefollowing:£ � ���Õ��éÁ��(Z�["#� * ��é � £ � ! é

for all é � � �� ( _ & � b * with ��"
é �$� and£ � �:"#�Qê ��� for all ê � � �� ( _ & � *OP
Zeroboundaryconditionshouldbeunderstoodin senseof traces.In addition, �
is assumedto satisfythelocalenergy estimateup to theboundary:£ � 
 ��� 
 è · è ��t 2KJ � £ � 
 � 
 è 
 � · 
 è ��t� £ � 
 � 
 ( 
 � 
 è¼ � 
 � 
 * 
 � · è 
 ��t � £ � 
 ! "ç� 
 · è ��t{�Â& (28)
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where · � �f�� ( _ & �hb * . We saya weaksolution � satisfyingthe local energy
estimate(28)asuitableweaksolution. Themainstepin thepartialregularityof
theinterior caseis to prove � ( 	c& n * 2oJ n�� � for every � pIr s � _ where

� ( 	U& n *h� ¢£ D{¤ ? Ë 
 �[�o(Z� * D ¤ ? Ë 
 � ��	cP
Next Lemmagivesasufficient conditionfor thedecayof � .

Lemma 8. For any � �â� , there exist JQ( � * and ø � ( � * such that for anyÎ � ( �j& �è * , if � ( 	c& n * 2�� Fs�� and 
 (Z� * D�¤ ? Ë 
 2 � s , then � ( 	c& Îjn * 2KJ Î!�"� ( 	c& n * .
The sketch of proof. Theproof canbedoneby a standard“blow-up” method,
which is similar to Lin’s argumentin [20] (seealso[18] and[28]). In [18] and
[20], theargumentis usedfor thetime dependent3-dimensionalNavier-Stokes
equations.The 5-dimensionalsteady-stateNavier-Stokes equationsis in fact
simpler, becausethepressureis mucheasierto handle.Althoughthis argument
is standard,for clarity, we will sketchthe proof briefly. Supposethe assertion
above is not true.Thenthereexists sequenceof weaksolutions � � &T	 � & n � andø � # � suchthat �%$ 9 ( 	 � & n � *Á� � � 9s �9 and 
 (Z� � * p 9 r s 9 
 2 �s 9 , but �%$ 9 ( 	 � & Îjn � *]�J Î � �&$ 9 ( 	 � & n � * . Let � � ( t�* 
 n � � � ( 	 � � n � t�* . Thenweget � � D F 
 � � � ( � � * D F 
 � �ø �� and 
 ( � � * D F 
 2 � . Let usdefine » � by » � 
Vø � �� ( � � �x( � � * D F * . For sim-
plicity, we denote' � � ( � � * D F . Thenit is easilychecked that � D F » � ��� and� D F 
 » � 
 � � 0 . In addition, » � solvesthefollowing systemin aweaksense:��� » � � ' � � » � �wø � » � � » � �w� R � �$���" » � �$� %

in � � P (29)

By theassumption,we know that¢£ D�( 
 » � �K( » � * D�( 
 � � J Î � P (30)

Herewe claim that � D F þ*) 
 � » � 
 è is uniformly bounded.Indeed,notefirst that� � = norm of pressureR � canbe estimatedby � � norm of » � . More precisely,R � � �R � �,+ � where �R � � ø � � � � W 	 ¾ W 	 Ö ( » Ö� » ¾ � * and + � is aharmonicfunction,
which is alsocontrollablein termsof » � . To sumup,we have 
á
 R � 
á
 M � = BED F þ-) G 2J 
á
 » 
á
 èM � BED F G for asufficiently small � ��� . Oncepressureis controlledin terms

of � , thenwe control � è normof � » � in termsof � � normof » � by usingthe
energy inequality. Since 
 ' � 
 2 � for all / and � � r è normof » � is uniformly
bounded,a pair of subsequencesof ' � and » � , denotedby ' � and » � again,
convergespoint-wisely to ' and convergesweakly in � � r è����� ( � � * to » , which
solvesthefollowing systemin aweaksensein � � :��� » �x( ' "�� *@» �w� R1�7�j& �^" »$�$�jP (31)
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We notealsostrongconvergenceof » � in � � ( � F= * by the imbeddingtheorem.

Passing(30) to thelimit, strongconvergenceimplies � � D ( 
 » ��( »3* D.( 
 � ©KJ Î � .
On theotherhand,» is smoothin � F= . Thusthereexistsanabsoluteconstant �J
suchthat � � D.( 
 » �$( »]* D ( 
 � 2 �J Î!� , which is contraryto � � D�( 
 » �$( »]* D ( 
 � ©J Î � . To beprecise,at thebeginningwe canchooseJ �x¼ �J , which leadsto a
contradiction. ¬­
By theappropriatechoiceof parameters,we get theHöldercontinuity. Indeed,
let us set J Î � � Î � � where � 4 � 4 0 . Iteratingthe above process,we get
� ( 	U& Î���n * 2 ( Î�� * � � � ( 	c& n * . This shows that � ( 	c& ¡ * 2VJ ¡/� � , which implies� � � � r � . More precisely, we canconsider� ( 	U& n * asa functionof 	 for fixedn . Thensinceit is continuouswith respectto 	 , if 	 � � _ suchthat it satisfies
theassumptions

� ( 	 � & n * 4 øn � and 
 (Z� * D ¤ Ú ? Ë 
 4 � n & (32)

thenthereexists an openset 0 containing 	 � suchthat for all 	x� 0 the as-
sumptions(32)holds.Accordingto Lemma8, it is Höldercontinuousin asmall
neighborhood0 zÀ� 0 , i.e. � � � � r � ( 0 z²* in aneighborhoodof 	 � . Furthermore,� is regularbecauseHöldercontinuityimpliessmoothnessby usingthestandard
argumentfor theelliptic system.To sumup, thesufficient conditionis foundto
guaranteethat � is smooth.

Theorem 3. For any � ��� , there exists ø � ( � * such that if � ( 	c& n * 2 � Fs�� and
 (Z� * D{¤ ? Ë 
 2 � s , then � is smoothin a neighborhoodof 	 .

We saythat a point 	�� _ is an interior regular point if (32) is satisfiedfor
somen ��� . To beprecise,it is definedasfollows.

Definition 2. 	,� _ is calledan interior regularpoint if°²±´³V±´¸�¹s ¶ � 0n è £ D ¤ ? Ë 
 � ( t�* �o(Z� * D{¤ ? Ë 
 � ��t����j&°²±´³V±´¸�¹s ¶ � 0n*1 
 £ D ¤ ? Ë � ( t�*���t 
 4K6 P
Next Lemmaenableusto investigatethesizeof interior regularpoints.

Lemma 9. Supposethat for a given 	,� _°´±´³s ¶ � ÈNÉ�Ê 0n £ D ¤ ? Ë 
 ��� 
 è �$�jP
Then	 is an interior regular point.
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Proof. This canbeprovedby a variantof Lin’s argumentin [20] (seeTheorem
3.3).SeealsoTheorem2.2 in [18] andTheorem1.2 in [28]. ¬­
We notefirst that

¯ � ( d *Á��� where d �ï�
	 v °´±´³ s ¶ � ÈNÉ�Ê �s � D ¤ ? Ë 
 ��� 
 è �x���
by Lemma2. CombiningTheorem3 andLemma9, it is easilychecked that �
is smoothin a neighborhoodof every regular point. To sumup all results,we
concludethissectionby statingthewell known interiorpartialregularity result.

Theorem 4. Let � be a suitableweaksolutionof the Navier-Stokes equations
(27).Thenthere existsclosedset d\`�_ with

¯ � ( d * �$� such that � is smooth
in _ l d .

4.2. Boundarypartial regularity

Theobstaclein showing partial regularity up to theboundarylies in difficulty
with controlling thepressureassociatedwith � at theboundary. In the interior
case,it canbe easilycontrolledin termsof � becausethepressurecanbe de-
composedasthesumof controllableterm anda harmonicfunction.However,
suchapproachseemsnot to be applicablenearthe boundarybecauseof diffi-
culty in estimatingtheharmonicfunctionupto theboundary. However, with the
aid of the Stokesestimatenearboundarywe establishedin section3, we can
extendthepartialregularity resultup to theboundary.

Let � bea suitableweaksolutionof Navier-Stokesequations(27).Herethe
domain _ we considerhasa smoothboundaryand,for simplicity, we assume!x� � . To characterizethe behavior of � nearthe boundary, let us introduce· ( 	c& n * , for every boundarypoint 	 � Wc_ andevery n ��� , definedasfollows:

· ( 	c& n * 
 0n b £ � ¤ ? Ë 
 �)( t�* 
 � �jt{&
where _'pIr s � � pIr s ß _ . In a similar mannerasthe interior case,next Lemma
establishesthedecayof averaged� � normof � .

Lemma 10.Let � bea suitableweaksolutionof Navier-Stokesequations(27).
ThenthereexistsanabsoluteconstantJ such thatthefollowingstatementholds.
Let 	 bea boundarypoint of _ . For a given ø ��� , there exists n � � n � ( ø * such
that if n�4wn � and · ( 	c& n * 4 �s�� , then

· ( 	c& Îjn * 2KJ Î � · ( 	c& n * for any Î � ( �j& 0¼ *OP
Proof. Supposenot.Thenfor fixed Î � ( �j& �è * , therearesequencesof � � &T	 � & n �
and ø � with n � # � and ø � # � suchthat · $ 9 ( 	 � & n � *Ý� � � 9s �9 , but · $ 9 ( 	 � & Îjn � * ©J Î � · $ 9 ( 	 � & n � * for someJ , which will bespecifiedlater. Let usdenoteby � �
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thepressureassociatedwith � � . Without lossof generalitywe mayassumethat(ô� � *T� ¤ 9 ? Ë 9 �e� . Let usscale� � and � � by changingvariablesin the following
manner, » � ( t�*h� ø � �� n � � � ( 	 � � n � t�*O& R � ( t�*h� ø � �� n è� � � ( 	 � � n � t�*
andwe denotethetransformeddomainby _ �� and _ �2 correspondingto _'p 9 r s 9
and _'p 9 r 2 s 9 , respectively. Thensimplecomputationshows

·43 9 ( �j& 0 * � £ � 9F 
 » � 
 � � 0 (33)

·43 9 ( �j& Î * � 0Î b £ � 9( 
 » � 
 � ©oJ Î � (34)

andit solves,in aweaksense,ãäæå ��� » � �w� R � � ��ø � ( » � "#� *@» � in _1�� `�� ��^" » � ��� in _1�� `o� �» � �$� on � � ß Wf_ ��
We notefirst that _ �� is moreandmorecloseto a half ball ���� as / increases
because_ is smoothand n � # � . Secondly, we observe that ( » � " � *@» � �� � � r � = ( _ �� * . Thus,usingthat � � normof » � is uniformly boundeddueto (33),
for any sufficiently small � with � 4x�L4 0 , by � � estimate(17) of Theorem2
it follows that R � is uniformly boundedin thenorm of � � = in a smallerregion_1�� � ) 5 . Moreover, � è normof � » � is alsouniformly boundedin _1�� � ) = by the

local energy estimate(28). Now we extend » � into a unit ball � � by assigning� in � � l _ �� andwedenotesuchextensionof » � by �» � . Then �» � � � � r è ( � � *
and � è norm of � �» � is also uniformly boundedin � � � ) = . Henceusing the

compactnessargument,we have thestrongconvergenceof subsequence�» �76 of
�» � in � � ( � � � µ * . In thesamemannerasabove, R �76 is extendedto � � andthus

wealsohaveaweakconvergencefor � �= normof �R �76 , which is theextensionofR �86 in � � � µ . To sumuptheargumentabove,first takethesequence» �76 , denoted
againby » � withoutany confusion,insteadof » � at thebeginningandconsider
its extension �» � anda pressure�R � to a unit ball. UsingtheStokesestimateand
standardcompactnessargument,it follows that thereare »a� � � r è ( � � � µ * andR��Ü� � = ( � � � µ * suchthatfollowingshold:

�» ��9 » in � � r è ( � � � µ * weakly

�» � � » in � � ( � � � µ * strongly

�R �-9 R in � � = ( � � � µ * weaklyP
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In addition, » and R solve thefollowing Stokessystemin a half ball in a distri-
bution sense ãä å ��� » �w� R3�$� in � �� � µ��" »��$� in � �� � µ»x�$� on � � � µ ß �
	 b �$���ÂP
because,asmentionedearlier, _1�� and Wc_1�� ß � � become� �� and� � ß �
	 b �$��� ,
respectively as / � 6 . Thus,it is easilycheckedthat » and R aresmoothin � � F=
(seeTheorem2). Since» � convergesto » stronglyin � � ( � � F= * , by passing(34)

to thelimit we get ·.3 ( �j& Î * � 0Î b £ D ;( 
 » ( t�* 
 � ��t ©7J Î � P
However, thereis adifferentconstant �J independentof thechoiceof sequences» � and R � suchthatthefollowing inequalityholds0Î b £ D ;( 
 » 
 � 2 �J Î � & (35)

which leadsto a contradictionbecausewe canchoosethe constantJ bigger
than ¼ �J at thebeginning.Henceit sufficesto prove (35). Indeed,let 	 � bethe
projectionpointof 	 ontoboundary, � F= ß �
	 b �$��� . After simplecomputations,
we obtain0Î b £ D ;( 
 » ( 	+* 
 � �j	5� 0Î b £ D ;( 
 » ( 	+* � » ( 	 � * 
 � �j	 because» ( 	 � *Ý�$�2 0Î b £ D ;( 
 £ �� :: Ì » (ZÌ 	 ��(<0Á��Ì *@	 � *�� Ì 
 � ��	2 0Î b £ D ;( 
 £ �� 
 � » (ZÌ 	 ��(<0��ØÌ *@	 � * 
 " 
 	 � 	 � 
 � Ì 
 � �j	2 0Î b £ D ;( ( ÈNÉ�ÊD ; F= 
 � » 
 Î * � ��	 2ð( ÈNÉ�ÊD ; F= 
 � » 
 * � Î �
In fact, �J � ( È§É�Ê D ; F= 
 � » 
 * � , which is anabsoluteconstant.This completesthe

proof. ¬­
Definition 3. 	,� Wf_ is calledaboundaryregularpointprovidedthat °´±²³�±²¸�¹ s ¶ � n � · ( 	c& n *h�� , i.e. °´±´³V±´¸�¹s ¶ � 0n è £ � ¤ ? Ë 
 �)( t�* 
 � �jtQ�$�jP
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To show theHöldercontinuityupto theboundary, let usstartsomeobservations
concerningaboundaryregularpoint.

Lemma 11.Let 	 be a boundaryregular point. For given ø � � , there exist� � � ( 	c& ø * and n � n ( 	c& ø * such that for any Î � ( �j& �è *· (<; & Îjn * 2KJ Î � · (<; & n * 4 J Î � øn � for all ; � � pIr µ ß Wc_
where J is theabsoluteconstantin theLemma10.

Proof. Since 	 is a boundaryregularpoint, for given ø �ð� , thereis a positive
radius n �y� suchthat n�� · ( 	U& n * 4 �è . Without loss of generality, we may
take nÜ4�n � where n � is thepositive constantin Lemma10. Since n � · ( 	U& n * is
absolutelycontinuouswith respectto 	 , thereexistsaneighborhood� pIr µ ß Wf_
of 	 suchthat n�� · (<; & n * 4 ø for all ; � � pIr µ ß Wc_ . By theLemma10,wehave
thedecayof averaged� � normof � for all ; � � pIr µ ß Wc_ . This completesthe
proof. ¬­
In a similarwayastheinterior case,let usintroduce

� ( 	c& n * 
 ¢£ � ¤ ? Ë 
 �[�K(Z� *T� ¤ ? Ë 
 � for any 	 � �_ &
where (Z� *T� ¤ ? Ë�� �� � ¤ ? Ë � ��� ¤ ? Ë � ( t�*���t . Let usfirst observe thedecaypropertyof
� nearaboundaryregularpoint.

Corollary 2. Let 	w� Wc_ bea boundaryregular point. For given ø ��� , there
exist � � � ( 	U& ø * and n � n ( 	U& ø * such that for any Î � ( �j& �è *

� (<; & Îjn * 27J Î � · (<; & n * 4 J Î � øn � for all ; � � pIr µ ß Wc_
where J is theabsoluteconstant.

Proof. Accordingto Lemma11, for given ø �e� thereexists � � � ( 	c& ø * andn � n ( 	U& ø * suchthat · (<; & Îjn * 2ðJ Î � · (<; & n * 4 J Î � �s�� for all ; � � pIr µ ß Wc_ .
With theaid of theresult,we have

� (<; & Îjn *h� ¢£ ��=T? ( Ë 
 � ( t�* �o(Z� * ��=T? ( Ë 
 � �jt2KJL( ¢£ � =N? ( Ë 
 �)( t�* 
 � ��t�* 2KJ · (<; & Îjn *2KJ Î � · (<; & n * 4 J Î � øn � P
Thiscompletestheproof. ¬­
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Up to now, weshowedthedecayof � (<; & Îjn * ateveryboundarypoint in aneigh-
borhoodof a boundaryregularpoint 	 . Thenext goal is to show thesameesti-
mateat every interior point in a neighborhoodof theboundaryregularpoint 	 .
For convenience,we denoteby ; z the nearestboundarypoint from ; , in other
words 
 ;Y�>; z 
 ����±²È�? (<; & Wf_ * . For convenience,we call ; z theprojectionpoint
of ; � _ ontoboundaryWc_ . Insteadof showing � (<; & Îjn * 2�J Î!� · (<; zý& n * , we
shallprove � (<; & �è 6 n * 2KJQ( �è 6 * � · (<; z & n * for all positive integer @ ateachinterior
point ; where J is anabsoluteconstant.Next Lemmashows thisassertion.

Lemma 12.Let 	x� Wf_ be a boundaryregular point. Thenfor given ø �V� ,
there exists � � � ( 	U& ø * and n � n ( 	c& ø * such that,

� (<; & Îjn * 2KJ Î � · (<; z & n * 4 J Î!� øn � for all ; � _ pIr µ (36)

for any Î � ( �j& �è * where J and ; z are an absoluteconstantandtheprojection
point of ; onto Wc_ , respectively.

Proof. In this proof, without lossof generality, ø is assumedto be lessthan1.
In fact, thesmallnessof ø will bespecifiedlater. Accordingto theLemma11,
thereis a neighborhood_ pIr µ of 	 for some� � � ( 	U& ø * �7� suchthat for somen � n ( 	c& ø * , thefollowing inequalityholds· (<; & Îjn * 2KJ Î � · (<; & n * 4 J Î � øn � for all ; � � pIr µ ß Wc_ P (37)

Without lossof generality, we maytake �54 sè . Insteadof (36), we shall show
� (<; & �è 6 n * 27JQ( �è 6 * � · (<; zý& n * for all positive integer @ andat every interior point; � _ pIr µ . Thenthelast inequalityof (36) follows from (37).Let ; beapoint in_ pIr µ and / � / (<; * be thesmallestpositive integersuchthat �BA r Ë= 9Lß Wc_ �DC
but �BA r Ë= 9 þ F ß Wf_~ÿ�EC . Let usfirst prove that

� (<; & n¼ ¾ * 2KJQ( 0¼ ¾ * � · (<; z & n * for all @ � 0 &§¼�&çPáPáPá& / P (38)

Indeed,notefirst that ; � � A�F r Ë= 6 þ F for all 0�2 @ 2 / . Thus,usingtheestimate
(37) and _ A r Ë= 6 `e_ A�F r Ë= 6 þ = for ¼ 2 @ 2 / (notethat _ A r Ë = `^_ A�F r s for @ � 0 ),
we have

� (<; & n¼ ¾ *Ý� ¢£ � =T? Ë= 6 
 �[�o(Z� *T� =T? Ë= 6 
 � �jt 2KJ ¢
£ � =T? Ë= 6 
 � ( t�* 
 � �jt2KJ ¢£ � = F ? Ë= 6 þ = 
 � ( t�* 
 � ��t�� J · (<; z & n¼ ¾ � è *2KJQ( 0¼ ¾ � è * � · (<; z & n * 2KJL( 0¼ ¾ * � · (<; z & n *
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where J is an absoluteconstant.Next we considertheothercase@ � / . Our
goalis toshow thesameestimateasthepreviouscase,thatis to say, � (<; & �è 6 n * 2JQ( �è 6 * � · (<; zý& n * for all @ � / . Themain tool is to usetheLemma8 in thecase
@ � / because� A r F= 6 is away from the boundary. We notefirst that � A r F= 9 is

strictly containedin _ because/ waschosento satisfythatproperty. Let usfirst
consider� (<; & �è 6 n * in caseof @ � / . From the estimatesof (38), we already
have known that

� (<; & n¼ � * 27JQ( 0¼ � * � · (<; z & n *O& (39)

where J is an absoluteconstant.Next we will show that (Z� *T�HG =T? Ë= 9JI 2 úB Ë= 9 G .
Indeed,since ; z , theprojectionpoint of ; onto theboundary, is a regularpoint
on theboundary, usingtheestimate(37),wehave(Z� *T�HG =N? Ë= 9KI 2KJQ( ¢£ � = F ? Ë= 9 þ = 
 � ( t�* 
 � �jt�*

F
� 2KJQ( · (<; z & n¼ ��� è *T* F�2KJQ( 0¼ � * ( · (<; z & n *T* F� 2KJQ( 0¼ � * ø

F
�n2 J¼ � n 2 J( sè 9 * & (40)

where J is an absoluteconstantandwe used ø 4 0 . RecallingLemma8, let
us choose� �-¼ J where J is the absoluteconstantin (40). According to
Lemma8, for given � � ¼ J , thereexists ø � ø#( � * and J � JQ( � * such
that if � (<; & n * 4 �s � and (Z� * A r D Ë 4 � s , thenwe have � (<; & Îjn * 2aJ Î!�"� (<; & n * ,
At thebeginning, ø canbegivento satisfy ¼ J1ø 4 ø�( � * where J is a absolute
constantin (39). To apply Lemma8, it is enoughto checkif the assumptions
� (<; & n * 4 � B � Gs�� and (Z� * A r D Ë 4 � s aresatisfied.Thesecondoneis dueto (40)
because (Z� * D G =N? Ë= 9/I 2 J( sè 9 * 4 �( sè 9 * P (41)

On theotherhand,from (39),wehave

� (<; & n¼ � * 2KJQ( 0¼ � * � · (<; z & n * 4 JQ( 0¼ � * � øn � 4 J ø( sè 9 * � 4 ø#( � *( sè 9 * � P (42)

Theestimatesof (41)and(42)enableusto usetheresultof theLemma8.Using
theinteriordecayproperty, we obtainfor all @ � / ,

� (<; & n¼ ¾ * 27JQ( 0¼ ¾ * � · (<; z & n *OP
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Indeed,with theaid of Lemma8 and(39), for every @ with @ � / , wehave

� (<; & n¼ ¾ *Ý� � (<; & 0¼ ¾ ��� n¼ � * 2KJL( � * ( 0¼ ¾ ��� * � � (<; & n¼ � *27JQ( � * ( 0¼ ¾ ��� * � JQ( 0¼ � * � · (<; z & n *27JQ( 0¼ ¾ * � · (<; z & n *O& (43)

where J is alsoabsoluteconstant.Taking a maximumabsoluteconstantJ in
(38)and(43),weconclude� (<; & sè 6 * 2KJL( �è 6 * � · (<; zý& n * for everypositive integer
@ . Thiscompletestheproof. ¬­
Lemma12 andCorollary2 impliesthat � is regularneartheboundary.

Corollary 3. If 	e� Wc_ be a boundaryregular point, then � is Hölder con-
tinuousin a neighborhoodof 	 . Therefore it is smoothin theneighborhoodof	 .

Proof. Accordingto Corollary2 andLemma12,for asufficiently small ø , there
exists � � � ( 	UP ø * and n � n ( 	c& ø * suchthatfor every Î � ( �j& �è *

� (<; & Îjn * 2KJ Î � øn � for all ; � � pIr µ ß �_
where J is an absoluteconstant.Let � be a positive numberwith � � ( �j& 0 * .
Sinceø andn arefixedconstant,thereexists Î � � Î � ( ø & n & � * suchthat Î � �s�� ; � Å 2( Î * � � for all � 4 Î 2 ³Q±´¸{� �è & Î � � . Hence � (<; & Îjn * 2�JL( Îjn * � � for all ; �� pIr µ ß �_ , which implies theHöldercontinuity in � pIr ) = ß �_ by thesecondas-

sertionof Lemma1. Thefull regularity follows from thestandardargumentof
anelliptic system.Thiscompletestheproof. ¬­
Now we investigatethesizeof a singularset.

Lemma 13.Suppose	,� Wf_ bea boundarypointsatisfying°´±´³s ¶ � ÈNÉ�Ê 0n £ � ¤ ? Ë 
 ��� 
 è �$�jP (44)

Then	 is a boundaryregular point.

Proof. Let 	 beaboundarypointsatisfying(44).To prove theabovestatement,
we shouldshow that thereexists n �ï� suchthat · ( 	c& n * 4 �s � for any givenø �o� . For convenience,let usrecall · ( 	U& n * definedby

· ( 	c& n *h� 0n b £ � ¤ ? Ë 
 �)( t�* 
 � �jt{P
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We shallshow thateachterm n-� · ( 	c& n * convergesto � as n � � . Indeed,using
theimbeddingtheoremandtheassumption(44),wehaven � · ( 	c& n *h� 0n è £ � ¤ ? Ë 
 �)( t�* 
 � ��t 2 Jn è � £ � ¤ ? Ë 
 �)( t�* 
 F Ú� �j	f�MLF Ú 
 _'pIr s 
 FF Ú2 Jn è � £ � ¤ ? Ë 
 � ( t�* 
 F Ú� ��	f�NLF Ú n F= 2 Jn � = ( £ � ¤ ? Ë 
 ��� 
 è �j	+* � =2KJL( 0n £ � ¤ ? Ë 
 ��� 
 è �j	+* � = � � as n � �jP (45)

Hence· ( 	U& n * is lessthan �s � for a given ø by takinga sufficiently small n pro-
videdthat(44) is satisfied.Hence	 is aboundaryregularpoint.Thiscompletes
theproof. ¬­
Summingup theresultsabove,weobtainthemaintheorem.

Theorem 5. Let � be a suitableweaksolutionof the Navier-Stokes equations
(27). Then � is smoothup to theboundaryin _ exceptfor a possiblesingular
closedset d with

¯ � ( d *h�$� .
Proof. Accordingto theLemma13, every boundarypoint is a regularpoint if
it holds (44). Thus, d �}�
	ï� Wf_ v °´±´³\ÈNÉ�Ê s ¶ � �s � � ¤ ? Ë 
 ��� 
 è � ��� is the
possiblesingularsetatboundary. It is easilyverifiedthat d is closedin Wf_ and
¯ � ( d *�� � . Indeed,every boundaryregular point hasan openneighborhood
whereall point are regular, too. The last assertionis due to Lemma2. This
completestheproof. ¬­
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10. J. FREHSE & M. RŮŽI ČKA On the regularity of the stationaryNavier-Stokesequations,
Ann. ScuolaNorm.Sup.PisaCl. Sci.(4)21, (1994),no.1, 63–95.
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