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1. Intr oduction

The objective of this paperis to studythe regularity of stationaryStokes and
Navier-Stokes equationsnear boundaryin a domainwith smoothboundary
As oneof our mainresults,we obtainlocal estimateswithout pressure’near
boundaryfor the Stokes system More precisely let B = {z € B;|z, > 0}
betheunit half ball in R™ andlet usconsidera solutionof the Stokessystem

V.u=0 } n By,

which vanisheson the flat part of the boundaryi.e. u(z) = 0 for z,, = 0.
Without lossof generality it is assumedhatthe meanvalue of a pressurep is
zeroin B;". Thenfor everyintegerk with —1 < k < oo, thefollowing estimate
is satisfied;

|“‘Wk+2,q(BT) + ‘p|Wk+1,q(B‘D < C(|U|L1(B;r) + |f|wk,q(3;r))- @
2 2

whereC = C(k,q,n) andl < ¢ < oo . Themain pointis thatthe pressure
p doesnot appeaiin theright-handsideand,in addition,we do not requirethe
controlof u everywhereatanL. If we assumm|8B;r = (), estimatesimilar to
(1) canbefoundin [13], but the local versiondescribedn this paperseemgo
benew. Thisresultcanbe extendedto generasmoothdomains.

As an applicationof (1), we give a proof of the partial regularity for the
stationaryNavier-Stokes equationsup to the boundaryin a smoothdomainin
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five dimensionThefive dimensionakteady-stat®lavier-Stokesequationshave
beenstudiedin anumberof paperqseg[9], [10], [11], [12], [28] and[29]). The
problemis interestingbecausalimensionfive is the smallestdimensiornwhere
steady-stat®lavier-Stokes equationds supetcritical. Interior partial regularity
for suitableweaksolutionsof five dimensionakteady-statdlavier-Stokesequa-
tionswasprovedin [28]. In [9], it wasprovedthatthe boundaryalueproblem
of the Navier-Stokesequations

—Au+ (u-Vu+Vp=f
Vou=0

u=20 on 012

hasat leastonesolutionwhich is regularin theinterior providedthat f is suf-
ficiently regular However, the boundaryregularity for thesesolutionsremains
open.By inspectingthe constructionin [10] one can seethat the constructed
solutionsare suitableweaksolutionsup to the boundaryasdefinedbelown (see
(28)). Thereforewe canconcludethat possiblesingularitiesof thesesolutions
mustlie in aclosedsetS C 92 of onedimensionaHausdorf measurezero.
The partial regularity at the boundaryfor three dimensionaltime dependent
Navier-Stokes equationsvasstudiedin [23]. Very recently the interior partial
regularity resultsin [3] were extendedup to the boundaryin [25]. This result
improves [23] by shawing that, underreasonableassumptionssuitableweak
solutionsare Holder continuousup to the boundaryaway from a closedset.S
with P1(S) = 0 whereP! is anonedimensionaparabolicHausdorf measure.
However, optimal higherregularity of thesesolutionsat 942 x (0,7°) \ S, even
in spatialvariablesjs notknown.

Theplanof this paperis asfollows:

In Section2, notationanddefinitionsareintroduced.In addition,we recall
somewell-known factsneededor our proofs.

In Section3, we prove theestimatg(1) for the Stolkessystemnearboundary

In Section4, we briefly review resultson the interior partial regularity of
suitableweaksolutionsof the Navier-Stokes equationsn five dimensionand
prove thattheresultof interior caseis extendedup to the boundaryin a smooth
domainof five dimensionakpace.

} in 2 cR

2. Preliminaries

In this sectionwe introducenotationanddefinitionsandalsorecallsomewell-
known resultsusediater Let usbegin with somedefinitionsandnotations.

e Forz € R™ andr > 0 wedenoteby B, , theopenball {y € R : |z —y| < r}
andif z, = 0, i.e.z = (z',0), thenwe denoteby B;F,T the half-ball {y €
B:c,r|yn > 0}.
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e Let 2 C R* beanopenset.For1 < p < oo, W*P(£2) denotethe usual
Soboler spacej.e. WkP(2) = {u € LP(2) : D € LP(2),0 < |a| < k}.
As usualW;?(£2) is definedthecompletionof C5°(£2) in W*#(2). We denote
by W~14(2) thedualspaceof W, ?(£2) wherep ! +¢ ! = 1. Wealsodenote
by W5 (92) thetracespaceof W1(£2).
e Fora € (0, 1), wedenoteby C*+*(£2) thespaceof functionswhosederiatives
uptothek orderareHbldercontinuousin 0.
e For simplicity, f, f(z)dz |nd|catesthe averageof a given function f €
L'(£2), namely £, f( dx = IQ\ [ f(z) dz. If thereis no confusionwe use
(f)q insteadof f,, f(x)dz.
e e meanstheclosureof 2" is compactandcontainedn (2.
e Thediameterof ameasurablset(? is denotedoy 4(£2).
e Thecapitalletter C' is usedto denotethe genericconstantthe valueof which
may change&rom line to line.

Next we review somewell-knovn factsneededor our purpose We start
with the following Lemmashawing a characterizatiorof Holder continuous
functions.

Lemma 1. Let {2 bea Lipscitzdomainin R™.
1. Supposghat f € C%(£2). Then,for anyz € £ andfor anyp > 0,

/ 1 = (Dapl? < Cp®, @)
Ba,pN02

whee (f)w,p = fo,an f(y) dy
2. Corversely assumehatp > 1 and f € LP(£2). If ther existsC > 0 sud
that,for anyz € £2 andfor anyp > 0, (2) holds,thenf € C%%(£2).

Proof. SeeTheorem3.lin [16, page4l]. O

Next, we recall the definition of Hausdorf dimensionandelementaryL.emma
regardingthe Hausdorf dimensionof a setwith somenon-Lebesgugoints.

Definition 1. Let0 < o« < n andé > 0. The Hausdorf measue of a set
EcCR'is

and¢$ (E) is definedasfollows:
= inf { Zw (diam S;)*: E C U;S;, diam S; < },

wheew(a) = = denotethevolumeof unit ball in «—dimensionakpace

( +1)



4 KYUNGKEUN KANG

Lemma2. Suppose) < a < n and f € L'(£2) whee 2 C R™. Then
H*(E) = 0 whereasetE is definedasfollows:

1
E:{weﬁ:limsup—/ |f| > 0}.
r—07% /B,

Proof. SeeTheorem3.1in [6, page77]. O

We alsorecallawell-known factverified easilyby iterations.

Lemma 3. Let f(¢) bea nonngativeboundedunctiondefinedn [ry, 1] whete
79 > 0. Supposehatfor 7o < t < s < 7, wehave

f(@#) <[A(s =)= + Bl + 0 (s),

whee A, B, a, and 8 are nonngative constantswith 0 < ¢ < 1. Thenfor all
70 <t < s <711 wehave

f(t) < ClA(s —t)™" + B,
wheee C is a constandependingon « and 6.
Proof. SeeLemma3.lin [15, pagel6l]. O
In fact,we will needaslightly moregeneralersionof Lemma3.

Lemma 4. Let f(¢) bea nonngativeboundedunctiondefinedn [r, 1] whete
79 > 0 andm bea positiveinteger. Supposé¢hatfor 7y < ¢t < s < 11, wehave

m

F(&) <D Ai(s =) + Bl +6f(s),

=1

whee A4;, B, a; and@ are nonngative constantswvith 0 < § < 1. Thenfor all
70 <t < s <711 wehave

m
F(8) <C[Y_ Ai(s—t) % + B,
i=1
wheee C is a constandependingon «; andé.

Proof. This canbe proved by modifying the proof of Lemmag3.1in [15, page
161]. Themaodificationis self-evzident,andthereforewe omit the details. O

We concludethis sectionby recallingexistenceresultsfor divergenceequation
div w = f in aboundeddomain{? C R" (see[2] and[13]).
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Lemma 5. Letg € (1, 00). Supposé? C R" beadomainwhich containsB,, r
andis star-shapedwith respecto ead pointof B,, r. Thenfor any f € L9({2)

with £, f = 0, there existsa vectorfield w € W,"(£2) such that
V.w=f in 2 ()

and

RN (4)

with C = Ci(n,q)(1 + LI?))”“, whee C1(n, q) depend®nn andg, but not
0.

Proof. SeeLemma3.1lin [13, pagel2l]. O

3. Estimatesfor the Stokessystem

In thissectionwewill provetheestimatg1) for the Stokessystenmentionedn
theintroduction.Let x beaboundarypointof adomain{2? C R™ with Lipschitz
boundaryFor corveniencewe denotef2, , = B, . N 2 with 0 < r < ry. Here

ro is the largestpositive radiussuchthat {2, ., C (2 and gggﬁ;:g < C for all
0 < r < ry whereB®" is thelargestball containedn (2, , andd(A) indicates
thediameterof A. Sinces? is a Lipschitzdomain,thereexistsa positve rg > 0
satisfyingsuchpropertiesata givenx € 90£2. If rg = oo, thenwetakerg = 1
becaus®ur concernis local estimatenearboundary

Now we arereadyto investigatehelocal estimateof the Stokessystermear
the boundary Supposer € 92 where(2 C R” is a Lipschitzdomainandas
mentionedabore, ry bethelargestpositive radiusdependingn z. We consider
thefollowing local problemof the Stolkessystem:

—Au+Vp=Ff in 2z

V-u=0 in 2y (5)
u=20 on By, N 042,

We emphasizéhatthehomogeneousonditionis only assignean somepartof
theboundaryof (2, ,,,, notall of 942, .. Letu beaweaksolutionsolving(5) in
aweaksensein otherwords,u isin Wl’Q(Qm,TO) andvanisheson B, ., N 042
andsatisfies

/ VuVe = fé€ (6)
Qm,ro Qz,ro
forall ¢ € C§° (825 10, R") With V - £ = 0,
/ u-V(=0 forall ¢ € C§°(24,0)- (7)
-Qx,ro
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Withoutlossof generalitywe mayassume: = 0 by translatiorandfor simplic-

ity we denotef?y, = 2, forary 0 < r < ry. Letr, s beary positve numbers
with 0 < r < s < ro andt is the midpointof r ands, i.e.t = “£. Suppose
thatn; andny bestandardtut off functionsdefinedasfollows:

_ [1linB, _[1linB;
=19 0 outsideB, 279 0 outsideB,
suchthatn; andny aresupportedn B; and By, respectiely andfor a fixed
constaniC they satisfy

—t—-r s—r’ T s—t " s—r

We first considerthe casef = 0. We notefirst thatin the weak formulation
above, it is easilyseenthatp is in L?(£2,,) by the variationalformulation(see
Lemmal.lin [13, pagel86]). Moreover, we may uniquelytake a pressurep
satisfyingfm0 p = 0. Multiplying un3 to (5) andusingtheintegrationby parts,
we have

/ VuPi < C / W[Vl + C / Ipma] - [V
2 2 02

<o wPvm?+o / lpma? ®)
24 -Qs\-Qt

Usingthe enegy estimatg(8), we controlthe pressuren termsof u.

Lemma 6. Letu beaweaksolutionof the Stolessysten(5). Thenfor everyr, s
with0 < r < s < 1y, thefollowing estimateholds:

2 c 2
[k [ ©)

Proof. Let us first considerthe divergenceproblem.Accordingto Lemmab,
thereexistsw € W, "*(£2;) suchthat

V-w=pni - (pni)ain 2, w=00nd2, (10)
where(pn?). = f,,, p(y)n7 (y) dy andthefollowing estimateholds
/ [Vuwl? < C/ ot — (o1t (11)
2 24

where(C is independenbf radiusof £2; becaus®f Lemma5b andthe choiceof
ro. Usingtheabove estimateandfm0 p =0, weget

/ \pl2n?=/ p(pnf—(pnf)a)z/ PV - w
QTO QTO QTO

= —Auw = VuVw
7> o)
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With the aid of the Youngs inequality theright sideis estimatedasfollows:

VuVw < (4¢)~! Vul> +¢ | |Vuwl|?
24 (2¢ 24

< (4e)7! ; \Vu|2+06/Q lpn? — (pn?)al?
t t

< (497! /Q Vul? + Ce /Q i .
t 7

0

Choosingsmalle with Ce < % we obtain

/Wsc Vul?.
2, 2

Accordingto the enegy estimatg(8), we have

/ p2<C / 2| Vna2 4+ C / Ip|2
.Qr Qs -Qs\Qt

C / 2 2
S ul®+C 14
<3_T) e[ bl

< / \u|2+0/ ol

Usingthe holefilling techniquewe obtain

C

2 2 2
P 37/ u +9/ Pl
/(Zr‘l (s —1)? QSH Qs||

wheref = % which is independenof r, s. Sincer, s arearbitrarynumbers,
dueto theLemma3, theassertiorn(9) is completed. O

VAN

Sincepressurds estimatedn termsof velocity, we easily have the following
Caccioppolinequality

Lemma 7. Letu beaweaksolutionof the Stolessysten(5). Thenfor everyr, s
with 0 < r < s < 7y, thefollowing estimateholds:

C
Vu2§7/ u2.
/_QT| | (8—7“)2 QSH
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Proof It is easyconsequencef the estimatg(8) and(9). Indeed,

/|WM<0/|mwa+c/ o 2
< 2 2
Gt;;/'m|+c/\m

C 9 C / 9
<——— ul* + —— u
G Lo, e f,

This completeghe proof. O

Remarkl. A standardnodificationof the above proof givesthefollowing esti-
matewhenf € W~12(12,,) andg € W22(I") whereI’ = 82 N By,;

C
[IVullr2(0.) + [Pz (2. < WHUHL?(QS)

2 2
CUIS 120 + 19105, 2 ) (12)
forany 0 < r < s < rg. In whatfollows we will notusethisestimateor g # 0.
Thecasef # 0 andg = 0 canbe proved by an obvious modificationof the
proof above, andthereforewe omit the details. O

Sofar, we shavedthatVu andpressure canbecontrolledby » nearthebound-
ary. Now we will shaw, furthermore higherderivativesof u andp canbealso
estimatedn termsof u providedthat 2 is sufficiently smooth.

Theorem 1. Let 2 C R™ bea domainof classC¥*2 and k be an integer with
—1 < k < oo. Supposef € Wk2(£2) andu be a weaksolutionof the Stoles
systen{5). Thenfor everyr, s with0 < r < s < r¢, thefollowinglocal estimate
holds:

ullwrrazg,) + IPllwerze,) < Cllulliz,) + [1fllwrz@,)),  (13)
whee C = C(k,n).
Proof. If kK = —1, theestimatg(13) is dueto Lemma6, Lemma7 andRemark

1.Lett = =32, Inthecaseof k > 0, thefollowing local estimatenearboundary

wasknown for a domainof classC*+2 (seeTheorem5.1[13, page224-225]).
Forall0 <r<t<mrg

[ullwrt2.2(0,) + |[Pllwrrr2(0,)
< C(llullwrea) + P20 + 1 llwe2(a,)- (14)
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Usingthe estimateg(13) whenk = —1, theright sideof (14) is estimatedy in
termsof u and f, thatis,

lullwrz(a) + lpllL2(2y + [1fllweea)
< Olllullz2(eq) + Ifllwee(2.)-

This completeghe proof. O

Remark2. Onecanalsoderive Theoreml directlyfrom Lemma6 and7 without
usingresultsin [13] by theusualtechniqueof takingderivativesof theequations
in thetangentialdirectionsfirst andusingthe equationsn the normaldirection
(Thisis completelystraightforvardif (2 is ahalf-space). O

Remarlk3. As is usualin similar situations(see[1], for example), Theoreml
impliesa Liouville-type theorem Considerthe boundary-alue problem

—Au+Vp=0 in R}
V-u=0 in R} (15)
u=0 on OR"
Corollary 1. Letu € W,
|z|— 00, thenu = 0.

(R% ) be a weaksolution(15). If u(z) = o(|z|) as

Proof. This is a standardargument,which we neverthelessketchfor the con-
venienceof thereaderLet A > 0 andsetuy(z) = u(Az). By theestimatg(13)
andimbeddingtheorempnehas

sup [Vu| < C'sup|uy| (16)
BY Bf
2
for eachA > 0. However, u(z) = o(]z|) as|z|—oo, thenapplying (16) as
A—00, we seethatu is constantandthereforeus = 0 because: = 0 on the
OR"} . This completeghe proof. O

Similar theoremwas proved in [8] by using the reflection principle for the
Stolkessystem(15). However, it doesnot seemobvious thatthe methodin [8]
couldbeeasilyusedto obtainlocal estimateg13). O

In remainingpartof this section,usingresultsabove, we canverify W*: esti-
mate(1) for the Stokes system Let £2 be a smoothdomainand f € W*-4(42)
wherel < g < oo andk is ary integerwith —1 < k& < oo. For corveniencelet
usrecallthe Stokessystem(5):

—Au+Vp=f in $2;,
Veu=90 in $2;,
u=20 on B,, N 0f2.
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We usethe samenotationsusedin (5). We notefirst thatwe may assumef2,,
hasasmoothboundaryIn fact,it maynotbesmoothatpointson 92N B, (for
example,if £2 = R}, then(2,, = B+) but we cantake a smoothdomain(?’,

insteadof (2,,, suchthat(?' C 2, and Qro is containedn (2'. Thus,without

loss of generality {2, is assumedo be smooth Now we arereadyto prove
Wk estimatenearboundaryfor the Stokessystemabove.

Theorem 2. Let 2 ¢ R™ bea domainof classC¥*2 and k be an integer with
~1 <k < ocoandl < ¢g < oco. Supposef € Wh4(02,,) andu € WH9(£2,,)
solvethe Stolessystem(5) in a weaksenseThenfor any0 < r < s < rg the
following local estimateholds:

ullwr+za(a,) + lPllwirraa,) < CUIf lwraia,y) + lulleg,)), (A7)
whee C = C(k,n,q).

Proof. Wefirstinvestigatea priori estimatdfor smoothsolutions.Theideais to
splitu assumof v andw, which solvesthe Stokessystemwith nonzercexternal
force and zero boundary and with zero external force, respectiely. First we
considerthefollowing Stokessystem:

—Av+Vpr=f inf2,
V.v=0 in 2,
v=20 onof2,,.

It is well known thatthefollowing estimateholds(seeTheoren6.1in [13, page
231-232)).

[vllwereao,) + IPrllwrtraca, ) < Clifllwraca,,), (18)

wherep, is thenormalizedpressurei.e. [, p; = 0. Herewesetw = u — v
70
andps = p — p1. Thenw, ps solve

—Aw + Vpg =0 in 'QT'()
V-w=0 in $2;,
w=0 onB,, N of2.

Using L? estimatg(13) of the Theoreml, for ary —1 < m < oo we have
lw|[wm+2.2(0,) + [|P2llwm+12(0,) < Cllwllz2(a), (19)

wheret is the midpointof r ands, i.e.t = 2. Using the estimate(19) and
iterationmethod for any p1, p2 With 0 < p; < po < 1o, We caneasilyprove

2 C 2
/| ol S | iy (20)

2
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Combining(19) and(20), we have

llwllwrtz.a(o,) +1IP2llwettao,) < Cllwl|L1a,)- (21)
To sumup estimatesabove, we have thefollowing a priori estimate

ullwrrzae,) + IPllwitiae,) < CUIfllwrae,,) + llullzie,) (22)
Indeed usingestimate$18) and(21), we have

llullwr+2a(a,) + IPllwitraa,) < CUIfllwraia,,) + llwllzr o))
< ClIflwraca,) + llullia,) + vl o)
< CIfllwraga,) + lullia,) + vllwereag,))
< Gl llwraa,) + lullLia,))-
Next we approximatesolutionu by smoothsolutions.For conveniencewe de-

noteI" = 042,,. We notefirstif f € W4(£2,,), thenthereexists a sequence
fn € C®(£2,,) suchthat f,, corvergesto f in W*4(2,,). Onthe otherhand,

sinceu € W14($2,,), wehaveu|r € Wl_%’q(F). Thus,thereexistsasequence
1

¢n, € C=(I") suchthatthey approximateu|, in W'~a9(T). In particular we

canchoosep,, suchthat¢,, = 0 on B,, N 2. Now for given smoothdataf,,

and¢,,, thereexists smoothsolutionsu; andnormalizedpressureg,. suchthat
they solve thefollowing Stokessystem:

—Aug + Vpg = fr In 2,
V.up=0 in $2;, (23)
U = ¢k onI’

Sincethey aresmooth,u,, andp,, satisfythe estimatg22), thatis

unllwe+za(a,) + IPllwr+aa,) < Cllfallwraa,,) + lunllri,))- (24)

On the other hand,using the linearity of the systemabove, we also have the
following estimate

llwr = uml|lwrae,) + lIPe = PmllLa(a,,)

< O(lfi = Fmllw-ra(,) + 11 = bmll i1 ) (25)

)
Observing|| fi — fmllw-1a(2,) < Cllfi = fm||Wk,q(Qro) whenk > —1, we
obtainthatu, andp, areCauchysequence® W14(2,,) andLi(£2,,). Letus
write @ andp aslimits of u; andpyg, respectrely. It is easilyseenthatz andp
solvesthefollowing stolkessystemin aweaksense:

—AT+VH=f  ingy,

V-iu=0 in {2, (26)
U=1u onI' = 0f2,

|| &t
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We notethatby approximationargument,z andp satisfy(22) dueto (24) and
(25). Ontheotherhand,it is obviousthata = » andp = p in {2,, becausef
theuniquenessf boundaryalueproblemof the StokessystemThiscompletes
the proof. O

Remarkd. Estimate(17) will play an importantrole in the proof of the par
tial regularity resultup to the boundaryfor the Navier-Stokes equationsat the
boundaryin next section. O

4. Partial regularity for the Navier-Stokesequations

In this section,we first review the partial regularity of weak solutionsof the
Navier-Stokes equationsaway from the boundaryin five dimension(see[28]

and[30]). Next we prove thattheresultof interior partialregularity is extended
up to theboundaryin a smoothdomainof 5-dimensionakpace.

4.1. Interior partial regularity

Let £2 be a boundedor unboundecdomainwith smoothboundaryin R®. We
considerthe stationaryNavier-Stokesequations:

—Au+ (u-V)u+Vp=f inf2
V-u=0 in 2 (27)
u=20 onof,

wherew andp areunknavn velocity field and pressureand f is a prescribed
externalforce.As usual,aweaksolutionu : 2—R® meanghatit isin theclass
W, (2, R%) andsatisfieshefollowing:

/Vqu—I—(u-V)uf:/ fé

o o

forall ¢ € C°(2,R%) with V- ¢ = 0 and
/ u- V(¢ =0forall { € C5°(2,R).

o

Zeroboundaryconditionshouldbe understoodn senseof tracesln addition,u
is assumedo satisfythelocal enegy estimateup to the boundary:

/ |Vu|2¢2dys0{ / 2V |2 dy

/ (142 +|p\ )V dy + / 1f - uld? dy), (29)
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whereg € C3°(£2,R°). We saya weaksolutionwu satisfyingthe local enegy
estimatg28) a suitableweaksolution The mainstepin the partialregularity of
theinterior cases to prove )(z,r) < Cr3® for every B,, € {2 where

(e, r) = fB lu — (w)p,., | da.

Next Lemmagivesa sufiicient conditionfor the decayof .

Lemma8. For any M > 0, there exist C(M) and e; (M) sud that for any
7€ (0,%),ifp(z,r) < =+ and|(u)g,,| < M theny(z,7r) < Cr3¢(z, 7).

The sketch of proof. The proof canbe doneby a standard’blow-up” method,
which is similar to Lin’s agumentin [20] (seealso[18] and[28]). In [18] and
[20], the agumentis usedfor thetime dependenB-dimensionaNavier-Stolkes
equations.The 5-dimensionalsteady-statdNavier-Stokes equationsis in fact
simpler becauséhe pressures mucheasierto handle Althoughthis agument
is standardfor clarity, we will sketchthe proof briefly. Supposdhe assertion
above is not true. Thenthereexists sequencef weaksolutionsuy, zx, 7, and

e . 0 suchthatypy, (e, 7)) = % and|(wy)s, | < 2, but by, (zx, 7rg) >
k

CT?’quk (g, k). Letvg(y) = rruk(zpt+rry). Thenwegethl |k —(vg) B, |? =

e} and|(vx)p,| < M. Let usdefinewy by wy, = €; (v — (vi)s,). For sim-

plicity, we denotea; = (vx) g, Thenit is easilychecledthat [, wy = 0 and

fBl |wg|® = 1. In addition,w;, solvesthefollowing systemin aweaksense:

Akt AV +,,5,f Wk Yk H V=0 } in B,. (29)
By theassumptionywe know that
f g — (we)p, [P > O, (30)
B,

Herewe claim thathH |V |? is uniformly boundedIndeed,notefirst that

L3 norm of pressurey, canbe estimatedoy L3 norm of wy,. More precisely
qr = qgr + hy Wheregy, = ekA’IB:cjaaci(w}cwi) andh,, is aharmonicfunction,

whichis alsocontrollablein termsof wy. To sumup, we have ”q’“HL% (Br_s) <
1-6

C|\w||%3(31) for asufiiciently smalld > 0. Oncepressurés controlledin terms
of u, thenwe control L2 normof Vuw;, in termsof L3 normof w;, by usingthe
enepy inequality Since|ay| < M for all k andW 2 normof wy, is uniformly
boundeda pair of subsequencesf a, andwy, denotedby a, andw; again,
corverges point-wisely to a and corvergesweakly in W,>%(B;) to w, which
solvesthefollowing systemin aweaksenseén By:

—Aw+(a-V)w+Vg=0, V-w=0. (31)
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We notealsostrongcorvergenceof wy, in L3(B%) by the imbeddingtheorem.
Passing(30) to thelimit, strongcon/ergenceimplieszT |lw— (w)p, | > CT3.
Ontheotherhand,w is smoothin B% . Thusthereexistsanabsoluteconstant’'
suchthat f |w — (w)g,|* < Cr#, which is contraryto fp lw—(w)p, > >

C73. To be preciseat the beginning we canchooseC > 2C, which leadsto a
contradiction. O

By the appropriatechoiceof parametersye getthe Holder continuity Indeed,
let ussetCT® = 73@ where0 < o < 1. Iteratingthe above processwe get
Y(z, %) < (7F)3%4(x,r). This shavs thaty(z, p) < Cp3®, which implies
u € C%*. More precisely we canconsidery(z, r) asa function of z for fixed
r. Thensinceit is continuouswith respecto z, if g € {2 suchthatit satisfies
theassumptions

€ M
¢($0,7“) < ’)"_3 and‘(u)Bmo,r| < 77 (32)

thenthereexists an opensetO containingzy suchthatfor all x € O the as-
sumptiong32) holds.Accordingto Lemmas, it is Holdercontinuousn asmall

neighborhood’ € O, i.e.u € C%*(0') in aneighborhooaf z,. Furthermore,
u is regularbecauséloldercontinuityimpliessmoothnesby usingthestandard
argumentfor theelliptic system.To sumup, the sufiicient conditionis foundto

guarante¢hatw is smooth.

Theorem 3. For any M > 0, there existse; (M) sud thatif 4 (z,r) < &% and
|(v)B,.,| <2, thenu is smoothin a neighborhoodf .

We saythata pointz € {2 is aninterior regular pointif (32) is satisfiedfor
somer > 0. To bepreciseijt is definedasfollows.

Definition 2. z € {2 is calledaninterior regularpoint if

1
tiwin % [ Juty) - (@), Py =0,
B

r—0 ’1“2

.o 1
hmrlgfo ﬁ‘ o u(y) dy| < oco.
Next Lemmaenableusto investigatethe sizeof interior regular points.

Lemma 9. Supposehatfor a givenz € (2

1
lim sup — / |Vul? = 0.
r—0 rJB

T,T

Thenz is aninterior regular point.
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Proof. This canbeprovedby avariantof Lin’s agumentin [20] (seeTheorem
3.3).SeealsoTheorem2.2in [18] andTheoreml.2in [28]. O

We notefirst that#'(S) = 0 whereS = {z : lim, ,osup 5 [ [Vul* > 0}
by Lemma2. CombiningTheorem3 andLemmaJ, it is easilychecled thatu
is smoothin a neighborhoodf every regular point. To sumup all results,we
concludethis sectionby statingthewell known interior partialregularity result.

Theorem 4. Let u be a suitableweak solution of the NavierStoles equations
(27). Thenthere existsclosedsetS C £2 with %! (S) = 0 sud that« is smooth
in2\S.

4.2. Boundarypartial regularity

The obstaclein shawing partial regularity up to the boundarylies in difficulty
with controlling the pressureassociatedvith « at the boundaryIn the interior
case,it canbe easilycontrolledin termsof u becausdhe pressurecanbe de-
composedasthe sumof controllableterm anda harmonicfunction. However,
suchapproachseemaot to be applicablenearthe boundarybecausef diffi-
culty in estimatingheharmonicfunctionupto theboundaryHowever, with the
aid of the Stokes estimatenearboundarywe establishedn section3, we can
extendthe partialregularity resultup to the boundary

Let u beasuitableweaksolutionof Navier-Stokesequationg27). Herethe
domain {2 we considerhasa smoothboundaryand,for simplicity, we assume
f = 0. To characterizehe behaior of u nearthe boundarylet us introduce
¢(z,r), for every boundarypointz € 92 andeveryr > 0, definedasfollows:

dar) =% [l

wheref2, , = By, N (2. In asimilar mannerasthe interior case next Lemma
establisheshe decayof averagedZ? normof u.

Lemma 10. Letu be a suitableweaksolutionof NavierStolkes equationy27).
Thenthere existsanabsoluteconstantC sud thatthefollowingstatemenholds.
Letz bea boundarypointof £2. For agivene > 0, thefe existsry = ro(e) sud
thatif r < ro and¢(z,r) < ;5, then

bz, 77) < Cr¢(w,r) forany re (o,%).

Proof. Supposeot. Thenfor fixedr € (0, 3), therearesequencesf uy, zy,

andey, with ry, \, 0 andey \, 0 suchthatey, (zx, 74) = %, but g, (g, 774) >
k

C13¢u, (zx, i) for someC, which will bespecifiedater Let usdenoteby py
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the pressureassociatedavith u;. Withoutlossof generalitywe mayassumehat
(pk)gxk,rk = 0. Let usscaleu, andp; by changingvariablesin the following
manney

wi(y) = € 'reuk(zy + oY), a(y) = € ripk(TE + Tiy)

andwe denotethe transformeddlomainby 2% and 2% correspondingo (2,
and{2;, -, ,respectiely. Thensimplecomputatiorshavs

kTk

by, (0,1) = /Qk lwg|® =1 (33)

1

G (0,7) = / gl > O7 (34)
T 0k

andit solves,in aweaksense,

—Awg + Vg, = —ek(wk - V)wk in .Q{C C B
V-wp=0 in2F c B;
wg =0 onBi N BQ{C

We notefirst that £2§ is moreandmorecloseto a half ball B]” ask increases
because? is smoothandr, ~\, 0. Secondly we obsere that (wy - V)wy €
Wi (£2F). Thus,usingthat L2 normof wy, is uniformly boundediueto (33),
for ary sufficiently smallé with 0 < ¢ < 1, by L? estimatg(17) of Theorem2
it follows that g, is uniformly boundedn the norm of L3 in a smallerregion
2F ;. Moreover, L? normof Vuy is alsouniformly boundedn ¥ _; by the

IocaI‘lenegy estimateg(28). Now we extendwy, into a unit ball B, by a2ssigning
0in By \ ¥ andwe denotesuchextensionof wy, by . Thendy, € WhH2(B)

and L2 norm of Vi, is also uniformly boundedin B, ;. Henceusingthe
compactnesargumentwe have the strongcorvergenceof éubsequencékj of

Wy, in L3(By_). In the samemannerasabove, g, is extendedto By andthus
we alsohave aweakcornvemgencefor L3 normof g, » Whichis theextensionof

qi; in B;_s. Tosumuptheamgumentabove, first take thesequencey,;, denoted
againby w;, withoutary confusion nsteadof w;, atthebeginningandconsider
its extensionmu;, anda pressurej;, to a unit ball. Usingthe Stokesestimateand
standarccompactnesargument,it follows thattherearew € W'2(B; ;) and

q€ L%(Bl,g) suchthatfollowings hold:

wp—win WH?(B;_5)  weakly
wp—win L3(By_5)  strongly

gr—q in L5 (B1—s) weakly.
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In addition,w andq solve the following Stokessystemin a half ball in a distri-
bution sense

—Aw+Vg=0 in B} ;
V-w=0 in B ;
w=>0 onBi_s N {z5 = 0}.

becauseasmentioneckarlier 2F andd2¥NB; becomeB;" andB;N{z5 = 0},
respectiely ask—oc. Thus,it is easilychecled thatw andq aresmoothin B+

(seeTheorem?). Sincew, convergesto w stronglyin L3(B+) by pa33|nq34)
to thelimit we get

bu(07) = %5 [ o) dy = 07,

75

However, thereis a differentconstant' independenef thechoiceof sequences
wy, andg; suchthatthefollowing inequalityholds

1 _
= [l < (35)

which leadsto a contradictionbecauseve can choosethe constantC' bigger

than2C' atthe beginning. Henceit sufficesto prove (35). Indeed let z, bethe

projectionpointof z ontoboundaryB: N{z5 = 0}. After simplecomputations,
2

we obtain

1 1

g |w(z)|? dz = = |w(:1;) w(z,)|® dz becausen(z,) = 0
< a 3
_T5/B+|/ w(tz + (1 — H)z,) dtf dz
< . |/0 |Vw(tz + (1 — t)zp)| - |z — zp| dt]* da
< (sup |Vw|7)3 dz < (sup |Vw|)373

5
T JBt Bt Bt
2 2

In fact,C = (supBJlr |Vw|)3, whichis anabsoluteconstantThis completeghe

proof. : O

Definition 3.z € 842 is calledaboundaryregularpointprovidedthatlim inf, o r3$(z,r) =

0,i.e

1
lim inf —2/ lu(y)|® dy = 0.

r—=0 7T



18 KYUNGKEUN KANG

To shawv theHoldercontinuityupto theboundarylet usstartsomeobsenrations
concerningaboundaryregularpoint.

Lemmall.Let z be a boundaryregular point. For givene > 0, thete exist
§ = &(z,€) andr = r(z, €) suc thatfor anyr € (0, 5)

bz, 77) < CT3¢(2,7) < 073;3 forall z € BysN0R

wheie C is theabsoluteconstantin the Lemmalo.

Proof Sincez is a boundaryregular point, for givene > 0, thereis a positive
radiusr > 0 suchthatr®¢(z,r) < §. Without loss of generality we may
take r < ro wherer is the positive constanin Lemmal0. Sincer3¢(z, r) is
absolutelycontinuouswith respecto z, thereexistsa neighborhoodB,, ; N 042
of z suchthatr3¢(z,r) < e forall z € B, 5 N 0£2. By theLemmal0, we have
the decayof averagedZL?® normof v for all z € B, 5 N 8£2. This completeghe
proof. O

In asimilar way astheinterior casejet usintroduce
() z/ lu— (u)q,, P forany z € 2,
Q.’I) r
where(u)g,, = Iﬂ—il fnw _u(y) dy. Letusfirst obsere the decaypropertyof

1) neara boundaryregularpoint.

Corollary 2. Letz € 0f2 bea boundaryregular point. For givene > 0, there
existd = &(z,€) andr = r(z, €) sut thatfor anyr € (0, 3)

P(z, 1) < CT3P(2,7) < (7737;3 forall ze€ BgsNof
wheie C is theabsoluteconstant.

Proof Accordingto Lemmall, for givene > 0 thereexists§ = §(z, €) and
r = r(z,€) suchthatg(z,7r) < C13¢(z,r) < Cr3 5 forall z € By 5 N AL
With theaid of theresult,we have

Bz, 7r) = /Q u(y) — (W) .. > dy
< c</ﬂ (@)l dy) < Cd(z,7r)

< CT3¢(2,1) < CT3T%.

This completeghe proof. O
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Up to now, we shavedthedecayof v (z, 7r) ateveryboundarypointin aneigh-
borhoodof a boundaryregular point z. The next goalis to shav the sameesti-
mateat every interior pointin a neighborhoodf the boundaryregular point z.
For conveniencewe denoteby 2’ the nearesboundarypoint from z, in other
words|z — 2| = dist(z, 9£2). For corveniencewe call 2’ the projectionpoint
of z € £ ontoboundaryds2. Insteadof shawing ¢ (z, 7r) < CT34(2,r), we
shallprove (2, 5-) < C(5)3¢(2', r) for all positive integer j ateachinterior
point z whereC' is anabsoluteconstantNext Lemmashaws this assertion.

Lemmal2.Letz € 342 bea boundaryregular point. Thenfor givene > 0,

there existsd = d(z, €) andr = r(z, €) sud that,

C13e
r3

Y(z, 1) < CT3(2',r) < forall z € 2,4 (36)
for anyr € (0, 3) where C andz' are an absoluteconstantand the projection
pointof z onto @42, respectively

Proof. In this proof, without lossof generality e is assumedo belessthanl.
In fact, the smallnessf e will be specifiedater Accordingto the Lemmall,
thereis aneighborhood?, 5 of = for somed = 6(x,€) > 0 suchthatfor some
r = r(z, €), thefollowing inequalityholds

bz, 71) < CT3(2,7) < 073;3 forall z € By 5 N OR2. (37)

Without lossof generality we maytake § < 3. Insteadof (36), we shallshav
P(z, %r) < C(%)?’qﬁ(z',r) for all positive integer j andat every interior point
z € §2; 5. Thenthelastinequalityof (36) follows from (37). Let z beapointin
2, 5 andk = k(z) bethesmalleslpositi/eintegersuchthath,sz NoR =10

but B, _r_Na$2 # 0. Letusfirst prove that

ok—1

1
nes %) < O(5)°9(,r) forall j = 1,2, ... k. (38)
Indeed,notefirst thatz € BZ’,Q/“_l forall 1 < j < k. Thus,usingthe estimate

(37)and{?2 2z C QZ"zf—z for2 < j < k (notethat {2 z C 2, ,forj=1),
we have

,
Weg)=f  lu-(a,, Pdy<Cf luwdy
r 27 2,
27

r
<cC [u(®)® dy = CH(¢', 5=3)
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where(C' is an absoluteconstantNext we considerthe othercase; > k Our

goalisto shav thesameestimateasthepreviouscasethatis to say #(z ,ZJ r) <

C(QIJ )3¢(2,r) for all j > k. Themaintool is to usethe Lemmas in the case

J > k becauseB, . is away from the boundary We notefirst that B, . is
o 72

27
strictly contalnedn {2 becausé: waschoserto satisfythatproperty Let usfirst

considery(z ,QJ r) in caseof j = k. Fromthe estimatef (38), we already
have known that
T 1
¢(za 2_k) g 0(2_k)3¢(z,aT)a (39)

whereC is an absoluteconstant.Next we will shav that (’U,)Q(z £ < (7?;_).
T2k 2

Indeed,sincez’, the projectionpoint of z ontothe boundaryis a regular point
ontheboundaryusingthe estimatg37), we have

. 1 €3
< Cl) (9 < Ol S
C C

whereC' is an absoluteconstantandwe usede < 1. RecallingLemmas, let
us chooseM = 2C where(C is the absoluteconstantin (40). Accordingto
Lemmas, for given M = 2C, thereexistse = ¢(M) andC = C(M) such
thatif ¢(z,7) < 5 and(u).,5, < X, thenwe have ¢(z,7r) < Cr3¢(z,7),
At thebeginning,e canbegivento satisfy2Ce < ¢(M) whereC is a absolute
constantin (39). To apply Lemmas, it is enoughto checkif the assumptions
P(z,1) < C(T—Af) and(u),,s, < £ aresatisfied The secondoneis dueto (40)
because

C M
U py Sy < e 41
et < ) < ) “
Ontheotherhand,from (39), we have
T 1.3, 1 g€ € e(M)
—) < C(= —)°— .
¥ gp) < Olgp)"8(m) < Ol 3 < Oy < (s 42

Theestimate®f (41) and(42) enableusto usetheresultof theLemma8s. Using
theinterior decayproperty we obtainfor all j > %,

T 1 '
) 2_J _)3¢(Z ,T').

¥z 35) <Ol
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Indeedwith theaid of Lemma8 and(39), for every j with 5 > k, we have

Pz ) = 9o g o) < OO ()2, o)

92k
1 1.
Zj—_k)30(2—k)3¢(z ,7)

1 3 !

o) 0(r), (43)
where( is alsoabsoluteconstant.Taking a maximumabsoluteconstantC' in
(38)and(43),we concludey(z, 57) < C’(%)?’qﬁ(z', r) for every positive integer
7. Thiscompleteghe proof. O

< C(M)(

< O(

Lemmal2 andCorollary 2 impliesthatw is regularnearthe boundary

Corollary 3.1f z € 912 be a boundaryregular point, then« is Holder con-
tinuousin a neighborhoof z. Therfor it is smoothin the neighborhoodf
Z.

Proof. Accordingto Corollary2 andLemmal2,for asufiiciently smalle, there
exists§ = §(z.€) andr = r(z, €) suchthatfor every r € (0, 3)

¢@ngc#% forall z€ Bysn 12
where(' is anabsoluteconstantLet « be a positve numberwith « € (0,1).
Sincee andr arefixedconstantthereexistsy = (e, 7, ) suchthat7? e <
(r)3* forall 0 < 7 < min{},7o}. Hencey(z,7r) < C(rr)3® for all z €
B; s N £2, whichimpliesthe Holder continuity in Bw’g N 2 by the secondas-
sertionof Lemmal. Thefull regularity follows from the standarcargumentof
anelliptic system.This completegheproof. O

Now we investigatethe sizeof a singularset.

Lemma 13. Suppose: € 02 bea boundarypointsatisfying

1
hmmm;/‘|VM2=& (44)
-Qm,r

r—0
Thenz is a boundaryregular point.

Proof. Letz beaboundarypointsatisfying(44). To prove theabove statement,
we shouldshav thatthereexists > 0 suchthat¢(z,r) < -5 for ary given
e > 0. For conveniencelet usrecall ¢(z, r) definedby

1
¢@ﬂ=?L fu(y) P dy.

r



22 KYUNGKEUN KANG

We shallshav thateachtermr3¢(z, ) corvergesto 0 asr — 0. Indeed,using
theimbeddingtheoremandthe assumptior{44), we have

1
r3¢<x,r>=T—2/Q Py < S ) dey ;1
2{/ ¥ asphrt < S ultaa?
r r2 Ji2,
<O / IVul? dz) 3 —0 asr—0. (45)

Henceg(z,r) is lessthan 5 for agivene by takinga sufiiciently smallr pro-
videdthat(44)is satisfiedHencez is aboundaryregularpoint. Thiscompletes
the proof. O

Summingup theresultsabove, we obtainthe maintheorem.

Theorem5. Let u be a suitableweak solution of the NavierStoles equations
(27). Thenw is smoothup to the boundaryin 2 exceptfor a possiblesingular
closedsetS with #'(S) = 0.

Proof. Accordingto theLemmal3, every boundarypoint is aregular point if
it holds (44). Thus,S = {z € 02 : limsup,_,* fa, [Vul* > 0} is the
possiblesingularsetatboundarylt is easnyverlfledthatS is closedin 042 and
H1(S) = 0. Indeed,every boundaryregular point hasan openneighborhood
whereall point are regular, too. The last assertionis dueto Lemma?2. This
completeghe proof. O
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