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Abstract

Givenan ordinarydifferentialequationon a homogeneousmanifold,onecanconstructa “geo-
metric integrator” by determininga compatibleordinarydifferentialequationon theassociatedLie
group,usinga Lie groupintegrationschemeto constructa discretetime approximationof thesolu-
tion curvesin thegroup,andthenmappingthediscretetrajectoriesontothehomogeneousmanifold
usingthegroupaction. If thepointsof themanifoldhave continuousisotropy, a vectorfield on the
manifold determinesa continuousfamily of vectorfields on the group,typically with distinct dis-
cretizations.If sufficient isotropy is present,anappropriatechoiceof vectorfield canyield improved
captureof key featuresof theoriginal system.In particular, if thealgebraof thegroupis “full”, then
theorderof accuracy of orbit capture(i.e. approximationof trajectoriesmodulotime reparametriz-
ation)within a specifiedfamily of integrationschemescanbeincreasedby anappropriatechoiceof
isotropy element.We illustratetheapproachdevelopedherewith comparisonsof severalintegration
schemesfor thereducedrigid bodyequationson thesphere.

1 Intr oduction.

Geometricintegrationtechniqueshave becomeincreasinglypopularin themodernapproachto numer-
ical analysis. In the broadsense,“geometricintegration” refersto numericalsolution techniquesfor
differentialequationsthat preserve inherentgeometricstructures.Geometricintegratorsincludesym-
plecticandmultisymplecticintegratorsthatpreserve theHamiltonianor Poissonstructure,[10, 12, 21,
35, 46, 9, 45, 2, 3, 29, 6], variationalintegratorsthatutilize thevariationalcharacterof Lagrangianand
canonicalHamiltoniansystems,[4, 5, 31, 29], conservative integratorsthat preserve first integrals or
conservationlaws,[19, 20, 27, 42, 38, 39, 40, 25, 1], andsymmetricintegratorsthatpreservesymmetries
of thesystem,[7, 11, 17, 36]. A geometricintegratorwill tracksolutionsovershorttimeintervalsaswell
asa standardschemeof thesameorder, e.g.a Runge–Kuttaalgorithm,while theextra expenserequired
to constructandimplementit will oftenberewardedby significantlybetterperformancein capturingthe
long termbehavior andpreservinggeometricpropertiesof thesolutions.

In the more narrow sense,“geometricintegration” refersto a family of Lie group integratorsfor
ordinarydifferentialequationsanddiscretizationsof partial differentialequations.The rotationgroup�
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playsacrucialrole in many formulationsof elasticityandplasticityandtheadvantagesof exactrotations
in numericalsimulationsof suchmaterials,implementedvia eithertheRodriguezformula for the true
exponentialor the Cayley transform,have beenamply demonstrated[41, 42, 40, 37]. Discretizations
of specificdynamicalsystemson Lie groupsthat preserve not only the groupstructure,but additional
geometricstructures,havebeenusedin thestudyof integrablesystems;see,e.g.MoserandVeselov [31],
Lewis and Simo [25], andMcLaughlin andScovel [28], for schemespreservingthe group structure,
the symplecticstructure,andall point invariantsof the generalizedrigid body. Geometricintegration
schemesfor generalLie groupsandtheir associatedbundleshave beendevelopedby Lewis andSimo
[25, 26] andMunthe-Kaas,Iserles,Nørsettandtheir collaborators,[32, 15]. In particular, Munthe-Kaas
[32] extendedthe classicalRunge-Kutta algorithmsto arbitraryLie groups,creatinga large, versatile
family of geometricintegrators. In general,if a Lie group � actsfreely andtransitively on a manifold�

, thena differentialequationon
�

uniquelydeterminesa differentialequationon � . Thus,replacing
theoriginal differentialequationon

�
by theequivalentdifferentialequationon � allows oneto apply

anappropriateLie groupintegrators.Theadvantagesof thisapproachover traditionalintegrators,e.g.,a
Runge–Kuttascheme,arediscussedat lengthin thepreviously citedreferences.

If theactionis transitive,but somepointshavecontinuousisotropy, thenthisconstructionis nolonger
unique— a givenflow on

�
will correspondto continuousfamiliesof flows on theLie group � . The

purposeof this paperis to exploit this nonuniquenessin the designof geometricintegrationschemes
that capturekey featuresof the true dynamicalsystemmoreaccuratelythanotheralgorithmswithin a
givenclass.We alsoshow how to useisotropy to maintainthevalidity of conservation laws duringthe
numericalapproximationprocedure.We illustrateour approachusingflows on spheres,suchasthose
arisingin rigid bodymechanicsandmicromagnetics,[24]. Wehave extensively testedseveralgeometric
integratorsof variousordersfor thereducedfreerigid bodyequationsonthesphere.Furtherapplications
will bediscussedelsewhere.

Our approachis reminiscentof the methodsof Krupa, [18], who, in the compactgroup setting,
appliedan equivariant splitting of the dynamicsinto tangentialand normal (isotropy) componentsto
analyzestability and bifurcationsof equilibria. The emphasison isotropy and the utilization of any
availablefreedomin generatorselectionis motivatedin partby thefirst author’s stabilityandbifurcation
analysesof symmetricrelative equilibria, [22, 23]. Our methodswereoriginally inspiredby the new
equivariant approachto moving framesdevelopedby the secondauthorandMark Fels, [13, 33]. In
futurework, weintendto applythemoving frame-basedinvariantnumericalalgorithmsproposedin [34]
to thesystemsunderconsiderationin thispaper.

2 The BasicFramework.

Let � beaLie groupactingtransitively onamanifold
�

andlet � denoteits Lie algebraof right-invariant
vectorfieldson � . For simplicity, weshallassumethat

�
is anembeddedsubmanifoldof avectorspace�

. Thetangentspace� �
	 � at each�� � is thenidentifiedwith a subspaceof
�

. Given �� � , let� ��������� � � ������� denotethe isotropy subgroupof �� � and � � ��� its Lie subalgebra.In
applications,� actsintransitively on theentirevectorspace,and

�
is a regulargrouporbit.

Let �! "�$#&% denotetheassociatedLie algebrahomomorphism1 from theLie algebraof � to the
spaceof vectorfields % � %(' ��) on

�
. By transitivity, givena vectorfield *+,% , we canconstructa

1Hereis whereright-invarianceis required.
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map -. � #/� suchthat *0'1� )2� �3'1-4'1� )5) '1� ) . Themap - is only prescribedup to isotropy. In other
words, *6'1� )7� �8'1-4'1� )!9;: '1� )5) '1� )=< (2.1)

for any map
:  � #�� satisfying

: '1� ) >� � for all �� � .
A time-dependentvectorfield on

�
is definedasa smoothmap *? A@B#C% from aninterval @D��E

to thespaceof vectorfields.Accordingto (2.1),at each�F � and GHD@ , we canwrite*6'1� < G )7� �3'1-I'1� < G )!9;: '1� < G )5) '1� )=< (2.2)

where -I'1� < G ) ;� , while
: '1� < G ) J� � for all �K � and GLM@ . We considerthe associatednon-

autonomousflow �N'1G )O��P8QSR QUT '1� ) definedasthesolutionto theinitial valueproblemV �V G � *6'1� < G )=< �N'1G"W )8� �YX
Since *6'1� < G ) is everywheretangentto

�
, theflow

P QSR Q T '1� )  � remainsin
�

at all times(where
defined),andournumericalapproximationsshouldreproducethispropertyasaccuratelyaspossible.

Let Z[G]\�^ denotethestepsizefor thenumericalalgorithm,which maybefixedor variable. Our
goal is to numericallyapproximatethe time-dependentflow

P QSR QUT
at the subsequenttime G � G W 9 Z[G

by a map _P7`aQSR QUT  � # �
. The numericalalgorithmwill thenapproximatethe flow by iteratingthis

procedure2 over thedesiredtimeinterval. In accordancewith standardprocedures,weshallonly analyze
thelocal truncationerrorof thealgorithmdueto oneiteration.Thus,without lossof generality, we may
take theinitial time G W � ^ from now on,andwriteP Q '1� )8��P QSR W '1� )O�cbedgf '1*6'1� < G )5)3� � < �F �h< (2.3)

for thetime-dependentflow, and _P `aQ � _P `aQSR W for its numericalapproximation.Weshall furtherassume
that the algorithm _P `aQ is obtainedby evaluatinga smoothtime-dependentmap _P Q  � # �

at timeG � Z[G . In our analysis,we shall ignorethe machine-dependenteffectsof numericalapproximation,
e.g.,round-off error, andassumethatwe canexactly computethealgorithmicflow to a specifiedorder
of truncation.

By transitivity of thegroupaction,we canwrite ouralgorithmin theform_P Q '1� )8�M� '1� < G )3� � < (2.4)

where
�  � i @N# � definesa time-dependentmapfrom the manifold to the group. Assumingthat� '1� < G ) is sufficiently neartheidentity, we canregard� '1� < G )O�cbedjf '1kl'1� < G )5)

asarisingfrom exponentiationof aLie algebra-valuedmap k[ � i @�#nm , andthus_P Q '1� )7�cbedjf '1kl'1� < G )5)3� �YX (2.5)
2For simplicity, we restrictour attentionto singlestepalgorithms.
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Appropriatemapsk canbedeterminedusingstandardfamiliesof algorithms(e.g.Runge–Kuttamethods)
with correctionterms,if needed,constructedusingtheLie bracket of thealgebram , as,for example,in
[32].

In somesituations,it is useful to generalizethis framework by replacing
bedjf

with someform of
“algorithmic exponential” o djf  "mp#q� . Oneimportantexampleis theCayley transformfor theorthog-
onal rs'1t ) andsymplectic u f '1t ) Lie groups,[44]. See[41, 42, 25, 26, 16] andthe referencestherein
for discussionsof algorithmicexponentials,includingapplicationsof theCayley transformto geometric
integration.Thecomputationsin all casesaresimilar, andthereaderwill not losemuchby assumingall
exponentialsareof standardtypein thispaper.

As we shallsee,modificationof theLie algebraelementusedin theupdate,i.e. replacing(2.5)by_P Q '1� )7� o djf '1kl'1� < G )v9;: '1� < G )5)a� � < (2.6)

wheretheisotropy “improvement”
: '1� < G ) >m � for all �F � andall GHD@ , canchangethequalitative

featuresof thealgorithmictrajectories,e.g. alteringtheapparentstability propertiesof equilibriaor the
conservation properties. Furthermore,in the presenceof sufficient isotropy, given k , it is possibleto
designamap

:
suchthattheassociatedalgorithmicupdate(2.6)capturesthetrajectoriesof thesystemto

ahigherorderthanis capturedby theupdatedeterminedby theoriginalalgorithm(2.5). In whatfollows,
weshallconsiderfamiliesof algorithmsin whichthebasicinfinitesimalupdate’k is determinedby some
“standard”algorithmandspecifiedchoiceof - , while theisotropy improvementterm

:
is specifiedasa

functionof k and � .
Our primary goal is to exploit the ambiguity in the isotropy componentsof the generatorandthe

infinitesimal updateto increasethe order of accuracy of a given algorithm. Therefore,we begin by
formally definingtheorderof an approximation,basedon theapproximateandexactmapshaving the
sameTaylorexpansionto order t .

Definition 1 Let
P Q < _P Q  � # �

besmoothtime-dependentmapswith
P W '1� )I� � � _P W '1� ) . We

shallsaythat _P Q '1� ) is anorder t approximationof
P Q '1� ) at �F � ifwyxUzQy{ W _P8Q '1� )8|}P8Q '1� )G�~ � ^ < i.e. _P Q '1� )3|}P Q '1� )7��� '1G ~��!� ) X

We shallsaythat _P Q is anorder t approximationof
P Q

if _P Q '1� ) is anorder t approximationof
P Q '1� )

for all �F � .

3 Algorithms on the Sphere.

As a warm-upto a generaltheory, we first treatthe“simplest” case— thestandardlinearactionof the
rotationgroup � � ulr['�� ) on E7� . Theorbitsarespheres,and,without lossof generality, weconcentrate
on theunit sphere

� ���3�[�
�.� � �H��� ����E � . We notethat the isotropy subgroup� ��� u�r['�� )
for each�F � � consistsof therotationsaroundtheaxisthrough� .

To keepthepresentationsimple,weconsideranautonomousvectorfield * on
�3�

with flow
P Q

. Let�  � � #/E7� denotetheuniquemapsatisfying*6'1� )7� � '1� )�i � and � � '1� )=< ��� � ^ for all �F � � X
4



Herewe aremakingtheusualidentificationof E7� ���g� '�� ) with theLie algebraof the rotationgroup.
Weexpandtheflow of * in apowerseriesP Q '1� )8� � 9 G � i � 9 Qy��>� � i ' � i � )�9��� i ���9 QU���  ' |[� � � � � 9 � i¡�� 9�¢� )Hi � 9 � �� i ' � i � )¤£79M� '1G�¥ ) X (3.1)

Here
�� �§¦¦ Q � and

¢� �¨¦ �¦ � Q � representthetimederivativesof thevectoralongtheflow. Weassumethat
we arenotat anequilibriumpoint,andso ©[ª � � '1� )a�¬«� ^jX

To facilitatetheanalysis,we introducetheorthonormalbasis
� � < �2 © < � i �2 © � andwrite�H® ¯±° � V ¯V G ¯ � ��² ¯ � 9;³ ¯ � © 96´ ¯ � i �© < µ[� ^ <¶�·< � < X¸X¸X¹X

Since � � '1� )=< ��� � ^ , we have
² W �º² � � ^ ; in addition,

³ W � © and
´ W � ^ . With respectto our

orthonormalbasis,theexpansion(3.1)hastheformP Q '1� )7�¼»½ �^^
¾¿ 9 G »½ ^^| ©

¾¿ 9 G �� »½
| © �´ �|.³ �

¾¿ 9 G"�À »½ | � ³ �
©´ �© � |N³ �
¾¿ 9M� '1G�¥ ) X (3.2)

On theotherhand,analgorithmicupdateof theform_P Q '1� )7�Mbedgf '1k�'1� < G )5)3� � < where k�'1� < G )7� ÁÂ¯±Ã � G ¯µ�ÄÅk ¯ '1� )=<
hastheTaylorexpansion_P Q '1� )7� � 9 G¤k � i � 9 Q �� � k � i '1k � i � )�9 k � i ���9 QU�� � ' |[� k � � � k � 9 �� k � i k � 9 k � )Æi � 9 �ak � i '1k � i � ) � 9M� '1G ¥ ) X (3.3)

(The first two termsin this expressionare the samefor both the matrix exponentialand the Cayley
transform,but differencesappearat higherorders.)Notethat k�'1� ) neednot betangentto

�
. We write

theexpansion(3.3) in termsof thebasisusedabove,settingk ¯ ��Ç ¯ � 96È ¯ � © 9 � ¯ � i �© < µ��É�·< � < X¸X¸X < � k ¯ � � ��Ç �¯ 96È �¯ 9 � �¯ X
Then(3.3)takestheform

_P Q '1� )7�q»½ �^^
¾¿ 9 G »½ ^� �|�È �

¾¿ 9 G �� »½
|�È �� | � ��Ç � È � 9 � �Ç � � � |YÈ �

¾¿
9�G �À »½ | ��' È � È � 9 � � � � )� � |�� k � � � � � 9 �� ' Ç � È � 96È � Ç � )|�È � 9�� k � �Ê�eÈ � 9 �� ' Ç � � � 9 � � Ç � )

¾¿ 9M� '1G ¥ ) X (3.4)

Examiningthetermsin thediscretizationerror
_P7Q '1� )3|}P7Q '1� )G in order, weconcludethatthealgorithm

is
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a) consistentif andonly if
È � � © and � � � ^ ,

b) secondorderaccurateif andonly if, in addition,
È � ��³ � and � � ��´ � |NÇ � © ,

c) third orderaccurateif andonly if, in addition,È � ��³ � 9 �� Ç � � © 9 �� ´ � Ç � < � � ��´ � | �� ' Ç � © 9ËÇ � ³ � ) X
In general,it canbeseenthatthemethodis order t accurateif andonly if it is order t |0� accurateand,
in addition,the t –thordercoefficientssatisfyequationsof theformÈ ~ ��³ ~¤Ì�� 96Í ~ '·k � < X¸X¸X < k ~¤Ì �¹Î È ~ÅÌ�� < � ~ÅÌ�� Î � < X¸X¸X < �H® ~¤Ì � ° )=<� ~ ��´ ~¤Ì�� | ~ � Ç ~¤Ì�� È � 9ËÏ ~ '¹k � < X¸X¸X < k ~¤Ì �¹Î È ~¤Ì�� < � ~¤Ì�� Î � < X¸X¸X < � ® ~¤Ì � ° )e<
for somefunctions

Í ~ <=Ï ~ thatdependupontheearliertermsin theexpansion.Note that the isotropy
coefficients

Ç ¯ remainasfreeparametersin thematchingof the two flows — althoughtheir valuesdo
affect thehigherordercoefficientsin theexpansion.In particular, it follows that if

È � «� ^ , then
Ç ~¤Ì��

canbechosensoasto guaranteethatthemethodis order t accurate.
In many situations,oneis primarily interestedin capturingtheorbits,ratherthanactualtrajectories.

In otherwords,it may be sufficient to accuratelydescribewherepointsin the phasespacego, but not
how long it takesthemto getthere.This freedompermitsusto replacethetrueflow

P7Q
with aflow with

respectto somereparametrizationÐ � ÐÑ'1� < G ) of the time. Both lows will have the sameorbits, but
movealongthematdifferentspeeds.If analgorithm _P Q is anorder t |0� approximationof thetrueflowP Q

, thenCorollary4 statesthatthenormalcomponentof theapproximationis accurateto order t . If the
reparametrizationhastheform ÐÑ'1� < G )O� G 9 Ò '1� )'1t |Ë�Ó)=ÄÔG ~ÅÌ��
for somefunction Ò  � #/E , thenV ~V GÕ~   P8Ö ® � R Q ° '1� )3|}P Q '1� ) £j×××× Q Ã W � Ò '1� ) *0'1� ) X
Thusanappropriatechoiceof Ò canbeusedto eliminatetheerror in thedirectionof *6'1� ) . It follows
thatanorder t |;� approximationto theflow

P Q
yieldsorder t approximationsto theorbitsof

P Q
if and

only if the t –thordererroris parallelto *6'1� )7� � i � '1� ) , i.e. if the t –thordererrorin thedirection
of � '1� ) is zero.

Using theexpansions(3.2) and(3.3), we seethat a consistentalgorithmof the form (2.6) captures
orbitsto secondorderif Ç � � ´ � | � �© <

(3.5)

while asecondorderaccuratealgorithmcapturesorbitsto third orderifÇ � � �©;Ø �� ' ´ � | � � )a| ³ �© ' ´ � | � � )ÕÙ X (3.6)

For theforwardEulermethodk·ÚgÛeÜ�'1� < G )H� G � '1� ) ; hencek � � � '1� ) and k ¯ � ^ , µ \ � . In this case,
(3.5)impliesthat

Ç � ��´ �  © yieldsaschemethatcapturesorbitsto secondorder. For thebackwardEuler
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methodk�ÝjÚgÛj'1� < G )O� G � 'Þ_P8Q '1� )5) ; it follows that k � � � and k � � � �� . Hencein thiscase
Ç � ��|.´ �  ©

yieldssecondorderorbit capture.For theHeun,i.e. secondorderRunge–Kutta,method,with

k�ß�à � '1� < G )7� G� ' � 9 � 'So dgf '1G � )a� � )5)8� G � 9 G �� �� 9 G"�á ' ¢� |}â � '1� ) ' �� i � )5) Î
hencek � � � , k � �+�� , and k � � � � ' ¢� |}â � '1� ) ' �� i � )5) . Since� � �c´ � , (3.6) impliesthatsettingÇ � � �� © ' ´ � | � � )7� �� ©;Ø ´ � | �� Ø ´ � | �© � â � '1� ) ' �� i � )=< � i � � ÙãÙ� �©Dä �© â � '1� ) ' �� i � )8| �� ¢� < � i �Då
yieldsanalgorithmwith third orderorbit capture(but only secondorderoverall accuracy).

Theconstructiondescribedabove canbederivedin a particularlysimpleandgeometricallyintuitive
mannerfor the forward Euler method. If we assumethat the algorithmic exponentialis given by a
rescalingof the matrix exponential(e.g. by the Cayley transform)andimposethe restrictionthat the
isotropy correctiontermbelinearin G , thentheupdate� æ | # _PÆçQ '1� )7�cbedjf 'SÐÑ'1G < � ) ' � '1� )v90è '1� ) � )5)
is a rigid rotationaboutanaxisdependingonly on � . Hencethecurveé ç '1� <Êê=)7��ë _P çQ '1� )  	 G 	gìJê(í
is a segmentof a circle in

�3�
. This segmentwill be the bestcircular approximationat � to the true

orbit segment
� '1� <Êê±)7���2P Q '1� )  	 G 	gìJê � at � if andonly if thegeodesiccurvaturesof

é ç '1� <Êê=) and� '1� <Êê=) agreeat � . A straightforwardcalculationshows thatthesecurvaturesagreeif andonly ifè '1� )7��è�î '1� )  �hï�ð '1� )ñ	ò	 *0'1� )¸	ò	ó< (3.7)

where ï�ð '1� )8� � ¢� < � i������ � �ô�õ�� � � (3.8)

denotesthegeodesiccurvatureof theorbit
� '1� <Êê±) at � . Equation(3.8) follows immediatelyfrom the

generalformula ï�ð '1� )7��ö÷Çvø ø '�ù )=<Aú ' Ç '�ù )5)ñiDÇvø '�ù )÷û (3.9)

for the geodesiccurvatureof a unit speedcurve
Ç '�ù ) on a surfacewith unit normal

ú '1� ) , usingthe
fact that

ú '1� )H� �  � � � on a spherecenteredat theorigin. If
� '1� <Êê=) is itself a segmentof a circle,

then
é ç¸ü '1� <Êê±)7��� '1� <Êê=) . Henceany torsion–freeorbits,e.g.theseparatricesof thereducedrigid body

equations,arecapturedexactlyby thisversionof theforwardEulermethod.Notethatthechoice
è ª ^ ,

correspondingto usingthegeneratororthogonalto � , yieldssegmentsof greatcircles.
To comparetheorbit captureconditionsderivedby this geometricargumentto thoseobtainedusing

seriesexpansions,we usetheidentities�� � � i � and
¢� �ý�� i � 9 � i ' � i � )=<
7



theorthogonalitycondition � � < ��� � ^ , andthehypothesisthat
� � �H��� to express

è î '1� ) in theformè�î '1� )8��ï�ð '1� )v� *0'1� )Ó�ñ� � ¢� < � i������,�� � � � � �� < � i � �© � � ´ �© X
Thusthecondition

Ç � �h´ �  © for secondorderorbit capturein theforwardEulermethodis identicalto
thecondition

Ç � ��è�î '1� ) , while theanalogousconditionfor the implicit Eulermethodtakesthe formÇ � ��|ñèlî '1� ) .
For higherordermethods,theaxisof rotationusedin theupdatemap _P çQ is typically time-dependent

andhencethecorrespondingalgorithmictrajectorysegmenttypically is not circular(i.e. it hasnonzero
torsion). Hencethe simplegeometricargumentusedabove cannotbe applied. However, the strategy
of curvature–matchingcanstill beused.Sincea smoothcurve on a two dimensionalmanifold in E3� is
determinedup to a time reparametrizationby its geodesiccurvature,wecandeterminetheconditionson
thecoefficients

Ç ¯ , È ¯ , � ¯ imposedby therestrictionthatthecurvatureof _P Q '1� ) matchthecurvatureofP Q '1� ) to someorder.

Lemma 2 Let * bean everywhere nonzero vectorfield on a surface
� �ËE7� . Let

P Q
denotetheflow of* , andsupposethat _P8Q is an order t |�� approximationto

P8Q
for sometcþ�� . Then, _P7Q capturesthe

orbit of � under
P Q

to order t if andonly if thegeodesiccurvature of theorbit of � under _P Q agrees
with thegeodesiccurvature of thetrueorbit of � to order t | � .
Proof: Let

ú  � #/E � denotethenormalvectorfield on
�

andlet
Ç '�ù ) denoteaparametrizationof the

trueorbit through� by arclength.If we letP Q '1� )7�&ÁÂ¯±Ã W G ¯µ�Ä � ®ÿ¯=° and
ï�ð ' P Q '1� )5)O�&ÁÂ¯±Ã W G ¯µ�Ä ï ®ÿ¯=°ð

denotethe seriesexpansionsof theflow through � andthegeodesiccurvature(3.9) of theorbit at � ,
then ï ® ¯±°ð � ö � ®ÿ¯ � � ° <Aú '1� )Hi *0'1� ) û	ò	 *6'1� )¸	ò	 � 9�� ¯ � � <4�� < X¸X¸X < � ® ¯ �!� °��
for somefunction

� ¯ . An entirely analogousrelationholds for the coefficients _� ® ¯±° and �ï ®ÿ¯=°ð for the
trajectoryof _P Q through� . Thusif _P Q is anorder t |Y� approximationof

P Q
, andhence_� ® ¯±° � � ®ÿ¯=° forµ[� ^ < X¸X¸X < t |Ë� , then �ï ®ÿ¯=°ð ��ï ® ¯±°ð for

µ�� ^ < X¸X¸X < t | � and

�ï ® ~¤Ì � °ð |?ï ® ~¤Ì � °ð � ö _� ® ~ ° | � ® ~ ° <Aú '1� )�i *6'1� ) û	ò	 *6'1� )¸	ò	 � X (3.10)

Thusthegeodesiccurvature �ïÔð '�ù ) of theapproximateorbit agreeswith thegeodesiccurvature
ï�ð '�ù )

of thetrueorbit to order t | � if andonly if thealgorithmcapturesto order t thecomponentof theorbit
orthogonalto boththenormalfield

ú
andthevelocity field * , i.e. if andonly if it capturestheorbit to

order t .
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4 The ReducedFreeRigid Body Equations.

We continueto considertheparticularcaseof the rotationgroup � � u�r['�� ) actingon theunit sphere� �h� �
. Weregard

� �
asacoadjointorbit andusethesymplecticstructure� '1� ) '1k i � <���i � )7��| �¹� < k i	� �

inducedby theLie–Poissonstructureon
�g� '�� ) � � E � . Let 
 beapositivedefinitesymmetricmatrix. The

Hamiltonianfunction � '1� )O� �� ö � < 
 Ì�� � û X (4.1)

generatesthevectorfield *0'1� )O� � i 
 Ì�� � (4.2)

correspondingto thesymplecticreductionof thefreerigid bodyequationson � � ulr['�� ) .
Euler’s methodfor (4.2) is basedon thefamily of mapsPÆçQ '1� )7� o djf '1G¸' |	�� 
 Ì�� � 90è '1� < G ) � )5)a� � <

where
��

denotesorthogonalprojectionontothetangentspaceof
� �h� �

. Thescalarfunction
è  � � iEc#/E is arbitrary, andreflectstheisotropy ambiguityin theflow. Formula(4.2) impliesthat� ¢� < � i����� � ö *6'1� )�i 
 Ì�� � 9 � i 
 Ì�� *0'1� )=< � i *6'1� ) û� ö *6'1� )=< 
 Ì�� *6'1� ) û | ö � < 
 Ì�� � û 	ò	 *0'1� )¸	ò	 � <

andso(3.7)yields è î '1� )7� � ¢� < � i�����	ò	��� 	ò	 � � ö *6'1� )=< 
 Ì�� *0'1� ) û	ò	 *6'1� )¸	ò	 � | ö � < 
 Ì�� � û X (4.3)

Notethatif @ � ì @ � ì @ � aretheeigenvaluesof of theinertiatensor
 , then	 è�î '1� )¸	�ì �@ � | �@ �
for all �F �3� .

Thereducedfreerigid bodyis a conservative systemon a two dimensionalmanifold; in thecaseof
a triaxial body, whentheeigenvalues @ ��� @ � � @ � aredistinct, the level setsof theHamiltonian(4.1)
exactlydeterminetheorbitsof thesystem.Thusin thissituationit is possibleto specifyorbit–preserving
schemeswithoutdirectreferenceto theexactflow; it sufficesto requirethattheschemepreserve thetotal
energy to the desiredorder. If o dgf is at leasta secondorderapproximationto the matrix exponential
(e.g.if o djf is theCayley transform),thenthealgorithmicflow satisfiesP çQ '1� )7� � 9 G¤*0'1� )Ñ9 Q �� � � 9M� '1G � )=<
where � � � '�
 Ì�� � 9 ' èD| � � '1� )5)=< � )�i *6'1� )=<
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andhence� ' P çQ '1� )5)8| � '1� )¼� �� ö P çQ '1� )3| � < 
 Ì�� ' P çQ '1� )Ñ9 � ) û� G��H*6'1� )Ñ9 Q� � � < 
 Ì�� � 9 Q� *6'1� )Ñ9 Q �¥ � ��� 9c� '1G � )� Q ���� ö *6'1� )=< 
 Ì�� *0'1� )÷ûO9 ' èD| � � '1� )5)�	ò	 *6'1� )¸	ò	 ��� 9M� '1G � ) X
If � is anequilibrium,then

P çQ '1� )7� � for any
è

, while if *6'1� )ô«� ^ , then� ' P çQ '1� )5)8| � '1� )O� Qy�� ' èD|Yèlî '1� )5)¸	ò	 *0'1� )¸	ò	 � 9M� '1G � ) X
Thusin thissituationwe canderive theoptimalityof

è�î
workingdirectly from theenergy constraint.

Figure1: Sampletrajectoriescomputedover theinterval [0, 200] usingthetime step ZsG � ^jX � and,left
to right, k ÚgÛ±Ü� , k ÚgÛ±Ü� , and k Ú¤ÛeÜî . Theupperrow is computedusingtheinertiatensorof a triaxial rigid body,
while thelower row is computedfor anaxisymmetricrigid body.

As thenumericalresultsgivenbelow demonstrate,useof theisotropy correction
è î

yieldsanefficient,
accurateversionof the forward Euler schemefor the reducedfree rigid body. While the schemeonly
capturesorbits(andhencetheenergy) to secondorderfor asymmetricbodies,the leadingconstantsare
quitesmall,yielding very goodapproximationsevenfor very largetimesteps.
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k ÚgÛ±Ü� k Ú¤ÛeÜ� k ÚgÛeÜî
Triaxial

À X ��� � ^ Ì � �gX ��� � ^ Ì � á X À ^ � ^ Ì �
Axisymmetric �gX á À � ^ Ì�� � X á À � ^ Ì�� �¤X � � � ^ Ì�� ¥

Figure2: Maximumenergy errorover thetrajectoriesgivenin figure1, with timestep Z[G � X � .
We testedtheforwardEulermethodusingthreechoicesof

è
:

1.
è � '1� )8� � � '1� )2� ö � < 
 Ì�� � û , correspondingto the‘basic’ generator� � '1� )O� 
 Ì�� � ;

2.
è � ª ^ , correspondingto theorthogonalgenerator� '1� )7�!�� 
 Ì�� � ;

3.
è î

givenby thegeodesiccurvatureimprovement(4.3)of � , yielding secondorderorbit capture.

Triaxial AxisymmetricZsG k·ÚgÛ±Ü� k·ÚgÛ±Ü� k·Ú¤ÛeÜî k·Ú¤ÛeÜ� k¹ÚgÛeÜ� k¹ÚgÛeÜî� ^ "gX ^ ás� ^ Ì � � X#� �(� ^ Ì � á X#$ À � ^ Ì � �gX ^�" � ^ Ì � �gX%�¹^ � ^ Ì � ^jX ^�^� �gX#$�� � ^ Ì � �gX#$ áL� ^ Ì � �gX À � � ^ Ì'& � X#$ $ � ^ Ì � À X � � � ^ Ì ¥ ^jX ^�^X � "gX ^ À � ^ Ì � � X á�áL� ^ Ì � �gX#$ $ � ^ Ì)( �gX ��� � ^ Ì ¥ À X � �I� ^ Ì'& ^jX ^�^X ^ � �¤X ^�" � ^ Ì ¥ � X À � � ^ Ì ¥ �gX#$�� � ^ Ì'* �gX á � � ^ Ì'& À X ��� � ^ Ì � ^jX ^�^
Figure3: Averageenergy errorsover ten samplerunswith randomlygeneratedinitial conditionsand
inertiatensors,usingversionsof theforwardEulermethodandintegratedover theinterval [0, 100].

As notedabove, the separatrixis exactly capturedif the infinitesimalupdatesk·Ú¤ÛeÜ� or k·ÚgÛeÜî , which
coincideon theseparatrix,areused.On theotherhand,whenthe ‘basic’ infinitesimalupdatek¹ÚgÛeÜ� was
usedto integratetensampletrajectorieswith initial conditionsat randompointson theseparatricesof
rigid bodieswith randomlygeneratedinertia tensors,theaverageerrorsover theintegrationinterval [0,
500] were: "gX%�·� � ^ Ì � for Z[G �§� , �gX#� " � ^ Ì � for Z[G � X � , and

� X#" á�� ^ Ì � for Z[G � X ^ � . In table3 we
give somedatageneratedusingthesechoicesof updatesfor ten randomlygeneratedinitial conditions
andinertiatensors.We provide theerrorsin theenergy for time stepsZ[G �
� ^ , � , X � , and X ^ � . Finally,
we consideran axisymmetricrigid body, with two randomlygeneratedeigenvalues;recall that in this
situationthechoice k¹ÚgÛeÜî , combinedwith theuseof thetrueexponentialasthealgorithmicexponential,
yieldstheexactsolution.

If the rigid body is axisymmetric,thenall true trajectoriesconsisteitherof equilibria (the ‘poles’
andthe‘equator’)or of steadyrotationsabouttheaxisof symmetry. In this situationtheforwardEuler
methodwith the infinitesimal update k·ÚgÛ±Üî associatedto secondorder orbit approximationyields the
true trajectorieswhenthe true exponentialmapis usedas o djf . If the Cayley transformis usedasthe
algorithmicexponential,thentheorbitsarecapturedexactly, but thealgorithmictrajectoriesdiffer from
the true trajectoriesby a time reparametrization.Note that thebasicgeneratork·ÚgÛeÜ� andtheorthogonal
generatork ÚgÛ±Ü� yield only first orderorbit approximationsevenin theaxisymmetriccase.

We usedfour differentsecondorderupdates,correspondingto four differentversionsof the Heun
method:
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Z[G k ß�à �� k ß�à �� k ß�à �î � k ß�à �î �
Triaxial� ^ �¤X á � � ^ Ì � � X ��� � ^ Ì � À X ���(� ^ Ì � á X#" " � ^ Ì �� á X � À � ^ Ì � � X ^ À � ^ Ì ¥ "gX À �(� ^ Ì ¥ $gX À � � ^ Ì)(X � $gX ^Ô� � ^ Ì � � X � ^ � ^ Ì)( � X ���(� ^ Ì'+ �gX �eáL� ^ Ì��5�X ^ � $gX ^ �(� ^ Ì'* � X � ^ � ^ Ì�� W �gX#" á[� ^ Ì�� � "gX ^,� � ^ Ì��-&

Axisymmetric� ^ �gX%�¹^ � ^ Ì � á X#� À � ^ Ì ¥ À X � áL� ^ Ì � � X#��� � ^ Ì �� À X#" " � ^ Ì'& �gX#$ " � ^ Ì)( á X ^,� � ^ Ì � �gX á�ás� ^ Ì'*X � �¤X#$·^ � ^ Ì'+ �gX À áL� ^ Ì�� W á X � � � ^ Ì��5� �gX%�·� � ^ Ì�� ¥X ^ � �¤X#$·^ � ^ Ì��5� �gX%��� � ^ Ì�� � ^jX ^�^ �gX#� �(� ^ Ì�� ¥
Figure4: Averagemaximumenergy errorsover tensamplerunswith randomlygeneratedinitial condi-
tionsandinertiatensors,integratedover theinterval [0, 100] usingversionsof theHeunmethod.. ThestandardHeuninfinitesimalupdatewith the‘basic’ generator:k ß÷à �� � �� ' � � '1� )3| � � ' cay' � � '1� )5)8� � )5). ThestandardHeuninfinitesimalupdatewith theorthogonalgenerator:k ß÷à �� � �� ' � '1� )3| � ' cay' � '1� )5)3� � )5). TheimprovedHeuninfinitesimalupdatewith thebasicgenerator:k ß÷à �î � '1� < Z[G )  � k ß�à �� '1� < Z[G )Ñ9 Z[G � è î � '1� ) �

where è î � '1� )  � �0/ ~ <�1 ��0/ ¦ <�1 � < with

2334 335 1 ¯  � '1�76Ó�98 ) �: ~¯  �É| @ ¯ 'S@;6 9 @<8 ) 'S@;6 | @<8 ) �: ¦¯  ��á @ � @ � @ � @ �¯ 'S@;6 | @<8 ) �
for any cyclic permutation' µ�<Êï <>=Ó) of ' �·< � < � ) .. The improved Heun infinitesimal updatewith the orthogonalgenerator: k ß÷à �î � , where k ß÷à �� is
replacedby k ß÷à �� and

è î � replacedby anappropriatefunction
èlî � . (Thefunction

èlî � is a rational
functionin � andthecomponentsof theinertiatensor, but is significantlymorecomplicatedthanè î � .)

As table4 shows, theinfinitesimalupdatesk ß�à �� and k ß÷à �� yield algorithmsthatpreserve theenergy
to third orderin thetimestep.Hencetheisotropy improvementfunctions

è î � and
èlî � arescaledby Z[G"� ,

to yield a modificationof the update,andhencetheenergy error, at fourth order. More generally, any
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choiceof generator�@?�A � '1� )(� � '1� )39Mè '1� ) � for somescalarfunction
è

satisfying '1* ��Bp)Õè ª ^
determinesaHeuninfinitesimalupdatek ß÷à �?�A � satisfying� ' cay'1k�C)D �?�A � '1� < Z[G )5)3| � '1� )8��� '�Z[G ¥ ) X
(Thenormalcomponentsof � � and � areconstanton theorbitsof therigid bodyflow.) Thefunction

è î �
(respectively

èlî � ) wasdeterminedby symbolicallycomputingtheenergy discretizationfor theinfinitesi-
malupdatek ß�à �� '1� )Å9$è � (respectively k ß�à �� '1� )¤9Dè � ) to fourthorderwith anunspecifiedparameterè

, thensolving the resultingaffine equationfor
è

. However, thegeneraldiscretizationerror approach
describedin E 3 would have yieldedthesameresults.See E 7 for a moredetailedandgeneraldiscussion
of theuseof conservation laws to determineupdateimprovements.

If thebodyis axisymmetric,k ß�à �î � preservestheenergy to fifth order. As table4 shows,someof these
algorithmsappearto have betterglobal energy capturethanthe singlestepdiscretizationenergy error
analysis(which we carriedout symbolicallyusing Mathematica) would suggest.Plotsof the energy
errorsin the sampleintegrations,with randomlygeneratedinitial conditionsandinertia tensors,show
thattheenergy oscillatesaboutaslow drift away from thecorrectvalue.ZsG k�FHG ¥� kIFJG ¥� kIFJG ¥î � k�FJG ¥î � k ß�à ¥� k ß�à ¥�

Triaxial� ^ $gX À � � ^ Ì � �gX ��� � ^ Ì � À X ^ À � ^ Ì � � X#"·^ � ^ Ì � À X ^,� � ^ Ì � �gX#$ " � ^ Ì �� �gX À � � ^ Ì � �gX%�·� � ^ Ì)( � X#$ $ � ^ Ì � � X À � � ^ Ì)( �gX � $ � ^ Ì'& � X á À � ^ Ì)(X � �gX#$ À � ^ Ì�� W �¤X á $ � ^ Ì�� � �gX#$ À � ^ Ì�� W �¤X á $ � ^ Ì�� � �gX#"�� � ^ Ì�� W �gX ^ À � ^ Ì�� �
Axisymmetric� ^ � X � ^ � ^ Ì � �gX á � � ^ Ì'& � X � ^ � ^ Ì � �gX#$ ás� ^ Ì'& á X#� �I� ^ Ì ¥ � X � � � ^ Ì'&� �gX � á[� ^ Ì'+ �gX À � � ^ Ì)( �gX � ás� ^ Ì'+ �gX À � � ^ Ì)( �gX � � � ^ Ì'+ � X%�¹^ � ^ Ì�� WX � �gX � � � ^ Ì�� � �gX À � � ^ Ì�� W �gX � � � ^ Ì�� � �gX À � � ^ Ì�� W �gX ál�(� ^ Ì�� � á X#� $ � ^ Ì��-&

Figure5: Averagemaximumenergy errorsover tensamplerunswith randomlygeneratedinitial condi-
tionsandinertiatensors,integratedover theinterval [0, 100] usingseveralfourthordermethods.

We considersix fourth ordergeometricmethods.Four utilize a seriesexpansionfor the generator
alongasolutioncurve,while theothertwousetheRKMK4 algorithmof Munthe-Kaas,[32, 15], (with the
Cayley transformasthealgorithmicexponential).UsingtheCayley transform,themap k�FHG ¥� determined
by thebasicgenerator� � for therigid bodysystemon

�3�
is givenby

k FHG ¥� '1� < Z[G )8� ¥Â¯=Ã � Z[G ¯µ�Ä � ® ¯ Ì�� °� '1� )Ñ9 Z[GÕ�� � � � � � '1� )Ó� � � � '1� )�9 �� � '1� )Hi � � '1� ) � 9
9 Z[G ¥á�Ä � � � � '1� )Ó� � �� � '1� )Ñ9�¢� � '1� )Æi � � '1� )Ñ9 ��� �� � '1� )=< � � '1� ) � � � '1� ) � <

where� ®ÿ¯=°� '1� )Æ�LKNMK Q M � � ' P Q '1� )5)¸	 Q Ã W . Thecorrespondingalgorithmfor therigid bodyusingtheorthog-
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Inf. Discret. Energy Relative Rel. CPU CPU/orbitacc.
update errororder errororder CPUtime within class (ln/ln approx.)k·ÚgÛ±Ü� 1 1 1 1 1.22x - 7.58k·ÚgÛ±Ü� 1 1 1.18 1.18 1.40x - 10.8k·ÚgÛ±Üî 1 2 1.45 1.45 .491x - 8.24k ß÷à �� 2 3 2.10 1 .402x - 5.72k ß÷à �� 2 3 2.42 1.15 .333x - 5.78k ß÷à �î � 2 4 2.83 1.35 .248x - 4.95k ß÷à �î � 2 4 17.14 8.17 .235x - 4.02k�FHG ¥� 4 4 6.99 1.21 .267x - 5.24k�FHG ¥� 4 4 5.80 1 .233x - 5.18k�FHG ¥î � 4 5 8.15 1.40 .249x - 4.97k FHG ¥î � 4 5 11.24 1.94 .230x - 4.70k ß÷à ¥� 4 4 12.08 2.08 .247x - 4.22k ß÷à ¥� 4 4 13.19 2.27 .249x - 4.91

Figure6: AverageconvergenceratesandCPUtimes.Thefirst columngivestheconventionaldiscretiza-
tion error orderof convergence. The secondgives the orderof convergenceof the energy error; note
that this rateis thesamefor both thesingle–stepandglobalerrors.Thethird columngivestheaverage
CPU timesrelative to the infinitesimalupdatek Ú¤ÛeÜ� . The fourth columngives the averageCPU times
relative to thefastestalgorithmof thatorderof convergenceof theconventionaldiscretizationerror. The
final columngivestheaffine approximationsto theln/ln plotsof theaverageCPUtimesasfunctionsof
theaverageenergy (andhenceorbit) errors.All averagesweretakenover thesamesetof tenrandomly
generatedinitial conditionsandinertiatensors.

onalgenerator� is

k FHG ¥� '1� < Z[G )O� ¥Â¯=Ã � Z[G ¯µ�Ä � ®ÿ¯ Ì�� ° '1� )v9 Z[G �� � � � � '1� )Ó� � � '1� )Ñ9 � ¢� '1� )=< � �g� � 9
9 Z[G ¥� � �� '1� )=< � '1� ) � � '1� ) X

Theinfinitesimalupdatesk�FHG ¥� and k�FHG ¥� canbemodifiedby theadditionof anappropriatemultiple of the
argument � to yield an additionalorderof energy, andhenceorbit, capture.The scalarimprovement
functions,which arerationalfunctionsof thecomponentsof � andthe inertia tensor, weredetermined
by symboliccalculation.Notethattheenergy improvementtermfor thegeneratork FJG ¥� is identicallyzero
if thebodyis axisymmetric;hencetheresultsgeneratedby k FJG ¥� and k FJG ¥î � coincidein thiscase.

Thelastcolumnof table6 providesacomparisonof theaccuracy andefficiency of therepresentative
updatestestedhere. The orbit (energy) accuracy of a given simulationwastaken to be the maximum
energy errorover thetotal simulation(100unitsof time),while theCPUtime, in secondswasmeasured
usingtheMathematicaTiming function. The samerandomlygeneratedinitial conditionsandinertia
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Figure7: CPUtime asa functionof orbit accuracy (ln/ln plots). Theupperlefthandplot givesthedata
for theEulermethods,with infinitesimalupdatesk Ú¤ÛeÜ� , k Ú¤ÛeÜ� , and k Ú¤ÛeÜî ; theupperrighthandplot givesthe
datafor threeof theHeunupdates:k ß÷à �� , k ß�à �� , and k ß�à �î � ; thelower lefthandplot givesthedatafor three
of thesymbolicallyderivedfourthorderupdates:k�FHG ¥� , k�FJG ¥� , and kIFJG ¥î � . Thelower righthandplot givesthe
datafor themostefficient updatesof eachorder(in overall accuracy): k·Ú¤ÛeÜî , k ß�à �î � , and k FHG ¥� .

tensorswereusedin all of thenumericalsimulations.
The efficiency comparisonsgiven in the last columnof table6 andin figure 7 suggestsomeinter-

estingdirectionsof future investigation.Thesecomparisonsshow that, for the rigid body system,the
mostdramaticgainsin efficiency of orbit capturewith the useof an improvementterm occurfor low
ordermethods.This suggeststhatsuchimprovementsmaybeof particularvaluein situations,e.g. stiff
systems,in which low orderimplicit methodsarethemethodsof choice.Note that the improvedEuler
methodis actuallythemostefficientmethodfor low orbit accuracy simulations,while the(unimproved)
symbolicallycomputedfourth orderupdateusingthe orthogonalgeneratoris the mostefficient of the
methodstestedfor highaccuracy simulations.Theaffineapproximationsof theCPUtime/orbitaccuracy
graphsfor thesetwo methodsintersectata globalorbit errorof approximately�¤X � À � ^ Ì � .

The significantdifferencesin run timesbetweenthe differentfourth ordermethodsillustratesome
of the designissuesinvolved in geometricintegration. The RKMK4 methods,like their conventional
counterparts,have the advantageof greatversatility, but the algorithmic exponentialevaluationsand
pullbackcorrectionsrequiredat eachstageresult in relatively high computationcosts. (Note that the
Heunmethodstestedheredo not requirepullbackcorrectionsto achieve overall secondorderaccuracy;
theHeuninfinitesimalupdatesaresimply theaveragesof thegeneratorevaluationsat thecurrentpoint
andan Euler updateof the currentpoint.) The infinitesimalupdatesk FJG ¥ aresignificantly faster, with
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equalor superiorratesof convergence,but have thedisadvantagethat theseupdatesarespecificto the
rigid body system;analogousgeneratorexpansionsandisotropy improvementtermsmustderived for
any new dynamicalsystem.

Ourresultsdonotsuggestany clearreasonto favor thebasicgeneratorovertheorthogonalgenerator,
or vice versa. In somealgorithms,the basicgeneratoryields the moreefficient update;in others,the
orthogonalgeneratorgivesthemoreefficient scheme.Note,for example,thattherun timesfor k ß�à �î � are
substantiallylongerthanthosefor k ß÷à �î � , while the symbolicallycomputedfourth orderupdatek�FJG ¥� is
bothfasterandmoreefficientthanthecorrespondingupdatek FHG ¥� usingthebasicgenerator. Someof these
differencesarepresumablydueto suboptimalimplementationof theschemes;thedramaticdifferencein
speedbetweenk ß�à �î � and k ß�à �î � appearsto bedueto therelative complexity of

è î � in comparisonto
è î � .

Algebraicmanipulationof of themorecomplicatedexpressionsappearingin someof theupdatesmight
leadto significantimprovementsin efficiency.

5 Higher Order Approximation of Orbits.

Usingourexperiencewith therotationgroupactingon thesphereasaguide,wenow turn to thegeneral
caseof interesthere,in which a Lie group � actson

� � � . Weassume,asbefore,thattheexactflowP Q
andits approximation_P Q canbeexpressedin theformP Q '1� )7� o djf '1-4'1� < G )5)3� � and _P Q '1� )7� o djf '1k�'1� < G )5)3� �YX (5.1)

Themaps- < kj � i @s#�m areassumedto besufficiently smooth,with-4'1� < ^ ) ª ^ ª kl'1� < ^ ) Xo djf canbetaken to bestandardexponentiation,or analgorithmicalternative. Thefollowing lemmais
immediatefrom thedefinitionof thetangentspace.

Lemma 3 Let
�

be an embeddedsubmanifoldof a vector space
�

. Let OÆ'�ù )=< -4'�ù ) � �
be two

continuouscurvesdefinedfor ù¬þË^ , havinga commonendpointOÆ'S^ )7� -I'S^ )O� �F � . IfwUxUzP { WRQ OÆ'�ù )3| -I'�ù )ù �TS
(5.2)

exists,then
S >� �
	 � is a tangentvectorat � .

Notethatwe do not requireeitherindividual curve to bedifferentiableat � . Onewell-known example
is to let OÆ'�ù )7� ' bedjfVU ùv* ) ' bedjfWU ù@X ) � < O2'�ù )7� ' bedjfVU ù�X ) ' bedgfVU ùÑ* ) � <
where * < X aretwo vectorfields tangentto

�
. In this case,the right handsideof (5.2) yields theLie

bracket of thevectorfields
S�� � * < X?� , which is necessarilytangentto

�
.

Corollary 4 If _P Q  � # �
is an order t |J� þË^ approximationof

P Q  � # �
, thenV ~V G ~ �=_P Q '1� )a|}P Q '1� ) � ×××× Q Ã W B� �
	 �

for all �F � .
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Proof: By thedefinitionof anorder t |J� approximation,Sc� V ~V G ~ � _P Q '1� )a|}P Q '1� ) � ×××× Q Ã W � t Ä wUxyzQy{ W _P Q '1� )3|}P Q '1� )G ~
existsat each� . Now, merelyreplaceù � G ~ anduseLemma3.

For afixed �F � , wecanexpand(5.1)asin powersof G , so-4'1� < G )7� G 8 © 8 9M� '1G 8 �!� )=< sothat
P Q '1� )7� � 9 G 8ZY 8 9M� '1G 8 �!� )

for

© 8 � © 8Ó'1� )�«� ^ . We call
=]�[= '1� ) the leadingorder and

Y 8 � Y 8Ó'1� )�«� ^ the leadingtermof
P8Q

at � . Notethat,by Lemma3,
Y 8ñ>� �
	 � . In mostapplications,includingflowsof autonomousvector

fields * away from equilibriumpoints,
= ª �

and

© � � Y � � *6'1� ) .
Let m ® ~ °� ���2: '1G )7��: � G 9c�¸�¸�¹9;: ~ G ~ 	(: � < X¸X¸X <Ê: ~ >m � � � m]\ ~�

denotethespaceof m � –valuedpolynomialsof degree t without constantterm. Givenflows asin (5.1),
let usdefine ^ ® ~ °� �`_D: >m ® ~ °� ×××× o djf '1kl'1� < G )v9;: '1G )5)!� � is anorder t |Ë�

approximationof
P Q '1� ) at � a X (5.3)

Wedefinethemap b ® ~ °�  ^ ® ~ °� #�� �
	 � byb ® ~ °� ' :¤)8� V ~V G ~dc o djf '1kl'1� < G )Ñ9Ë: '1G )5)a� � |}P Q '1� )fe�×××× Q Ã W X (5.4)

Corollary4 ensuresthat b ® ~ °� ' :¤) lies in � �
	 � . Notethatif o dgf is at leastafirst orderapproximationof
thetrueexponentialmap,then b ® � °� is constant.

Our mainresulton increasingtheorderof approximationfollows. Undera certainrangecondition,
(5.5), we show that onecan,by adjustingthe isotropy elementandthe time parametrization,increase
theorderof accuracy of theapproximateflow. Therangeconditionformalizesthenotionof “sufficient
isotropy” mentionedin theintroduction.

Theorem 5 Suppose_P Q '1� )O� o djf '1kl'1� < G )5)Ñ� � is anorder t |N� approximationof theflow
P Q '1� )7�o djf '1-4'1� < G )5)7� � . Assumefurther that theleadingtermof theflow

P Q
satisfiestherangecondition´ Y 8 '1� ) hgji kml b b ® ~ °� for some
´ �E�X (5.5)

Thenthere exists

a) a Lie algebra-valuedpolynomial
è '1� < G )  ^ ® ~ °� , and

b) an invertibletimereparametrizationÐ  Ó' | � < � ) #nE for some��\Ë^ , satisfyingÐÑ'1G )a| G ��� '1G ~¤Ì 8 �!� )
such that themap _P çQ '1� )  � o djf '1kl'1� < G )Ñ90è '1� < G )5)a� � (5.6)

is an order t approximationof thereparametrizedflow
P8Ö ® Q ° at � .
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Proof: If _P7Q is alreadyanorder t approximationof
P8Q

, thenthereis nothingto show. By ourhypothesis
(5.5),thereexists

è  ^ ® ~ °� and
´ �E suchthat b ® ~ °� ' èv)O��´ Y 8 . Thusfor any choiceof Ð satisfying

ÐÑ'1� < G )7� G 9 ´ G ~¤Ì 8 �!�'1t |�=O9��Ó)=Ä 9M� '1G ~ÅÌ 8 � � )=<
we have V ~V G ~ c _P çQ '1� )3|YP8Ö ® Q ° '1� )ne>×××× Q Ã W � b ® ~ °� ' èv)3| Ð ® ~¤Ì 8 �!� ° '1� < ^ ) Y 8 � ^jX
For suchchoices_P çQ '1� ) is anorder t approximationof

P8Ö ® Q ° '1� ) .
We now considertheorderconditions,up to orderthree,for any algorithmof theform (5.6). Let

P Q
denotetheflow of thesystem

�� � � '1� ) ; thenP Q '1� )¼� Ø@o 9 G � 9 G �� � � � 9F�� � 9 G �Àp� � � 9 � ��8� 9 � � <!�� � 9�¢� � 9J� '1G ¥ ) Ù � �YX
Let _P8Q  � # �

beanalgorithmicupdateof theform_P Q '1� )7� o djf '1kl'1� < G )5)a� � <
whereo djf is an t –thorderapproximationto thetrueexponentialand

kl'1� < G )7� ÁÂ¯±Ã W G ¯µlÄÔk ¯ '1� ) X
Then _P Q '1� )¼� � o 9 Ggk � 9 Q ���� k �� 9 k � � 9 Q �� � k �� 9 � � '1k � k � 9 k � k � )�9 k � � 9M� '1G�¥ ) � � �YX

The algorithm _P8Q is consistentif andonly if k � � � 9cè � for some
è � Jm � . If the algorithmis

consistent,thenthelocal discretizationerroris_P Q '1� )3|YP Q '1� )G � Ø G� '1k � � 9 k � | �� )�9M� '1G � )ÕÙJ� �YX
Thusthealgorithmis secondorderaccurateif andonly ifk � �+�� 9 � è � < � � 90è �
for some

è � >m � . If thesecondorderconditionis satisfied,thenthelocaldiscretizationerroris_P Q '1� )¹|ôP Q '1� )G � Ø G �À � k � |õ¢� 9 � è � � | �� è � � � 9 �� è � � 9 � � è � �� 9 �� � � <a�� � | �� è �� � � 9M� '1G � )ÕÙ�� �YX
Thusthealgorithmis third orderaccurateif andonly ifk � �º¢� 9 �� ' � �� < � � 9;9 � è � < � è � < � �¸� 9 � � < � � <Aè � �¶� 9 � � � <Aè � � 9 � � �� <Aè � � )v90è �
for some

è � Nm � . Clearly, onecancontinuethis process,obtaininggeneralconsistency andaccuracy
criteriafor suchalgorithms.
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6 Restrictionsof Representations.

Themostimportantcaseis when � actsvia a linearrepresentation
�  =��#rqWsÆ' � ) on a vectorspace

�
,

andour submanifold
� � � is a � -orbit. Thesimplestnon-freecaseis theactionof therotationgroupulr['�� ) on E � that formedthebasisof our exampleson thesphere

�3� �cE � . In this section,we analyze
ourconstructionsin thegeneralrepresentation-theoretic context.

We use
�  "mp#�%(' ��) to denotetheeffect of therepresentationon theLie algebra.Theeffect of the

map(5.4)on agivenLie algebra-valuedpolynomialof theform: '1G )7��: ~¤Ì 8"G ~¤Ì 8 9c�¸�¸�·9;: ~ G ~  ^ ® ~ °� for
: ~¤Ì 8 < X¸X¸X <Ê: ~ >m �

is b ® ~ °� ' :¤)7�t� ' : ~ÅÌ 8 )vu 8 9wu ~ | Y ~ �t� ' : ~¤Ì 8 ) Y 8 9wu ~ | Y ~ X
Thus,therangecondition(5.5) is satisfiedif thereexists

: ~ÅÌ 8ñ>m � and
´ �E satisfying� ' : ~¤Ì 8 ) Y 8 9;´ Y 8 � Y ~ |xu ~ X

Thelatterconditionis satisfiedfor anyorder t |Ë� approximationof
P Q

provided� ' m �4)a� Y 8 9 span
� Y 8 �zy�� ��	 �¬< (6.1)

where
� ' m �I)2� © � �{� ' :¤) © 	": ;m � � . If

P Q
is theflow of an autonomousvectorfield * on

�
, thenY � � *0'1� )I«� ^ , unless� is anequilibrium.Hencein thiscase(6.1) takestheformm �J� *6'1� )v9 span

� *0'1� ) � � � �
	 � X (6.2)

Since � actstransitively on
�

, (6.1) canbe rephrasedin termsof theLie algebraasfollows: Choose-4'1� ) >m suchthat
� '1-4'1� )5) � � Y 8 . Then(6.1) is satisfiedif andonly if� m � < -4'1� ) � 9 span

� -4'1� ) � 9 m � � m < (6.3)

where � m �]< -I'1� ) � �ý� � :l< -4'1� ) � 	": �m � � . Note that the latter conditiondoesnot dependon the
choiceof -4'1� ) .

Let usintroduceaclassof subalgebrasfor which therangeconditionis immediate.

Definition 6 A subalgebra|[�6m is calledfull if� | <�� � 9 span
�@� � 9 | � m for every

� >mW}~|gX (6.4)

It wouldbeinterestingto classifyLie algebraandsubalgebrapairsthatsatisfythefull criterion(6.4).

Lemma 7 If the isotropy subalgebra m � �¡m is a full subalgebra, then(6.3) follows, and hencethe
range condition(5.5)is automaticallysatisfiedfor all order t |Ë� approximationsof theflow.
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Note that if | is a full subalgebra,so is any conjugatesubalgebra_ | ���V�H�s� | . This implies that (6.3)
only needsto becheckedatasinglepoint � in theorbit.

Example:Suppose� � ulr[' ïl) actson
� � E 6 via theusualrepresentation.The ulr[' ïl) orbitsarethe

spheres,andwe concentrateon theunit sphere
� ��� 6 �ME 6 . Theisotropy subgroupof any � «� ^ is� �z� ulr[' ï¬|N�Ó) . By theprecedingremark,to verify thattheisotropy subalgebrasarefull, it sufficesto

work at thepoint � �p� 6 � 'S^ < X¸X¸X < ^ <¶�Ó) , whoseisotropy subgroupis� � � ���`_ ØW� ^^ � Ùq×××× �  ulr[' ïs|J�Ó) a X
Any

�  �g� ' ïl) canbewrittenas
�p��:ã9wu,���6 |�� 6 u�� where

: �| . If ks�| , then� k <�� � � � k <Ê: � 9 '1k u¤)>� � 6 |�� 6j'1k u¤) � X
Since ù���' ï |��Ó)ñ�n�D9 span

�{� � � E 6 Ì�� for any nonzero
� �E 6 Ì�� , the fullnesscondition(6.4) is

satisfied.Thus,for the usualactionof u�r[' ïl) on
� 6 Ì�� , the rangecondition(5.5) holdsfor any vector

field andany point �F � 6 Ì�� .
Remark: If weconsidertheaction � �y�}� � � � �

of ulr[' ïl) onthemanifold un� z ' ïl) of
ï2iñï

symmetric
matrices,then(6.3) is satisfiedfor any matrixwith

ï[|Ë�
equaleigenvalues.

7 Conservation Laws.

A structure–preserving algorithm is one that exactly capturesone or more featuresof the exact flowP8Q
. In this sectionwe considerthe role of isotropy in designingalgorithmsthat preserve integralsor

conservation laws of theflow. For simplicity, we will assumethat theconserved quantitydependsonly
uponthecoordinatesof our trajectory, andnoton any derivative.

Definition 8 A (vector-valued)conservationlaw or first integral of a flow
P Q '1� ) is a smoothmap�  � #�� ontoavectorspace� suchthat� ' P Q '1� )5)O�p� '1� ) for all �F � X

In general,a conservation law will only bepreservedby our approximateflow up to a certainorder. To
make thisprecise,

Definition 9 Thefirst integral
�  � #�� is saidto beconservedto order t |}� by theapproximating

flow _P Q '1� )7� o dgf '1k�'1� < G )5)a� � on asubset̂ � � provided� 'Þ_P Q '1� )5)3|�� '1� )7��� '1G ~ )=< for all �F ^ X (7.1)

TheMatherDivision Theorem,[14], impliesthatsatisfactionof (7.1) at a point � W is equivalentto the
existenceof

ê \Ë^ andasmoothmap ��  � i ' |ãê¸<Êê=) #�� satisfying� ' _P Q '1� )5)3|x� '1� )7� G ~ �� '1� < G )
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for all '1� < G ) in aneighborhoodof '1�DW < ^ ) .
Themainresultof thissectionis that,subjecttoacertainnondegeneracy hypothesis,if

�
is conserved

to order t |�� by _P Q '1� ) , thenwe canfind a suitableisotropy correction
è '1� < G ) 6m � suchthat

�
is

conservedexactlyby themodifiedapproximation�P Q '1� )  � o djf '1kl'1� < G )Ñ9 G ~ÅÌ�� è '1� < G )5)a� �YX (7.2)

Therefore,onecanusethe isotropy to retainat leasttheoriginal orderof overall approximationwhile
conservingthefirst integral exactly. This requires,asabove, thatour algorithmicexponentialapproxi-
matethetrueexponentialto at leastfirst order, namelyVV ê o dgf ' ê���)8� � ××××�� Ã W � �8' ��) '1� ) for all

� >m÷X (7.3)

In contrastto thetreatmentgivenin Section5,wedonotrequireany explicit informationabouttheTaylor
expansionof thetrueflow. Rather, weusetheImplicit FunctionTheoremto show thatunderappropriate
nondegeneracy conditionsanisotropy elementcanbefoundthatyieldsastructure–preserving scheme.

Proposition 10 Supposethat thefirst integral
�  � #�� is conservedto order t |6� by theapproxi-

mateflow _P Q '1� < ^ ) , where_P Q '1� <Ê:¤)  � o djf '1k�'1� < G )Ñ9 G ~¤Ì�� :¤)!� � for
: >m � , (7.4)

for all �F ^
in a compactset

^�� �
. If themapsb � ' :g)  � �t Ä V ~V G ~ â ' �t� _P Q ) '1� < ^ ) 'S^ <Ê:g)¹×××× Q Ã W (7.5)

map m � onto � , then there exists � \/^ and an isotropy-valuedmap
è  ^ i ' | � < � ) # m withè '1� < G ) >m � and� 'Þ_P8Q '1� <Aè '1� < G )5)5)2�p� '1� ) for all '1� < G )  ^ i ' | � < � ) X (7.6)

Proof: Thelinearizationcondition(7.3)on o dgf impliesthato djf '1Ggkl'1� < G )Ñ9 G ~¤Ì�� :¤)!� � | o dgf '1Ggkl'1� < G )5)8� � ��� '1G ~ )
for all

: >m � . Hence� 'Þ_P8Q '1� <Ê:g)5)3|x� '1� )O� ' � 'Þ_P8Q '1� <Ê:¤)5)3|�� 'Þ_P8Q '1� < ^ )5)5)8| ' � 'Þ_P7Q '1� < ^ )5)7|x� '1� )5)7��� '1G ~ )
and the Mather Division Theoremimplies the existenceof smoothmaps ��v�  �m �§i ' |.ê¸<Êê±) # �
satisfying � ' _P Q '1� <Ê:g)5)3|x� '1� )8� G ~ ��v� ' :�< G ) andhence

â ��!� 'S^ < ^ ) ' :l< ^ )2� b � ' :g) (7.7)

for every �F ^
and

: >m � .
Thenondegeneracy hypothesis(7.5)on b � impliesthat thereexistsa subspace� � � m � suchthatb �[	 �;� is anisomorphism.It follows from (7.7)thatfor each�F ^

wecanapplytheImplicit Function
Theoremto the restrictionof �� � to � � i ' |.ê¸<Êê±) , finding � � \É^ anda map

è �  Ó' | � � < � � ) # � �
suchthat

� ' _P Q '1� <Aèl� '1G )5)5)]��� '1� ) . Taking �  � zLx k �j� D � � andsetting
è '1� < G )  �
è�� '1G ) yields

theresult.
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Corollary 11 If there existsa compactset

^�� �
on which. o dgf '1G �l)a� � |Ybedjf '1G ��)a� � ��� '1GÕ� ) for all

� >m. themap _P Q givenby (7.4)satisfieskl'1� < ^ )2� ^ and
� 'Þ_P Q '1� < ^ )5)7|x� '1� )7��� '1G ~ ). themaps

: æ# â�� '1� ) �[' � k � '1� )=<Ê: � ) '1� ) , where k � '1� )  � ¦¦ Q kl'1� < G )¸	 Q Ã W , map m � onto �
for all �F ^

, thentheconclusionsof Proposition10 hold.

Proof: TheBaker–Campbell–Hausdorff formulaimpliesthatbedgf '1G �l)a� � �cbedjf '1G ��)¤bedjf '1G ~ÅÌ�� :g)!� � �cbedjf Ø G �]9 G ~¤Ì�� :.9 G ~� � � <Ê: � 9c� '1G ~��!� )ÕÙË� � <
andhence bedgf '1G �]9 G ~ÅÌ�� :¤)!� � �Mbedgf Ø G �s| G ~� � � <Ê: � ÙË� � 9M� '1G ~·�!� )
for all

� Dm and
: >m � . TheMatherDivisionTheoremandthehypothesiskl' �ò< ^ )Æ� ^ imply thatthere

exist
ê \�^ anda smoothmap �k  ^ i ' |ãê¸<Êê=) # m suchthat kl'1� < G )4� G��kl'1� < G ) for all �C ^

andGHN' |.ê¸<Êê±) . Thus,usingourhypothesisthat o djf is at leastasecondorderapproximationto
bedjf

, wesee
that_P8Q '1� <Ê:g)3| _P8Q '1� < ^ )7�cbedjf '1G �kl'1� < G )Ñ9 G ~¤Ì�� :¤)!� � |Ybedjf '1G �kl'1� < G )5)a� � 9M� '1G ~��!� )�cbedjf Ø G �kl'1� < G )3| G ~� � �kl'1� < G )=<Ê: � Ù � � |Ybedgf '1G �kl'1� < G )5)a� � 9J� '1G ~��!� ) X
Therefore,b � ' :¤)7� �t Ä V ~V G ~ â ' �t� _P Q ) '1� < ^ ) 'S^ <Ê:¤)¹×××× Q Ã W� �t Ä V ~V G ~ VV ê � Ø bedjf Ø G �kl'1� < G )8| G ~� � �kl'1� < G )=<Êê÷: � ÙJ� � 9J� '1G ~��!� )ÕÙp×××× � Ã W ×××× Q Ã W��| �� â�� '1� ) � � � �kl'1� < ^ )=<Ê: � � '1� )
mapsm � onto � .

Remark: Given
u �� � , set

���  � � � u
, i.e.

��� '1� )�� u¬�0� '1� ) for all �ý � . Let
:  j� � � #�m �

denotethemomentummapassociatedto thelifted actionof � on
�

, i.e.
: ' Ç � )8�I�$�ÉÇ � � �3' �l) '1� ) .

Then u(�Óâ9� '1� ) �s' � k � '1� )=<Ê: � ) '1� )8�¡: ' �'��� '1� )5)3� � k � '1� )=<Ê: � � � i � �¢R£ ® � ° : ' ����� '1� )5) � �Ó:
for all �ý � ,

:  m , and
u x� � . Thus b �� up��| �� ad

�¢�£ ® � ° : ' ���¤� '1� )5) andthe“ontoness”condition
in Corollary11 is equivalentto theconditionthat�

ad
�¢ £ ® � ° : ' ����� '1� )5) � ××× ¥ � «� ^
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for any nonzero
u ¦� � .

The condition (7.6) forms a systemof equationsfor the isotropy corrections
è '1� < G ) that exactly

preserve thefirst integral. Using(7.7),we canrewrite thissystemas��v� ' :�< G )7� ^ for
:]��è '1� < G ) X

In somesituations,it maynot be costeffective to solve this nonlinearequation.In suchcases,we can
replacetheequationwith its linearizationb � ' :¤)v9 ��v� 'S^ < ^ )O� ^
at G � ^ . If thereexists � � �0m � suchthat b �s	 � � is anisomorphism,thenè '1� )7��| '�b �[	 �§�H) Ì�� �� '1� < ^ < ^ )
determinesanupdate� æ# �P Q '1� <Aè '1� )5) thatpreserves

�
to order t .

The ‘improved’ algorithmsof the free rigid body equationsgiven in E 4 canbe regardedasimple-
mentationsof thisapproach,giventhattheenergy level setscoincidewith theorbitsof thesystem.(The
only exceptionarisesin thecaseof anaxisymmetricbody, for which the‘equator’consistsof acircle of
equilibria;however, all of thealgorithmspresentedin E 4 exactly capturetheequilibria.)

8 Discussion.

In this paper, we have shown how to improve geometricintegrationalgorithmsthroughtheapplication
of isotropy subgroups.While the additionof isotropy termsdoesnot affect the original dynamics,it
canhave nontrivial effectson the numericalapproximationalgorithms. We have seenthat, undercer-
tain nondegeneracy hypotheses,theorderof analgorithmcanbeincreased,andconservative properties
maintainedby an isotropy modificationof thenäıve versionof theoriginal algorithm. In this introduc-
tory treatment,our resultshave beenillustratedby algorithmson thesphere,particularlyalgorithmsfor
reducedrigid body dynamicsof interestin geometricmechanics.More substantialapplicationsin mi-
cromagneticscanbe found in [24]. While theexamplestreatedso far indicatethedesirabilityof such
isotropy-enhancedgeometricalgorithms,thefinal verdicton thesignificanceof our resultsin practical
applicationsmustawait moresubstantialtestingon complicated“real-world” problems.

Severalfurtherpointsaresuggestedby our results.. If isotropy is usedto improve a stablealgorithm,will theresultingalgorithmalsobestable?For
instance,cananorder t |6� implicit methodbecombinedwith anexplicit improvementto yield a
stableorder t method?. If thegroupdoesnot act transitively, the isotropy subalgebrasmaybenon-conjugateandevenof
varying dimension. In suchsituations,it may not be possibleto satisfyany conditionto higher
orderthanthatof theoriginal algorithmon theentiremanifold,but conditionssuchasthosede-
scribedabove canbe usedto determinea uniquechoiceof generatorat points with additional
isotropy. For example,if thereis a submanifold

ú
of
�

suchthatdim m � \É^ for �  ú and
dim m ��� ^ for �¼ � } ú , thentheconstructionsdescribedabove canbeusedto specifythe
map - on

ú
. Thesmoothnessof suchamodified - is not clear.
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. Canthe conservative andsymmetry-preservingpropertiesof the algorithmsbe further improved
by applicationof themoving framebasednumericalapproximationsintroducedin [34]?
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