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Abstract

Givenan ordinarydifferentialequationon a homogeneoumanifold, onecanconstructa “geo-
metric integrator” by determininga compatibleordinarydifferentialequationon the associated.ie
group,usinga Lie groupintegrationschemeo constructa discretetime approximatiorof the solu-
tion curvesin the group,andthenmappingthe discretetrajectoriesonto the homogeneoumanifold
usingthe groupaction. If the pointsof the manifold have continuoussotropy, a vectorfield on the
manifold determinesa continuousfamily of vectorfields on the group, typically with distinct dis-
cretizationslIf sufficientisotropy is presentanappropriatechoiceof vectorfield canyield improved
captureof key featuref the original system.In particular if thealgebraof thegroupis “full”’, then
the orderof accurag of orbit capture(i.e. approximatiorof trajectoriesmodulotime reparametriz-
ation)within a specifiedfamily of integrationschemeganbeincreasedy anappropriatechoiceof
isotropy elementWe illustratethe approactdevelopedherewith comparison®f severalintegration
schemedor thereducedigid bodyequation®nthesphere.

1 Intr oduction.

Geometricintegrationtechniquesiave becomeincreasinglypopularin the modernapproachto numer
ical analysis. In the broadsense,"geometricintegration” refersto numericalsolution techniquedor
differential equationghat presere inherentgeometricstructures. Geometricintegratorsinclude sym-
plecticand multisymplecticintegratorsthat presere the Hamiltonianor Poissonstructure [10, 12, 21,
35, 46, 9, 45, 2, 3, 29, 6], variationalintegratorsthat utilize the variationalcharacteof Lagrangiarand
canonicalHamiltoniansystems|4, 5, 31, 29|, conserative integratorsthat presere first integrals or
conserationlaws,[19, 20, 27, 42, 38, 39, 40, 25, 1], andsymmetricintegratorsthatpresere symmetries
of thesystem[7, 11, 17, 36]. A geometridntegratorwill tracksolutionsovershorttimeintenalsaswell
asa standardschemeof the sameorder e.g.a Runge—Kittaalgorithm,while the extra expenserequired
to constructandimplementit will oftenberewardedby significantlybetterperformanceén capturingthe
longtermbehaior andpreservinggeometrigpropertiesof the solutions.

In the more narrav sense,‘geometricintegration” refersto a family of Lie group integratorsfor
ordinary differential equationsand discretizationsof partial differential equations. The rotationgroup
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playsacrucialrole in mary formulationsof elasticityandplasticityandtheadwantage®f exactrotations
in numericalsimulationsof suchmaterials,implementedvia eitherthe Rodriguezformula for the true
exponentialor the Cayley transform,have beenamply demonstrated41, 42, 40, 37]. Discretizations
of specificdynamicalsystemson Lie groupsthat presere not only the group structure but additional
geometricstructureshave beenusedn thestudyof integrablesystemssee g.g. MoserandVeselw [31],
Lewis and Simo [25], and McLaughlin and Scovel [28], for schemegreservingthe group structure,
the symplecticstructure,andall point invariantsof the generalizedigid body Geometricintegration
schemedor generalLie groupsandtheir associatedundleshave beendevelopedby Lewis and Simo
[25, 26] andMunthe-Kaas|serles,Ngrsettandtheir collaborators[32, 15]. In particular Munthe-Kaas
[32] extendedthe classicalRunge-Kutta algorithmsto arbitrary Lie groups,creatinga large, versatile
family of geometricintegrators. In generalif aLie groupG actsfreely andtransitively on a manifold
M, thena differentialequationon M uniquelydetermines differentialequationon GG. Thus,replacing
the original differentialequationon M by the equivalentdifferentialequationon G allows oneto apply
anappropriatd.ie groupintegrators.Theadwantage®f this approactover traditionalintegrators,e.g.,a
Runge—Kittaschemearediscussedt lengthin the previously citedreferences.

If theactionis transitive, but somepointshave continuoussotropy, thenthis constructioris nolonger
unigue— agivenflow on M will correspondo continuougamiliesof flows onthe Lie groupG. The
purposeof this paperis to exploit this nonuniquenesm the designof geometricintegration schemes
that capturekey featuresof the true dynamicalsystemmore accuratelythanotheralgorithmswithin a
givenclass.We alsoshav how to useisotropy to maintainthe validity of conseration laws duringthe
numericalapproximationprocedure.We illustrate our approachusingflows on spheressuchasthose
arisingin rigid body mechanicandmicromagneticg24]. We have extensvely testedseseralgeometric
integratorsof variousordersfor thereducedreerigid bodyequation®nthesphere Furtherapplications
will bediscusseelsavhere.

Our approachis reminiscentof the methodsof Krupa, [18], who, in the compactgroup setting,
appliedan equiariant splitting of the dynamicsinto tangentialand normal (isotropy) componentgo
analyzestability and bifurcationsof equilibria. The emphasison isotropy and the utilization of ary
availablefreedomin generatoselections motivatedin partby thefirst authors stability andbifurcation
analysef symmetricrelative equilibria, [22, 23]. Our methodswere originally inspiredby the new
equvariant approachto moving framesdevelopedby the secondauthorand Mark Fels, [13, 33]. In
futurework, weintendto applythe moving frame-baseéhvariantnumericalalgorithmsproposedn [34]
to the systemsunderconsiderationn this paper

2 The BasicFramework.

Let G bealLie groupactingtransitvely onamanifold M andlet g denotdits Lie algebraof right-invariant
vectorfieldson G. For simplicity, we shallassuméhat M is anembeddedubmanifoldof avectorspace
V. Thetangentspacel' M |,,, ateachm € M is thenidentifiedwith asubspacef V. Givenm € M, let
Gm = {g-m =m} C G denotetheisotrory subgroupof m € M andg,, C g its Lie subalgebraln
applications(F actsintransitively ontheentirevectorspaceand M is aregulargrouporbit.

Lety:g — X denotethe associated.ie algebranomomorphisrh from the Lie algebraof G to the
spaceof vectorfieldsX = X(M) on M. By transitvity, givenavectorfield X € X, we canconstructa
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mapi: M — g suchthat X (m) = y(1(m))(m). Themap+ is only prescribedip to isotrogy. In other
words,

X(m) = y($(m) + ¢(m))(m), (2.1)

for ary map(: M — g satisfying{(m) € g,, forallm € M.
A time-dependentectorfield on M is definedasasmoothmapX: I — X from anintenal I C R
to the spaceof vectorfields. Accordingto (2.1),ateachm € M andt € I, we canwrite

X(m’ t) = ’Y(Q/}(m’ t) + C(m’ t))(m)’ (2.2)

wherey(m,t) € g, while {(m,t) € g, for all m € M andt € I. We considerthe associatechon-
autonomouslow m(t) = F 4, (m) definedasthesolutionto theinitial valueproblem
‘il—’;”” ~ X(m, 1), mito) = m.

Since X (m, t) is everywheretangentto M, theflow F; ;,(m) € M remainsin M atall times(where
defined),andour numericalapproximationshouldreproducehis propertyasaccuratelyaspossible.

Let At > 0 denotethe stepsizefor the numericalalgorithm,which may be fixed or variable. Our
goalis to numericallyapproximatethe time-dependentiow J; ;, atthe subsequentime ¢ = ¢, + At
by a mapgrm,toz M — M. The numericalalgorithmwill thenapproximatethe flow by iteratingthis
proceduré overthedesiredimeintenal. In accordancevith standargroceduresye shallonly analyze
thelocal truncationerror of the algorithmdueto oneiteration. Thus,withoutlossof generalitywe may
take theinitial time ¢y = 0 from now on, andwrite

:Ft(m) = :Ft,O(m) = exp(X(m,t)) -m, mc M7 (23)

for thetime-dependeritow, andgfm = C:"At,o for its numericalapproximation We shallfurtherassume

that the algorithm f;"At is obtainedby evaluatinga smoothtime—dependenmap§"t: M — M attime
t = At. In our analysis,we shallignorethe machine-dependemtffects of numericalapproximation,
e.g.,round-of error andassumedhatwe canexactly computethe algorithmicflow to a specifiedorder
of truncation.

By transitvity of thegroupaction,we canwrite our algorithmin theform

§t(m) = g(ma t) s m, (24)

whereg: M x I — @ definesa time-dependentnap from the manifold to the group. Assumingthat
g(m, ) is suficiently neartheidentity, we canregard

g(m7 t) = exp(é-(ma t))
asarisingfrom exponentiatiorof a Lie algebra-aluedmapé : M x I — g, andthus

Fi(m) = exp(£(m, 1)) - m. (2.5)

2For simplicity, we restrictour attentionto singlestepalgorithms.




Appropriatemapst canbedeterminedisingstandardamiliesof algorithms(e.g. Runge—Kittamethods)
with correctionterms,if neededconstructedisingthe Lie braclet of the algebrag, as,for example,in
[32].

In somesituations,it is usefulto generalizethis frameavork by replacingexp with someform of
“algorithmic exponential’Exp: g — G. Oneimportantexampleis the Cayley transformfor the orthog-
onal O(n) andsymplecticSp(n) Lie groups,[44]. See[41, 42, 25, 26, 16] andthe referencesherein
for discussion®f algorithmicexponentialsjncludingapplicationsof the Cayley transformto geometric
integration. Thecomputationsn all casesaresimilar, andthereademwill notlosemuchby assumingall
exponentialsareof standardypein this paper

As we shallsee modificationof the Lie algebraelementusedin the updatej.e. replacing(2.5) by

Fi(m) = Exp(&(m, t) + ((m, 1)) - m, (2.6)

wheretheisotropy “improvement”{(m,t) € g, for allm € M andall ¢ € I, canchangehequalitatve
featuresof the algorithmictrajectoriesg.g. alteringthe apparenstability propertiesof equilibriaor the
conseration properties. Furthermorejn the presenceof sufficient isotropy, givené, it is possibleto
designamap( suchthattheassociatedlgorithmicupdate(2.6) captureghetrajectorieof the systento
ahigherorderthanis capturedy theupdatedeterminedy theoriginal algorithm(2.5). In whatfollows,
we shallconsidefamiliesof algorithmsin which thebasicinfinitesimalupdate’¢ is determinedy some
“standard’algorithmandspecifiedchoiceof 1, while theisotropy improvementterm( is specifiedasa
functionof £ andm.

Our primary goal is to exploit the ambiguityin the isotroy component®f the generatorandthe
infinitesimal updateto increasethe order of accurag of a given algorithm. Therefore,we begin by
formally definingthe orderof an approximationbasedon the approximateand exact mapshaving the
sameTaylor expansionto ordern.

Definition 1 Let F,,F: M — M besmoothtime-dependenmapswith Fo(m) = m = Fo(m). We
shallsaythatF;(m) is anorder n approximationof F;(m) atm € M if

lim Fi(m) — Fy(m)

t—0 n =0, ie. §:t(m) _ gt(m) — O(thrl)_

We shallsaythatF, is anorder n appioximationof , if f}t(m) is anordern approximationof F;(m)
forallm € M.

3 Algorithms on the Sphere.

As awarm-upto a generaltheory we first treatthe “simplest” case— the standardinear actionof the
rotationgroupG = SO(3) onR3. Theorbitsarespheresand,without lossof generalitywe concentrate
ontheunit sphereM = S? = {||m| =1} C R3. We notethattheisotropy subgroupG,, ~ SO(2)
for eachin € S? consistf the rotationsaroundthe axisthroughm.

To keepthe presentatiorsimple,we consideranautonomousectorfield X on S? with flow F;. Let
w: §? — R3 denotethe uniqguemapsatisfying

X(m) = w(m) xm and (w(m),m) =10 for all m € S2.

4



Herewe are makingthe usualidentificationof R? ~ so(3) with the Lie algebraof the rotationgroup.
We expandtheflow of X in apower series

Fi(m) =m+tw xm-l—%[wx (wxm)+wxm]
3 2 . . . 4 (31)
+ & [(—wfw+wxw+d) xm+ 3w x (wxm)]+ 0.
Herew = %w andw = j.—itw representhetime derivativesof thevectoralongthe flow. We assumehat
we arenotat anequilibriumpoint,andso

v = |lw(m) || # 0.
To facilitatethe analysiswe introducethe orthonormabasis{m, w /v, m x w/v} andwrite

, dJ X
(J):%w:ajerbj%Jrcjwvm, i=0,1,2,....
Since(w(m), m) = 0, we have ¢y = a; = 0; in addition,by = v andc¢y = 0. With respecto our

orthonormabasis the expansion(3.1) hastheform

1 0 t2 —’1)2 t3 -3 bl’U
Fum)= (0] +t{ 0 |+5| e |+ 5l . + O(t4). (3.2)
0 —v —b1 ’U3 — b2

Ontheotherhand,analgorithmicupdateof theform

Fi(m) — expl€(m,0) -m,  where  E(m,t) =" b &(m),

7j=1
hasthe Taylor expansion
Fi(m) = m+1& x m+5[& x (& x m) + & xm]
+ L& Pa+ 36 x &+ &) xm+3& x (& xm)] + O(th).

(The first two termsin this expressionare the samefor both the matrix exponentialand the Cayley
transform but differencesappeaiat higherorders.)Note thaté(m) neednotbetangento M. We write
the expansion(3.3) in termsof the basisusedabove, setting

(3.3)

w w Xm .
G=agm+ B4y, =12, [§]P=af+8 4+

Then(3.3)takestheform

. 1 0 o [P
Fem)={0 ]| +t| m |+ 0l a1 + e
0 —p1 ary — B2 (3.4)

3 =3 (B1P2 + 7172)
+tel m- €17 + 3(e1fe + Braz) | +0O(tY).
—Bs + | €1 ]1281 + 3 (c1y2 + 1a2)

- . . — F -F
Examiningthetermsin thedlscretlzatlorerrorM

IS

in order we concludethatthealgorithm



a) consistentf andonly if 1 = v andy; = 0,
b) secondbrderaccuratéf andonly if, in addition,8; = b; andys = ¢; — ayv,
c¢) third orderaccurateaf andonly if, in addition,

,83:[)2-*—%06%’0—*—%61061, ’)'3202—%((121)+a1b1)-

In generaljt canbeseernthatthemethodis ordern accuratef andonly if it is ordern — 1 accurateand,
in addition,then—th ordercoeficientssatisfyequationf theform

187'), = bn—l + Bn(&l, e ’6n_2;18n—157’n,—1;w, . ’w(an) )’
Yo = o1 — Ban_1B1 + Cul(&1, - &2 Bty Yn-1;w, ..., w772,

for somefunctions B,,, C,, thatdependuponthe earliertermsin the expansion.Note thatthe isotropy
coeficients o; remainasfree parametersn the matchingof the two flows — althoughtheir valuesdo
affect the higherordercoeficientsin the expansion.In particular it follows thatif 8; # 0, thena,_;
canbechosersoasto guarante¢hatthe methodis ordern accurate.

In mary situationsoneis primarily interestedn capturingthe orbits, ratherthanactualtrajectories.
In otherwords, it may be suficient to accuratelydescribewherepointsin the phasespacego, but not
how long it takesthemto getthere.This freedompermitsusto replacethetrue flow F; with aflow with
respecto somereparametrization = 7(m,t) of the time. Both lows will have the sameorbits, but
move alongthemat differentspeedsilf analgorithmf;’t is anordern — 1 approximatiorof thetrueflow
F;, thenCorollary 4 stateghatthe normalcomponenbf theapproximationis accuratdo ordern. If the

reparametrizatiohastheform
(m)

— n—1
T(m,t) =t + o
for somefunctiong: M — R, then
dr
i [Frmp(m) =Fum)]| = 0(m)X (m)
t=0

Thusanappropriatechoiceof 8 canbe usedto eliminatethe errorin the directionof X (m). It follows
thatanordern — 1 approximatiorto theflow F; yieldsordern approximationgo theorbitsof F, if and
only if then—th ordererroris parallelto X (m) = m x w(m), i.e. if then—thordererrorin thedirection
of w(m) is zero.

Using the expansiong3.2) and (3.3), we seethat a consistentalgorithmof the form (2.6) captures
orbitsto secondrderif

=327 ;72, (3.5)

while aseconddrderaccuratealgorithmcapturesorbitsto third orderif

b

g = % (;(02 —73) — ;(Cl — ’Yz)) : (3.6)

For the forward Euler method¢™(m, t) = tw(m); hence¢; = w(m) and¢; = 0, 7 > 1. In thiscase,
(3.5)impliesthata; = ¢1 /v yieldsaschemehatcapturerbitsto secondrder For thebackwardEuler

6



method¢BEY (m, t) = t w(Fy(m)); it follows thaté; = w andé, = 2. Hencein this casen; = —¢; /v
yieldssecondorderorbit capture For the Heun,i.e. secondrderRunge—Kitta, method with
2 t3

ERK2 () = %(w + w(Bxp(tw) - m)) = tw+ To+ = (& — Du(m)(@ x m));

hencet; = w, & = &, and&s = 3(& — Dw(m)(w x m)). Sincey, = ¢1, (3.6)impliesthatsetting

wr= (e =) = o (023 (2= L (Dutm)@ xm)m xw)) )
1

= ;<%Dw(m)(w X m) — %d),m X w>
yieldsanalgorithmwith third orderorbit capture(but only secondorderoverall accurag).

Theconstructiordescribechbore canbederived in a particularlysimpleandgeometricallyintuitive
mannerfor the forward Euler method. If we assumethat the algorithmic exponentialis given by a
rescalingof the matrix exponential(e.g. by the Caylgy transform)andimposethe restrictionthat the
isotropy correctiontermbelinearin ¢, thenthe update

m  —  F7(m) = exp(r(t,m) (w(m) + o(m)m))

is arigid rotationaboutanaxisdependingnly onm. Hencethe curve
To(m,e) = { F7(m): |t <e |

is a sggmentof a circle in S2. This sggmentwill be the bestcircular approximationat m to the true
orbit sgmentO(m, ) = { F(m) : |t| < € } atm if andonly if thegeodesicunaturesof I',(m, €) and
O(m, €) agreeatm. A straightforvard calculationshavs thatthesecunaturesagreeif andonly if

a(m) = ai(m) := kg(m) || X (m)]], 3.7)

where
(3.8)

denoteghe geodesicunatureof the orbit O(m, €) atm. Equation(3.8) follows immediatelyfrom the
generaformula
kg(m) = <a”(s),N(a(3)) x o (s) > (3.9)

for the geodesiccunatureof a unit speedcurve a(s) on a surfacewith unit normal N (m), usingthe
factthat N(m) = m/|| m | onaspherecenteredattheorigin. If O(m, ¢) is itself a sgmentof acircle,
thenT',, (m, €) = O(m, €). Henceary torsion—freeorbits, e.g.the separatricesf thereducedigid body
equationsarecapturedexactly by this versionof theforward Eulermethod.Notethatthe choices = 0,
correspondingo usingthe generatoorthogonato m, yields segmentsof greatcircles.

To comparethe orbit captureconditionsderived by this geometricargumentto thoseobtainedusing
seriesexpansionsye usetheidentities

m=wxm and Mm=wxm+wx(wxm),

7



the orthogonalitycondition(w, m ) = 0, andthe hypothesighat||m|| = 1 to expresss;(m) in theform

01(m) = ky(m) | X ()| = LX) -l

Thusthe conditiona; = ¢; /v for secondbrderorbit capturein the forward Euler methodis identicalto
the conditiona; = oi(m), while the analogousconditionfor the implicit Euler methodtakesthe form
oy = —oi(m). N

For higherordermethodsthe axisof rotationusedin theupdatemapdy is typically time-dependent
andhencethe correspondinglgorithmictrajectorysegmenttypically is not circular (i.e. it hasnonzero
torsion). Hencethe simple geometricagumentusedabove cannotbe applied. However, the stratgy
of cunature—matchinganstill be used. Sincea smoothcurve on a two dimensionamanifoldin R? is
determinedip to atime reparametrizatioby its geodesicunature,we candeterminethe conditionson
thecoeficientse;, 3;, v; imposedby therestrictionthatthe cunvatureof 5 (m) matchthe curvatureof
F:(m) to someorder

Lemma?2 Let X beaneverywhee nonzeo vectorfield ona surfaceS C R3. LetF, denotethe flow of
X, andsupposéhat F; is an order n — 1 approximationto F; for somen > 2. Then,J; captuesthe
orbit of m underJ; to order n if andonly if the geodesiccurvatue of the orbit of m underJ; agrees
with the geodesiccurvatuee of thetrue orbit of m to ordern — 2.

Proof: Let N: S — R?® denotethe normalvectorfield on S andlet a(s) denotea parametrizatiorf the
trueorbit throughm by arclength.If we let

Ry B ey B
Film) =Y i mU and  ky(Fi(m) =D i k)
j=0"" j=0""

denotethe seriesexpansionf the flow throughm andthe geodesiccurvature(3.9) of the orbit at m,
then _
) — (mUt?), N(m) x X(m))
7 [1X (m)][?

+ pj (m,m, ... ,m(j'H))

for somefunction p;. An entirely analogougelation holds for the coeficients m) and Ef,j) for the
trajectoryof F, throughm. Thusif F; is anordern — 1 approximatiorof ¥, andhencemn?) = m{) for
j=0,...,n—1,thenk) =k forj =0,...,n— 3 and

(n-2) _ p(n-2) _ (m™ —m N(m) x X(m))

k -
! ! |1 X (m)]?

(3.10)

Thusthegeodesia:ur\aturel}g(s) of theapproximateorbit agreeswith the geodesicunaturek,(s)
of thetrueorbit to ordern — 2 if andonly if thealgorithmcapturego ordern the componenbf the orbit
orthogonalo boththe normalfield N andthevelocity field X, i.e. if andonly if it captureghe orbit to
ordern. |



4 The ReducedFreeRigid Body Equations.

We continueto considerthe particularcaseof the rotationgroupG = SO(3) actingon the unit sphere
M = S?. WeregardS? asacoadjointorbit andusethe symplecticstructure
Q(m)(§ x m,n xm) =—(m,{ xn)

inducedby the Lie—Poissorstructureonso(3)* ~ R3. LetT beapositive definitesymmetricmatrix. The
Hamiltonianfunction
H(m)=%(m,1 'm). (4.1)

generateshevectorfield
X(m)=mxT"'m (4.2)

correspondingo the symplecticreductionof thefreerigid bodyequationon 7*SO(3).
Euler’s methodfor (4.2)is basedon thefamily of maps

F7(m) = Bxp(t(—PyI~'m + o(m,t) m)) - m,

whereP;; denoterthogonabprojectionontothetangenspaceof M = S2. Thescalarfunctiono: S? x
R — R is arbitrary andreflectstheisotropy ambiguityin theflow. Formula(4.2) impliesthat
(m,m xm) = <X(m) x I 'm +m x ]I_IX(m),m X X(m)>
= (X(m), 17X (m) ) = (m,I"'m ) || X (m)]?,

andso(3.7)yields

m _{i,mxm)  (X(m),I7'X(m)) e
am) =T T wep ol (4.3)

Notethatif I; < I, < I3 aretheeigewvaluesof of theinertiatensorl, then

for allm € S2.

Thereducedreerigid bodyis a conserative systemon a two dimensionamanifold;in the caseof
atriaxial body whentheeigewaluesl; < I, < I3 aredistinct,the level setsof the Hamiltonian(4.1)
exactly determingheorbitsof the system.Thusin this situationit is possibleto specifyorbit—preserving
schemesvithoutdirectreferencdo theexactflow; it suficesto requirethatthe schemepresere thetotal
enegy to the desiredorder If Exp is at leasta secondorderapproximationto the matrix exponential
(e.g.if Exp is the Caylgy transform) thenthealgorithmicflow satisfies

F7(m) =m+1t X (m) + Smy + O),

where
my = (I"'m + (0 — 2 H(m)),m) x X(m),



andhence
H(F7(m)) — H(m) = 5(F7(m)—m, [7}(F](m)+m))
= t <X(m) + %mg,]l_lm—i— %X(m) + %mg > + O(t%)
= S ((X(m),17'X(m)) + (0 — 2H(m)) || X (m)|]*) + O(£*).
If m is anequilibrium,thenFy (m) = m for ary o, while if X (m) # 0, then
H(FY (m)) — H(m) = L (0 — oi(m))[| X (m)||* + O(£*).

Thusin this situationwe canderie the optimality of o; working directly from the enegy constraint.

Figurel: Sampletrajectoriesccomputedover theintenal [0, 200] usingthetime stepAt = 0.1 and,left
toright, &&, ¢85!, and¢f™!. Theupperrow is computedusingtheinertiatensorof atriaxial rigid body
while the lower row is computedor anaxisymmetricarigid body

Asthenumericakresultsgivenbelon demonstratajseof theisotropy corrections; yieldsanefficient,
accurateversionof the forward Euler schemefor the reducedfreerigid body While the schemeonly
capturerbits (andhencethe enegy) to secondorderfor asymmetridoodies,the leadingconstantsare
guitesmall,yielding very goodapproximationgvenfor very largetime steps.
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Figure2: Maximumenegy errorover thetrajectorieggivenin figure 1, with time stepAt = .1.

Eul Eul g_Eul

n o] 1
Triaxial 6.371072 | 2.231072 | 4.60 1076
Axisymmetric | 2.46 107! | 1.46 10! | 7.38 10~

We testedthe forward Euler methodusingthreechoicesof o

1. op(m) =2H(m) = (m,I"'m ), correspondingo the ‘basic’ generatotv,(m) = I~m;

2. 0, = 0, correspondingo the orthogonalgeneratoty(m) = Py I~ m;

3. oi givenby thegeodesicunatureimprovement(4.3) of w, yielding seconcbrderorbit capture.

Triaxial Axisymmetric
At £Eul gul §iEul £Eu1 (];]ul fiEUI
10 | 9.041072 | 1.81 1072 | 4.56 10~3 | 3.09 10~3 | 3.70 10~2 | 0.00
1 8531072 |8.541073 | 3.68107° | 1.551073 | 6.17 10~ | 0.00
1 [9.061073 | 1.441073 | 3.551077 | 2.3310~* | 6.31 1075 | 0.00
01]7.09107% | 1.62107* | 3.57107° | 2.43107° | 6.321075 | 0.00

Figure 3: Averageenepy errorsover ten samplerunswith randomlygeneratednitial conditionsand
inertiatensorsusingversionsof theforward Eulermethodandintegratedover theintenal [0, 100].

As notedabore, the separatrixis exactly capturedif the infinitesimal updatestZ®! or 2!, which
coincideon the separatrixareused.On the otherhand,whenthe ‘basic’ infinitesimalupdate&{f111 was
usedto integrateten sampletrajectorieswith initial conditionsat randompointson the separatricesf
rigid bodieswith randomlygeneratednertiatensorsthe averageerrorsover the integrationintenal [0,
500] were:9.72 1072 for At = 1, 3.89 1072 for At = .1, and1.94 103 for At = .01. In table3 we
give somedatageneratedisingthesechoicesof updatedor ten randomlygeneratednitial conditions
andinertiatensors.We provide the errorsin the enegy for time stepsAt = 10, 1, .1, and.01. Finally,
we consideran axisymmetricrigid body with two randomlygeneratecigewvalues;recall thatin this
situationthe choicegiE“l, combinedwith the useof the true exponentialasthe algorithmicexponential,
yieldsthe exactsolution.

If therigid body is axisymmetric,thenall true trajectoriesconsisteitherof equilibria (the ‘poles’
andthe ‘equator’) or of steadyrotationsaboutthe axis of symmetry In this situationthe forward Euler
methodwith the infinitesimal update¢®"! associatedo secondorder orbit approximationyields the
true trajectorieswhenthe true exponentialmapis usedasExp. If the Cayley transformis usedasthe
algorithmicexponential thenthe orbits are capturedexactly, but the algorithmictrajectoriediffer from
thetrue trajectoriesby a time reparametrizationNote thatthe basicgeneratofgul andthe orthogonal
generatot=! yield only first orderorbit approximationgvenin the axisymmetriccase.

We usedfour differentsecondorderupdatescorrespondingdo four differentversionsof the Heun
method:
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RK2 RK2 RK2 RK2
At &y ‘ o ‘ ib ‘ io

Triaxial
10 | 7421072 | 1.221072 | 6.111072 | 4.99 1072
1| 4361073 | 1.0610~* | 9.6110~* | 5.6710 "
A 5031076 | 1.101077 | 1.11107® | 2.14 10711
.01 | 5.01107° | 1.1010719 | 2.94 10713 | 9.07 1013
Axisymmetric
10| 2701073 | 4.86107* | 6.341073 | 1.831073
6.991075 | 8591077 | 4.07107% | 2.44107°
A1 | 7501078 | 8.6410710 | 4.28 10711 | 2.72 10714
.01 | 7.5010° | 8.78 10713 0.00 3.81 10714

Figure4: Averagemaximumenegy errorsover tensamplerunswith randomlygeneratednitial condi-
tionsandinertiatensorsjntegratedover theinterval [0, 100] usingversionsof the Heunmethod.

e ThestandardHeuninfinitesimalupdatewith the‘basic’ generator:
E52 = L (wp(m) — wp(cay(wp(m)) - m))
e ThestandardHeuninfinitesimalupdatewith theorthogonalgenerator:

RK2 — L(4y(m) — w(cay(w(m)) - m))

o -2
e Theimproved Heuninfinitesimalupdatewith the basicgenerator:

BE2(m, At) := ER82(m, At) + AL oy (m) m

where )
uj 1 = (mpmy)

aib(m) = <Jd u), with J]n L= —Ij(Ik —}—Ig)(Ik — Ig)2
, U
J = 4L LI (I — Ip)?

for ary cyclic permutation(j, k, £) of (1,2, 3).

e The improved Heun infinitesimal updatewith the orthogonalgenerator:£252, where ¢f%? is
replacedby £2K2 anday, replacedby anappropriatefunctiono;,. (Thefunctionas, is arational
functionin m andthe component®f theinertiatensoy but is significantlymorecomplicatedhan

Tib-)

As table4 shaws, theinfinitesimalupdateg**? and¢f*? yield algorithmsthat presere theenegy
to third orderin thetime step.Hencetheisotropy improvementfunctionses;, ande;, arescaledoy At3,
to yield a maodificationof the update and hencethe enepgy error, at fourth order More generally ary

12



choiceof generatotwgen (m) = w(m) + o(m)m for somescalarfunction o satisfying(X - V)o = 0

determines Heuninfinitesimalupdatet v satisfying
H(cay(¢K? (m, At)) — H(m) = O(AtY).

(Thenormalcomponent®f wy, andw areconstanpntheorbitsof therigid bodyflow.) Thefunctionoyy,
(respectiely oi,) wasdeterminedy symbolicallycomputingthe enegy discretizatiorfor theinfinitesi-
malupdatet %2 (m) + o m (respectiely ¢852(m) + o m) to fourth orderwith anunspecifiegarameter
o, thensolving the resultingaffine equationfor o. However, the generaldiscretizationerror approach
describedn §3 would have yieldedthe sameresults.See§7 for amoredetailedandgeneraldiscussion
of theuseof conseration laws to determineupdateimprovements.

If thebodyis axisymmetric;filf)K2 preserestheenegy to fifth order As table4 shavs, someof these
algorithmsappearto have betterglobal enegy capturethanthe single stepdiscretizationenegy error
analysis(which we carried out symbolically using Mathematica would suggest. Plots of the enegy
errorsin the sampleintegrations,with randomlygeneratednitial conditionsandinertiatensors,shav
thatthe enepgy oscillatesabouta slow drift away from the correctvalue.

al g [ e gt [ gt [ ogv [ &n
Triaxial
10 | 5.67107% | 3.371072 | 6.061073 | 1.901072 | 6.071072 | 3.59 107
3.62107% | 2721077 | 1.55107% | 1.6810~7 | 2.15107° | 1.46 10~
3.56 10710 | 7.45107'2 | 3.56 10710 | 7.45107'2 | 2.97 10710 | 3.06 10~'2
Axisymmetric

10 | 1.10107% | 2.42107% | 1.101073 | 3.54107° | 4.8110~* | 1.38107°
1| 3241078 | 2671077 | 3.2410°8 | 2.6710~7 | 8.17107® | 1.70 10710
132810713 | 26710710 | 228 10713 | 2.6710710 | 84110713 | 4851071

Figure5: Averagemaximumenegy errorsover tensamplerunswith randomlygeneratednitial condi-
tionsandinertiatensorsjntegratedover theintenal [0, 100] usingsereralfourth ordermethods.

We considersix fourth ordergeometricmethods. Four utilize a seriesexpansionfor the generator
alongasolutioncurve, while theothertwo usetheRKMK4 algorithmof Munthe-Kaas|32, 15], (with the
Cayley transformasthe algorithmicexponential).Usingthe Cayley transform the map§§y4 determined
by the basicgeneratoty, for therigid bodysystemon S? is givenby

At3

12 (Hwb(M)Hwa(m) + wp(m) x wb(m)) +

4 .

. At

¥ (m, M) =Y th(f Ym) +
i=1 7

At 5. ) .
T (lwp (m)[[2an (m) 4 @u(m) x wp(m) + 2 {wp(m), wp(m)) wp(m)) ,

= %wb(fﬂ(m))hzo. The correspondin@lgorithmfor therigid body usingthe orthog-

wherew](oj ) (m)
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Inf. Discret. Enegy Relative Rel. CPU | CPUJorbitacc.
update| errororder | errororder | CPUtime | within class| (In/In approx.)
goul 1 1 1 1 1.22x - 7.58
Eul 1 1 1.18 1.18 1.40x - 10.8
giul 1 2 1.45 1.45 491x - 8.24
ERK2 2 3 2.10 1 402x - 5.72
hK2 2 3 2.42 1.15 .333x-5.78
RK2 2 4 2.83 1.35 .248x - 4.95
RK2 2 4 17.14 8.17 235X - 4.02
v 4 4 6.99 1.21 267X - 5.24
=k 4 4 5.80 1 233x -5.18
&yt 4 5 8.15 1.40 249x - 4.97
eyt 4 5 11.24 1.94 .230x - 4.70
ERKA 4 4 12.08 2.08 247x - 4.22
Bk 4 4 13.19 2.27 249x - 4.91

Figure6: AveragecorvergenceratesandCPUtimes. Thefirst columngivesthe corventionaldiscretiza-
tion error order of corvergence. The secondgivesthe order of corvergenceof the enegy error; note
thatthis rateis the samefor both the single—steandglobal errors. The third columngivesthe average
CPU timesrelative to the infinitesimal update¢F. The fourth column givesthe averageCPU times
relative to thefastestlgorithmof thatorderof convergenceof the corventionaldiscretizatiorerror The

final columngivesthe affine approximationgo the In/In plots of the averageCPU timesasfunctionsof

the averageenegy (andhenceorbit) errors. All averagesveretaken over the samesetof tenrandomly
generatedhitial conditionsandinertiatensors.

onalgeneratotw is

4

Pim, At =3

i=1

- ,
%w“_”(m) + = (lw(m)[Pw(m) + (@(m),m) m) +

4
+ 2 om), w(m)) wim).
Theinfinitesimalupdateff)y4 andgf,y4 canbemodifiedby theadditionof anappropriatenultiple of the
argumentrm to yield an additionalorderof enegy, andhenceorbit, capture. The scalarimprovement
functions,which arerationalfunctionsof the component®f m andtheinertiatensoy weredetermined
by symboliccalculation.Notethattheenegy improvementtermfor thegeneratoﬁf)y4 isidenticallyzero
if thebodyis axisymmetrichencetheresultsgeneratedby §§y4 and»;—‘foy4 coincidein this case.
Thelastcolumnof table6 providesa comparisorof theaccurag andefficiengy of therepresentate
updategestedhere. The orbit (enegy) accurag of a given simulationwastakento be the maximum
enegy errorover thetotal simulation(100 units of time), while the CPUtime, in secondsvasmeasured
usingthe Mathematicali m ng function. The samerandomlygeneratednitial conditionsandinertia
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Figure7: CPUtime asa functionof orbit accurag (In/In plots). The upperlefthandplot givesthe data
for the Eulermethodsyvith infinitesimalupdatesff“l, ghul andfiE“l; theupperrighthandplot givesthe
datafor threeof theHeunupdatesgt<?, (852, and¢iRK?; thelower lefthandplot givesthedatafor three
of thesymbolicallydervedfourth orderupdatesfiy‘*, v, andgfg‘{ Thelower righthandplot givesthe

datafor themostefficient updatesof eachorder(in overall accurag): £°u!, ¢R%2, and¢dY*,

tensoravereusedin all of thenumericalsimulations.

The efficiengy comparisongjivenin the last columnof table 6 andin figure 7 suggessomeinter-
estingdirectionsof future investigation. Thesecomparisonshaw that, for therigid body system,the
mostdramaticgainsin efficiengy of orbit capturewith the useof animprovementterm occurfor low
ordermethods.This suggestshat suchimprovementamay be of particularvaluein situationse.qg. stiff
systemsjn which low orderimplicit methodsarethe methodsof choice. Notethattheimproved Euler
methodis actuallythe mostefficient methodfor low orbit accurag simulationswhile the (unimproved)
symbolically computedfourth order updateusingthe orthogonalgeneratoiis the mostefficient of the
methoddestedor highaccurag simulations.Theaffine approximation®f the CPUtime/orbitaccurag
graphsfor thesetwo methodsinterseciat a global orbit errorof approximately7.16 106,

The significantdifferencedn run timesbetweenrthe differentfourth ordermethodsillustrate some
of the designissuesinvolved in geometricintegration. The RKMK4 methodslike their corventional
counterpartshave the advantageof greatversatility but the algorithmic exponentialevaluationsand
pullback correctionsrequiredat eachstageresultin relatively high computationcosts. (Note that the
Heunmethoddestedheredo not requirepullbackcorrectiongo achie/e overall secondorderaccuray;
the Heuninfinitesimalupdatesare simply the averagef the generatoevaluationsat the currentpoint
andan Euler updateof the currentpoint.) The infinitesimalupdatests* are significantly faster with
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equalor superiorratesof corvergence but have the disadwantagethat theseupdatesare specificto the
rigid body system;analogousgyeneratorexpansionsandisotropy improvementtermsmustderived for
ary nev dynamicalsystem.

Ourresultsdonotsuggesary clearreasorto favor thebasicgeneratoovertheorthogonabjeneratar
or vice versa. In somealgorithms,the basicgeneratolyields the more efficient update;in others,the
orthogonaeneratogivesthemoreefficient schemeNote,for example thattheruntimesfor gi%m are
substantiallyilongerthanthosefor fi%m, while the symbolically computedfourth orderupdateff)y4 is
bothfasterandmoreefﬁcientthanthecorresponding;:pdateff)y4 usingthebasicgeneratarSomeof these
differencesarepresumablhydueto suboptimaimplementatiorof the schemesthedramaticdifferencein
speedbetweertRE? and¢*X2 appeargo be dueto the relative compleity of o;, in comparisorto oy,
Algebraicmanipulationof of the morecomplicatedexpression@ppearingn someof the updatesnight
leadto significantimprovementdn efficiency.

5 Higher Order Approximation of Orbits.

Usingour experiencewith therotationgroupactingonthe sphereasa guide,we now turnto thegeneral
caseof interesthere,in wbich alie groupG actson M C V. We assumeasbefore thatthe exactflow
JF; andits approximatiortf; canbe expressedn theform

Fi(m) = Exp(sp(m,t))-m  and  Fy(m) = Exp(¢(m,t)) - m. (5.1)
Themapsy, : M x I — g areassumedo be suficiently smooth with

P(m,0) =0 =&(m,0).

Exp canbetakento be standardexponentiationor an algorithmicalternatve. The following lemmais
immediatefrom the definition of thetangentspace.

Lemma3 Let M be an embeddedubmanifoldof a vectorspaceV. Let ¢(s),9(s) C M betwo
continuouscurvesdefinedfor s > 0, havinga commorendpointp(0) = ¢(0) = m € M. If

lim M -z (5.2)
s—0t S
exists,thenZ € T M|,, is atangentvectorat m.

Notethatwe do not requireeitherindividual curve to be differentiableat m. Onewell-knonvn example
istolet

p(s) = (expvs X)(expVsY)m,  ¢(s) = (expv/sY)(exp+/s X)m,
whereX,Y aretwo vectorfieldstangentto M. In this case theright handsideof (5.2) yieldstheLie
braclet of thevectorfields Z = [ X, Y ], whichis necessarilyangento M.

Corollary 4 If §"t: M — M isanordern — 1 > 0 approximationof F:: M — M, then
d"

o [Fy(m) —F(m)]| €TM|y,

t=0
forall m e M.
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Proof: By thedefinitionof anordern — 1 approximation,

. . Fi(m) — F(m)
= — — =nl
Z = [Fi(m) — F(m) ] . n! %mé =
existsateachm. Now, |||erelyreplaces = t" anduseLemmaas. |

For afixedm € M, we canexpand(5.1)asin powersof ¢, so
P(m,t) =tv, 4+ O,  sothat  Fy(m) =m + tfwy + O

for vy = ve(m) # 0. Wecall £ = £(m) theleadingorder andw, = wy(m) # 0 theleadingtermof F;
atm. Notethat,by Lemma3, wy, € T M |,,. In mostapplicationsjncluding flows of autonomousector
fields X away from equilibriumpoints,£ = 1 andv; = w; = X (m).
Let
W={CO=Ct++Gt"| G- a€om ) = 0"

denotethe spaceof g,,—valuedpolynomialsof degreen without constanterm. Givenflows asin (5.1),
let usdefine

K { (e g Exp(£(m,t) + C(t)) ‘m isanordern — 1 } 5.3)
approximatiorof F;(m) atm
We definethemapx™: K™ — T M|, by
dn
X (©) = o [Bxp(e(m, 1) + (1) - m — Fum) | (5.4)
t=0

Corollary4 ensureshat (™ (¢) liesin T M|,,,. Notethatif Exp is atleastafirst orderapproximatiorof

m

thetrue exponentialmap,theny(!) is constant.

Our mainresulton increasinghe orderof approximatiorfollows. Undera certainrangecondition,
(5.5), we shaw that one can, by adjustingthe isotropy elementandthe time parametrizationincrease
the orderof accurag of the approximatdlow. Therangeconditionformalizesthe notion of “sufficient
isotropy” mentionedn theintroduction.

Theorem5 Supposé(m) = Exp(¢(m,t)) - m is anordern — 1 approximationof theflow F,(m) =
Exp(1¢(m,t)) - m. Assumdurther that theleadingtermof theflow F; satisfiesherangecondition

cwyg(m) € Range Xs,’;) forsome ceR. (5.5)

Thenthere exists
a) a Lie algebra-valuedpolynomialo(m,t) € K™, and
b) aninvertibletimerepaametrizationr: (—7',7) — R for someTl’ > 0, satisfying
T(t) —t = O
sud thatthe map _
57 (m) := Exp(¢(m, 1) + o(m, 1)) -m (5.6)
is anorder n appioximationof therepamametrizedlow 5 ;) at m.
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Proof: If f;"t is alreadyanordern approximatiorof F;, thenthereis nothingto shaw. By our hypothesis
(5.5), thereexistso € K™ andc € R suchthatx(") () = cw,. Thusfor ary choiceof r satisfying

myt) = t 4+ T gty
Y =T T ) ’
we have o
[T -] | =xe) = 7D m, 0) we = 0.
t=0
For suchchoices?g(m) is anordern approximatiorof F ) (m). n

We now considerthe orderconditions,up to orderthree,for ary algorithmof theform (5.6). Let F;
denotetheflow of the systemvin = w(m); then

t2 t3
Fi(m) = <1+tw+5(w2+d))+g(w3+3ww+[%w]+‘:’)+O(t4)>'m-

LetF, : M — M beanalgorithmicupdateof theform
Fi(m) = Exp(é(m, 1)) - m,

whereExp is ann—th orderapproximatiorto thetrue exponentialand

o

Em,t) =3 B ei(m).
j=0 7’
Then
Fi(m) = (1 +t& + % (& + &)+ % (& + 36L& +6&) + &) + O(t4)) - m.

The algorithmgrt is consistenif andonly if £, = w + o; for someo; € g,,. If thealgorithmis
consistentthenthelocal discretizatiorerroris

Fy(m) —F t
M = (5(51014—52 —w)+ O(t3)> - m.
Thusthealgorithmis secondrderaccurataf andonly if
52 = w+ [al,w] +0’2
for someos € g,,,. If thesecondrderconditionis satisfied thenthelocal discretizatiorerroris

- - 2
M - (E (53—6{1+w01w — %01w2+ %0’2(.4) + %01(.21 + %[w,cb] - %Jf w)-i— O(t3)> -m.

Thusthealgorithmis third orderaccuratef andonly if
53 =w+ %([waw] ++[015[017w]] + [wa[waal]] +3[w502] +3[d)501]) + o3
for someos € g,,. Clearly onecancontinuethis processpbtaininggeneralconsisteng andaccurag

criteriafor suchalgorithms.
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6 Restrictions of Representations.

Themostimportantcaseis whenG actsvia alinearrepresentatiop: G — GL('V) onavectorspaceV,
andour submanifoldM C V is a G-orbit. The simplestnon-freecaseis theactionof therotationgroup
SO(3) onR? thatformedthe basisof our examplesonthe sphereS? c R3. In this section,we analyze
our constructionsn thegenerakepresentation-theetic context.

We usep: g — X(M) to denotetheeffect of therepresentatioon the Lie algebra.The effect of the
map(5.4) onagivenLie algebra-aluedpolynomialof theform

C(t) = Cn—ftn_e +ee 4+ Cntn € Kr(r?) for Cn—fa RN Cn € Om

X%L) (C) = p((n—é)zé +2n —wWp = p(Cn—Z)wé + 2n — Wy
Thus,therangecondition(5.5) is satisfiedf thereexists(,,_, € gn, andc € R satisfying

p(Cn—e)we + cwp = wy — 2p.
Thelatterconditionis satisfiedfor anyordern — 1 approximatiorof F; provided
p(gm) - we +spaf wg } 2 TM|m, (6.1)

wherep(gn,) - v = {p(Q)v|{ € gm }. If F¢is theflow of anautonomouwectorfield X on M, then
wy = X (m) # 0, unlessm is anequilibrium. Hencein this case(6.1) takestheform

gm - X (m) +spai X (m) } = T M. (6.2)

Since actstransitively on M, (6.1) canbe rephrasedn termsof the Lie algebraasfollows: Choose
¥(m) € g suchthatp(y(m))m = w,. Then(6.1)is satisfiedf andonly if

[gm,(m) ]+ spad ¢(m) } + gm = g, (6.3)
where[gnm,¥(m)] = {[{,%(m)]|{ € g }. Notethatthe latter condition doesnot dependon the
choiceof ¢(m).

Let usintroducea classof subalgebrafor which the rangeconditionis immediate.
Definition 6 A subalgebrd C g is calledfull if
[b,n]+spafn}+h=g forevery neg\b. (6.4)

It would beinterestingo classifyLie algebraandsubalgebraairsthatsatisfythefull criterion(6.4).

Lemma7 If theisotropy subalgbra g,, C g is a full subalgbra, then(6.3) follows, and hencethe
range condition(5.5)s automaticallysatisfiedfor all ordern — 1 approximationsof the flow
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Notethatif b is afull subalgebrasois ary conjugat&subalgebrfﬁ = Adg - §. Thisimpliesthat(6.3)
only needdo bechecled ata singlepointm in the orbit.

Example:Supposes = SO(k) actsonV = R* via the usualrepresentationThe SO (k) orbitsarethe
spheresandwe concentraten the unit sphereM = S* ¢ R¥. Theisotropy subgroupof ary m # 0 is
G, = SO(k —1). By theprecedingemark,to verify thattheisotropy subalgebraarefull, it suficesto
work atthepointm = e, = (0,...,0,1), whoseisotropy subgroups

H:sz{(g ?) ‘ UeSO(k—l)}.

Any 7 € so(k) canbewrittenasn = ¢ + zel — ex2T where¢ € b. If ¢ € b, then

[&n] =[&C]+ (€2)ef —en(é2)T.

Sinceso(k — 1) - z + spaf z } = R*¥~! for ary nonzeroz € RF~!, the fullnesscondition (6.4) is
satisfied. Thus, for the usualactionof SO(k) on $*~1, the rangecondition (5.5) holdsfor ary vector
field andary pointm € S*1.

Remark If weconsidetheaction@-S = Q S QT of SO(k) onthemanifoldSym (k) of k£ x k symmetric
matricesthen(6.3)is satisfiedfor ary matrix with £ — 1 equaleigervalues.

7 Consewation Laws.

A structure—preservinalgorithmis one that exactly capturesone or more featuresof the exact flow
F;. In this sectionwe considerthe role of isotrogy in designingalgorithmsthat presere integrals or
conseration laws of theflow. For simplicity, we will assumehatthe consered quantitydependonly
uponthe coordinate®f our trajectory andnot on ary deriative.

Definition 8 A (vectorvalued)conservationlaw or first integral of a flow F;(m) is a smoothmap
F: M — W ontoavectorspacel/ suchthat

F(F(m)) = F(m) for all m € M.

In generala conseration law will only be presered by our approximatelow up to a certainorder To
make this precise,

Definition 9 Thefirstintegral F: M — W is saidto beconservedo ordern — 1 by theapproximating
flow Fy(m) = Exp(&(m,t)) - m onasubsetX’ C M provided

F(Fy(m)) — F(m) = 0@"), forall meK. (7.1)

The MatherDivision Theorem [14], impliesthatsatishctionof (7.1) ata point mg is equivalentto the
existenceof e > 0 andasmoothmapF': M x (—e,e) — W satisfying

F(Fy(m)) - F(m) = " F(m,1)
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for all (m, t) in aneighborhoof (my, 0).

Themainresultof thissectionis that,subjecto acertainnondgienerag hypothesisif F'is consered
to ordern — 1 by F;(m), thenwe canfind a suitableisotropy correctiono(m,t) € g, suchthat F' is
consered exactly by the modifiedapproximation

F(m) := Exp(£(m, t) + " o(m,t)) - m. (7.2)

Therefore,one canusethe isotropy to retainat leastthe original orderof overall approximationwhile
conservingthe first integral exactly. This requires,asabove, that our algorithmic exponentialapproxi-
matethetrue exponentialto at leastfirst order namely

%EXP(E n)-m| =~v()(m) forall peg. (7.3)
e=0

In contrasto thetreatmentivenin Sections, we donotrequireary explicit informationaboutthe Taylor
expansionof thetrueflow. Ratheywe usetheImplicit FunctionTheorento shov thatunderappropriate
nondgenerag conditionsanisotropy elementcanbefoundthatyieldsa structure—preservinscheme.

Proposition 10 Supposehatthefirstintegral F: M — W is conservedo ordern — 1 by the approxi-
mateflow F;(m, 0), whee

Fi(m, () := Exp(é(m, 1) + "1 () -m for ¢ € gm, (7.4)
forall m € K in acompactsetK C M. If themaps
1 d" ~
xm(Q)i= 1 g DF o F)m 00.0)| (7.5)

map g,, onto W, thenther existsT > 0 and an isotropy-valuedmapo: K x (=7,7) — g with
o(m,t) € gm and

F(Fi(m,o(m,t))) = F(m)  forall  (m,t) € K x (—=T,T). (7.6)
Proof: Thelinearizationcondition(7.3) on Exp impliesthat
Exp(t£(m, t) +"7'() - m — Exp(t&(m, 1)) -m = O(t")
for all ¢ € g,,. Hence
F(Fi(m, () = F(m) = (F(Fu(m,()) — F(F1(m,0))) — (F(Fy(m,0)) — F(m)) = O(t")

andthe Mather Division Theoremimplies the existenceof smoothmapsE,, : g, X (—e,¢) — W
satisfying

F(Fy(m,()) — F(m) = t"Fr((,t)  andhence  DFp(0,0)(¢,0) = xm(C)  (7.7)

for everym € K and( € g,,.

Thenondgenerag hypothesig7.5) on x,,, impliesthatthereexistsa subspacé/,, C g,, suchthat
Xm|v,, isanisomorphismlt follows from (7.7)thatfor eachm € K we canapplythelmplicit Function
Theoremto the restrictionof £, to V,, x (—e€,€), findingT,,, > 0 andamapo,,: (=T, Tm) = Vi
suchthat F(F,(m, 0, (t))) = F(m). TakingT := min,cx T}, andsettingo(m, ) := o,,(t) yields
theresult. [
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Corollary 11 If there existsa compactsetK C M onwhich
e Exp(tn) -m —exp(tn) -m=0(3)foralnecg
e themap7; givenby (7.4)satisfiest (m, 0) = 0 and F(F;(m, 0)) — F(m) = O(t")
e themaps( ~ DF(m)y ([&1(m),(]) (m), whee & (m) == %¢(m, t)}i—o, MaPgm ontoW

for all m € K, thenthe conclusionof Proposition10 hold.

Proof: The Bake—Campbell-Hausddrformulaimpliesthat

exp(tn) - m = exp(tn) exp(t"~'() - m = exp (tn + I+ g[n,C] + 0@"“)) -,

andhence N
exp(tn+71¢) m = exp (11— S 11,01 -+ 06

foralln € g and¢ € gn,. TheMatherDivision Theoremandthe hypothesisg(-,o) = 0 imply thatthere
existe > 0 andasmoothmap¢ : K x (—e, ) — g suchthaté(m,t) = t&(m,t) for all m € K and
t € (—e¢, €). Thus,usingour hypothesighatExp is atleasta secondrderapproximatiorto exp, we see
that

E(m, 1) +1"71() - m — exp(té(m, ) - m + O("*")

Fi(m, ) — Fe(m,0) = exp(t
= exp (té(m,t) — %[é(m,t),(]) -m — exp(té(m,t)) -m + O™,

Therefore,
da"
Xnl0) = o1 gD o FIm00.0)|
— 2 G 5o (o (180m,0) = Siéom 0,¢1) -m+ o)
n! dt" de P T e=01t=0
= —4DF(m)y ([£(m,0),¢]) (m)
mapsg,, ontoW. |

Remark: Givenz € W*, setF, := F*z,i.e. F,(m) = z- F(m) forallm € M. LetJ : T*M — g*
denotethe momentummapassociatedo thelifted actionof G on M, i.e. J(ay,) - n = am, - v(n)(m).
Then

2+ DF(m)y ([€(m),¢]) (m) = J(AF;(m)) - [€1(m), ¢] = (adzl(m)ﬂsz(m))) <

forallm € M, ¢ € g,andz € W*. Thusy;,z = ——adgK m)) andthe “ontoness’condition
in Corollary 11is equivalentto the conditionthat

(adt, () 7(dF (m))) Lm #0

22



for any nonzeroz € W*.

The condition (7.6) forms a systemof equationsfor the isotropy correctionso(m, t) that exactly
presere thefirstintegral. Using(7.7), we canrewrite this systemas

Fo(¢,t)=0 for ¢ =o(m,t).

In somesituations,it may not be costeffective to solve this nonlinearequation.In suchcaseswe can
replacethe equatiorwith its linearization

xm(¢) + ﬁm(0,0) =0

att = 0. If thereexistsV,,, C g,, suchthaty,,|v,, isanisomorphismthen
a(m) = =(Xml|v,) "' F(m,0,0)

determinesinupdatem — F;(m, o(m)) thatpreseres F to ordern.

The ‘improved’ algorithmsof the free rigid body equationggivenin §4 canbe regardedasimple-
mentationf this approachgiventhatthe enegy level setscoincidewith the orbits of the system(The
only exceptionarisesin the caseof anaxisymmetricbody for which the‘equator’ consistsof a circle of
equilibria; however, all of thealgorithmspresentedhn §4 exactly capturethe equilibria.)

8 Discussion.

In this paper we have shavn how to improve geometricintegrationalgorithmsthroughthe application
of isotropy subgroups.While the addition of isotropy termsdoesnot affect the original dynamics,it
canhave nontrvial effectson the numericalapproximationalgorithms. We have seenthat, undercer
tain nondgenerag hypotheseshe orderof analgorithmcanbeincreasedandconserative properties
maintainedby anisotropy modificationof the nadive versionof the original algorithm. In this introduc-
tory treatmentpur resultshave beenillustratedby algorithmson the sphere particularlyalgorithmsfor
reducedrigid body dynamicsof interestin geometricmechanics.More substantiabpplicationsn mi-
cromagneticeanbe foundin [24]. While the examplestreatedso far indicatethe desirability of such
isotropy-enhancedjeometricalgorithms,the final verdict on the significanceof our resultsin practical
applicationanustawait moresubstantiatestingon complicated'real-world” problems.
Severalfurtherpointsaresuggestedby ourresults.

o If isotropy is usedto improve a stablealgorithm,will the resultingalgorithmalsobe stable?For
instancecananordern — 1 implicit methodbe combinedwith anexplicit improvementto yield a
stableordern method?

¢ If thegroupdoesnot acttransitively, theisotropy subalgebrasnay be non-conjugate@ndeven of
varying dimension. In suchsituations,it may not be possibleto satisfyary conditionto higher
orderthanthat of the original algorithm on the entire manifold, but conditionssuchasthosede-
scribedabove canbe usedto determinea uniquechoice of generatorat points with additional
isotropy. For example,if thereis a submanifoldV of M suchthatdimg,, > 0 for m € N and
dimg,, = 0 form € M \ N, thenthe constructionslescribedabove canbe usedto specifythe
mapy on N. Thesmoothnessf sucha modified is notclear
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e Canthe conserative and symmetry-preservingropertiesof the algorithmsbe furtherimproved
by applicationof the moving framebasedchumericalapproximationsntroducedn [34]?
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