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LOCAL BEHAVIOR OF SOLUTIONS OF SOME ELLIPTIC
EQUATIONS

by

Patricio Aviles

§ 1. INTRODUCTION

Here we shall describe the local behavior of singular positive solutions of
certain elliptic equations. Theorem A generalizes in an ihportant manner one of
our main results and indeed answers an open problem posed in [A]. There,
corresponding upper and lower bounds for the singularity of the solution were
given. To obtain Theorem A of this article considerably more arguments are
needed. We point out that when n=3 the equation (1.1) below seems to be rele-
vant in Yang-Mills-Higgs theory. See L. Sibner and R. Sibner [S-S].

Also we remark that equations of type (1.1) seem to be relevant to
Astrophysics, a fact pointed out to the author by J. Serrin, (see [C], [F],
(H]).

Our result reads as follows. Let B = {x € R" : |x] <1, n >3} . Then

THEOREM A . Let u € C2(B|{O}) be a non negative solution of

(1.1) A+ |X|O u(n+o)/(n-2) =0 in B {0}
where -2 <o <2 . Then u has either a removable singularity at {0} or
(.g+2)(n_2)/(0+2)
tim [x|"2 (e [x[) (202D o pdnm2) o Ty T
IXI+0I (ot2)

(The existence of singular solutions was shown in [A]).
Next, we would like to say a few words about the proof of Theorem A. In

[G-S] the strategy of the proof of the corresponding statement for singular

solution of au +ud =0, 3:2.< q < %;% was based on the fact that there is only

one non-trivial solution of au + uY = Q in Rn| {0} . However, there are no

non-trivial solutions of Au + u"/("'z) =0 in Rn| {0} . The strategy of our
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proof is to compute the Laplacian of v(x) = |x|n'2 (-!Ln|x|)(n"2)/2 u . Then by
means of the change of variable t = -&n |x| we transform that equation in a
time dependent equation. By using energy methods we prove then that
(1.2) 1im |x|"'2(-£n le)(n-Z)/Z u(x) exists.
[x|+0

(Lemmas 3 to 17). Then, by completely different means we compute the limit (Lemmas
1,2,18). The method of using time dependent equations in the spirit used here
has also been used by L. Simon [S]. For parabolic singularities related ideas
have been applied by Y. Giga and R. Kohn [G-K].

(1.2) is a difficult point in our proof. The reason roughly being the
following. After making the time transformation t = -2n|x| we obtain the

equation (2.8), that is

1

-1 vn/(n-2) + %—(n-Z)z 1y

-1 _
Vir * (n-2)[1-t ]vt + AV =-1

8

_ (n=2)n _-2
-Tt v

In Lemma 4 we shall prove that

Vtt s Vi 0 as t » =,

Since by Lemma 2 v 1is bounded, we have from standard elliptic estimates that

for each sequence {tk}’ ty + = _ there exists a subsequence {té} such that

v(tl; ,0) + v(8) ast"(+m and Aev=0.

So v(8) = c(tk) = constant.

To reason that c(tk) is independent of the choice of the sequence {tk}
is a serious point, because in principle all constants are admissible. This 1is
contrary to what happens for singular solutions of Au + =0,

175%;; <q« %%;%% in where only a discrete set of constants are admissible, see

appendix.
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In Lemma 2 we find the best possible upper bound for the set of admissible
constants. Using many energy type arguments we have shown in Lemmas 4-17 that

there is only one possible admissible constant. As we shall see the essential

point is to control the angular derivatives |Vev| and lvevt . In Lemma 18,

we prove that the upper bound of Lemma 2 is that constant.

We also mention that radial singular solutions of Au + ud = 0 have been
studied by Fowler [F] and Hopf [H] .

Ni and Serrin [N-S] have informed us of work in preparation in which they study
singular radial solutions for some general classes of equations.

Finally, in the appendix we shall give a new proof of Theorem 3.3 of
Gidas-Spruck [G-S] in which there is an assertion which seems to require further
explanation. The precise statement is given in the appendix. An analogous sta-
tement which is equally in need of clarification was made later in Lemma 2,

(2.1.22) of [A]. This statement is an immediate consequence of the much more

delicate result in Theorem A of this paper.

§2. PROOF OF THEOREM A

We begin by considering the average

u(r) = 1 / u(r,8) dw , 0<r <1
Sn-l .

where Wo_y 1s the "volume" of the sphere sn-1 | Taking average in (1.1) and

assuming that o = 0 we obtain

u o+ ( ﬂ%l.) u' +‘G(r)"/("'2) <0, 0O<r<l1.

We show the following.

LEMMA 1.

1im sup  (-anr)(N=2)/2 (0=2 1y ¢ (-2 yn-2
r+0 21 2



PROOF.  Define A(s) = u(s-1/(M-2)y . Tpen

;(s) + _J;__S-Z(n-l)/(n-Z) A(s)“/("‘z) <o
(n-2)2

b

Let B(r) = rA(r'l) with r closes to zero. Then B satisfies

B(r) + L 1 B(r)ﬁ/(”'z) <o .
(n-2)2 r2

It follows from [A] p. 778 that B 1is non-decreasing and B(0) = 0 . These

facts imply that

l;(p) > L B(p)" (772)

2 , p near 0 .
(n-2) p

(see proof of Lemma 1 of [A]). By considering the functions
C(p) = B(Xp) 0 < A <1 we may suppose that the above relation holds for

U< p<1l. Integrating from p to 1 we obtain

- (n£2) [- B(p)-z/(n—z) + B(l)—z/(n-z) 15 - 1

n R
(-2)?

Hence

(052 ) 8(p)2/(n-2) ;5 (n-2) y(y)-2/(n-2) _(_12_)7 (-2n p)

n_
Since B(1l) > U we yet
Ty B < (n-2)? (am o)
So
(1212 g (a2 (n-2) -(n-2)/2

o L2 (2o )

n-



The definition of B(p) yields

(aTﬁ%ZT )(ﬂ-Z)/Z (- znp)(n-Z)/Z _(pl/(n-Z))

Setting p = r(n-2) 4 obtain Lemma 1.

Next we show, that if in (1.1) o=0 , then

LEMMA 2.

lim sup (-gn |xl)(”'2)/2 |x|("'2) u(x) < (=2 yn-2
[x 0 2!/e

PROOF. Consider

We have

(n-4)/2
(2.1) av = -y (n-2) (-}Lnlxl)(n_z)/2 -(n-2) i:_ﬁﬂl%ll V usx

t ‘QT;T% (=an|x ) ("2 (50 4 (0-0)

We now consider

n-2

Vilx) = v(Ax) , 0 <<,

i
Using Lemma 1 and the Harnack inequality, cf. [G-S] Theorem 3.1, we get
-(n-2)/2

(2.2) u(x) < C .(_J_g_‘ g |x|)
Ix|""

where C > 0 is a constant independent of u. Hence

C : -1
0 <v,(x) < ];THTZ if 0 < x| <A™,

¥ Jee Arrend\x'ﬁ pOr a  simple Froop



We next prove that for each sequence Ai + 0 there exists a subsequence

A{ so that v,y converges uniformly on compact subsets of Rn| {0} to w,
1

where w is a harmonic function in R"| {0} . We first show that if

F(x) = Avx.(x)
1
and if K is a compact set in R"| {0} , then

sup |F(x)| + 0 as A; >0 .

x EK
Indeed we notice that
-(n-2)/2
(2.3) [w(x)| <c{=2nlx]) L 0< x| <3

lxlﬂ-l

where C > 0 1is a constant independent of wu. This follows by writing the

equation for u in the form

Au(x) = - u(x)n/(n-Z)

’

by using the well-known gradient bound

C 1
w(x)| < = sup u(x +C |x sup f(x)], 0 < |x] <
(x| (), * € I | x| <+

x|  xeB(x, X €B(x,|x]/2)
with  f(x) = -u(x)™(n=2) gy, Ix|/2) = (yer™ : |y-x| < Jél-} , C>0 a constant
independent of u, and by using the estimate (2.2).

Now, since

(n-4)/2

2N
Fx) = = 0Oy (078 (an a0 ) (02072 L (n_g)0* i—l}l—-’lzl v, u(rix)ex
.iX 1

+ a0 u()‘ix)T(%:—z— (- [agx ) ("N 20200y o (ﬂ_;ei ) (-anax)7h)
AL X
1

we obtain

IF(x)| < C(- £n|>\1-x|).1/|x|n



where C>0 1is a constant. Hence sup |F(x)| + 0 as 2550 .
x €K

Next, consider Ki » @ sequence of compact sets, such that L)Ki = R" [{0} ,
Ki C Kigp - Let Aj be sufficiently small so that Ky € {x: 0 < |x] < xgl} .

Since {VA} s A < Aj are uniformly bounded on Ki , standard elliptic estimates
imply

Iv2| < MK:) , A<A , 0<ac<l

’

where M(Ki) >0 s a constant. Hence {v* R Dv? R D2 v'} form equicontinuous

families. By the Arzela-Ascoli theorem there exists a subsequence A

k. such
that v, s w in the c? topology of K; . Clearly a&w =10 on Ki « Let
k.
|<£:3 Ki J Repeating the above argument with Kl and the sequence Vi we

k.
conclude that there exists a subsequence Akt so that v +w' onJ Kl

A
k.
and by analytic continuation w' =w on Ki . We thereforedconclude by using a
standard diagonalization argument that there exists a subsequence which we call

Aj so that Vit > W in the c? topology of RnI{O} and moreover w satisfies

J
aw =0 in R"|{0} . Since 0 < vy <-% 1"'2 » we conclude that
X
Y- C(at)
leﬂ-2

where C(Aj) > 0 1is a constant which depends on the sequence A3 . Therefore,

given a sequence Aj + 0 , there exists a subsequence Aj + 0 , a constant

C(Aj) > 0 such that

% x "2 (<en |>\3x|)(n_2)/2 u(aj x) > ¢ (33)

as kj + 0 , uniformly on compact subsets of Rn|{0} .

» ¥Y: » 0 so that

To this end, we consider a sequence yj ;

N A O By:

ly

In-2
J



where 1im sup (- n lyl)(n'z)/zly‘ln'2 u(y) = C .
y-0
Let Xj = ijl . By the above argument, there exists a subsequence Aj = |yj'|
so that
n-? (n-2)/2
(2.4) sup y 177 (-2n yt ) u(ly'Ix) - c(x®)f » o0
|x|=1 J J J J
as Al + 0.
J
Since
v (n-2 [ (n-2)/2 ) ] 1 n=2 ' (n-2)/2 1 ]
: - . ) - ; . - . . - C(A:
Iy (-2n |y 1) u(y;) - €33 <|§UE1IIyJI (-anlysD) u(ly;1x) (A1)

we conclude that

-~

C=cCly;D) .

On the other hand from (2.4) we have

(n-2)/2

1 1 |N-2 ' ' '
gn_l y5177% (=20 ly3l) uClyjlx) dw > CClyil) .

wn-1

Hence
1 |n=2 ] (n-2)/2_ \ ]
|.YJ| ( -iny‘jl) U(|_YJ-|X) "C(l.yjl) .

By Lemmé 1,
~ ' n-2 n-2
C = C(IYJ‘) < ( _ETVZ) ’

which proves the assertion of the lemma.

We shall now prove that if in (1.1) o = 0 ,then



LEMMA 3,

(n-2)/2

ln_z (-2n |x]) u(x) exists .

Tim  |x
|x|-+0

Proof. We compute the Laplacian of

(n-2)/2
v(x) = |x|"'2 (- an|x]) u(x) .

We show that v satisfies

(2~5) Av - k(lxl)Vvox = -y Ix|n-2("2nlxl)(n_2)/2

-1 (n2)2 o a|x )7, (02 ) (- an|x|)7¢ (2/(n-2),

x| Ix|?
where Kk(|x]|) = (?;Z; (2- (- 2n|x|)'1) .
X

9 (n-2)/2
Let f(|x]) = |x|"™% (-2n|x]|) . Then

v (|x]) = f(lxl)liT' Caf(x]) = fx]) + 0D £k

X x|
(n-2)/2 (n-4)/2
%) = (n-2) [x|""3(-2n|x]) - (02 113 Canx ) ,
- 2 (n-4)/2
FlIxD) = (n-2)(n-3) [x|"* (= anpx ) (1202 (82207 o n-d

. (n-4)/2 )
(n-3) (gég) X" (- anlx|) + (n-2)(n-4) " (can x|y (n-6)/2

b
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of = (0-2) 1) (Can ) 2V2 [o(n-2) - F (n-2) (-anlx ) TH+ LA (eangx)E)
= x| Can (k)2 2020202 + 5 (1x])]
where &(|x|) = - g-(n-Z)2 (-JLnlxI)-1 + (n_z)(ﬂii) (-2n |x|)'2 .

Hence

av = -y (n-2) |><|"'2 (-znlxl)(n'z)/2 +

' (n-4)/2
+ 2(n—2)|x|n"4 (—JLnlxl)("'z)/2 Wex - (n-Z)IXIn-4 (-2n]x]) Vuex

Fulx) x| ™ (C-an xDT2 (2(n-2)2 + (1)) -

oy (ne2) x| (ean x| (NRV/2 ‘ﬁlﬁ% flIx)mex (2-(-an [x[)7H)
X

(n-2)/2
+ u(x) |x|"'4(-2n |x1) (2(n-2)? + 8(|x]) .

Let k(|x]|) = (%:%% (2-(-2n |x|)'l ) . Since
X

K([x][)Wex = kK(|x|)f(]x])Vuex + k(|x|)u vf(|x|)ex , and

(n-4)/2
CCIx D) TFx = (n=2)k(1x ) 1% ["2(-gn]x ) (7212 (22D 1y =B (1)) (-2n [x )

= 2(n-2)2 x4 (canfxN(M2)/2 Cp(n2)? [x|MH (-an [x ) (n74)/2

2
+ (_n_?) Ix'(n-4) (_zn |Xl)(n-6)/2 .

we have

w - k(|x]) wex = -u"/(n"2) Ix|"2(-2n |x|)(n-2)/2

-2(n-2)3 |x|(n-4) (-JLnlxl)(n'z)/2 u + 2(n-2)2 |x|“’4 (-2nlxl)("'4)/2u

- (253)2 lxln-4(_£n 'xl)(n-G)/z U

(n-4)/2
+ 2(0-2)2 jx " an [k B2 0 2 3 (02)? (x| (7) (an ) u
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-6)/2
+ (n-2)(%Y x (n-8) ey TR

’

Since this equation can be written as
AV = k([|x]) Wex = - u|x|n'2(-2n|x|)("‘2)/2 w2/ (n-2)

-1 (ne2)? AT L (ne2)n (aanfx )72

2 4 2 ’
x| x|

we obtain (2.5).

In terms of v this equation reads as follows.

AV - k(r) Wvex = - |x|'2 ﬁ-2n|x|)'1 y/(n-2) %.(n-Z)?'(-zn|x|)'1 |x|'2v
(2.5)"

- (n=2) B v (~anx)72 |x|72 .

Next, we transform the above equation in a time dependent equation. Let

t=-2n |x|] =-2gnr
Vy = - vr.e't » Ve = Vpp e'Zt + v, et
So
-2t n-1
(2.6) Vep - (0-2) vy = e (v o+ (2D ),
Also
Wex = v -t .
R A N
hence
(2.7) & (r) Wex = (n-2)elt (2-t71) v -

On the other hand the right hand side of (2.5)', say A, reads as:
A = - eZtt-l Vn/(n—2) + %-(n-2)2e2tt'1 v - (n-2)n eZt t'zv .

So from (2.6), (2.7) we have that (2.5)' can be written as
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e? (v, - (n-2)vy) + (n-2)eft(2-t7h)v, + eZtAe v

Therefore we obtain

Vig * (n-2)[1-t'1]vt * AV = 4L/ (n-2) %-(H-Z)2 ¢y
(2.8)

- (n-2);}-t"2 v .

Lemma 3 then follows from Lemmas 4 and 5.

LEMMA 4. For each sequence t, » =, there exists a subsequence {t } such

that

v(té,e) + c(tk) as t'k+ o

where c(tk) >0 1is a constant.

PROOF. The ideas of this lemma are very similar to the one in [G-S]

p. 558-559. See also [S].

Multiplying (2.8) by Vi we get

(2.8)" %-(vf)t + (n-2)(1-t71) % +.% 8y (v3),

_{n=2) -1 2(n-1)/(n-2)y , (n-2)* 1y, - 40m2) n o2 g2

t v )t .

We now assert the following:

VL Ivels Ivgls Iveels Ivggls Ivgge! Ivgpql are uniformly bounded for t >t

where tO > 0 1is a constant. It follows from the definition and (2.2) that v is

bounded. From (2.3) and the facts that |v.| <r [W]| and |Vgv| <r|W]| we get



-13-

that |v.| and Ivg| are uniformly bounded. We next differentiate the equation

au+ u™(M2) = g to obtain bu; + N, u?/(n-2) . 0

. 5 . Hence for
0 < |x]| < %- and f = -n/(n-2) uiuz/("'z) we have
IVUi(x)| <ct sup lus| + |x] sup |f]
|x| € x B(x,|x|/2) xEB(x,|x|/2)

where (>0 1is a constant indpendent of U;. This implies that for 0 < |x]| < %.,

-(n-2)/2
lv..| <c (=2nlx]) C, forall i, = 1,...n

s
1] lxln

with C > 0 a constant independent of u. Hence from (2.6) we get that |Vtt|

. . . 2 2 -2 2

is uniformly bounded. Since |Ww_|° = Vepl™ +r |Vgv. 1™, we have

IVevrl2 < r? |er,|2 - This implies that vg, s uniformly bounded. The bound

on |Vttt| is obtained as follows. We have A u; +(ﬁg?)u2/(n-2) u; =0 . Hence if

h(x) = An-lui(xx), 0 < X<, then

Ah +(ﬁ§2)12 w2/ (=2) (50 h =0

Let c(x) =(ﬁgz)lz 4/ (n-2) (Ax) = ﬁgz [k(n-Z)u(Ax)]Z/(n-Z) . For %, <Ix| < %_’

we get from (2.2) and from the fact that f(t) = t2/(n-2) is Holder continuous
that

2
|C(X)I <M sy A =
cOol ¢ x| <1 n-2

4 2

where M > 0 is a constant independent of A , (if n=3 or n=4 we take the C1

norm). Hence, standard elliptic estimates imply that

2
|D%h | <My

Clz < [x] < L)

where M1 >0 1is a constant. Setting Ax = y we obtain that near the origin
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My

lug )] < Ty

where M2 >0 1is a constant. This estimate easily implies that Vitt is
uniformly bounded if t is sufficiently large. Same for |Vtt6| .
Let t; > 0 be sufficiently large so that tal < %- . Integrating (2.8)'

from tO to T, ty < T, and using integration by parts we obtain

%-(n-Z) fT vs dt < %—[v:(to) - vf(T)] - fI Vi Bg vdt

to 0
_ (n-2) [t-lvz(n-l)/(n-Z)lT + fT £-2 v2(n-1)/(n-2)dt]
2(n-T) t0 tO
2
iﬂiél R LU LRV T iﬂéﬁl n [t 2 v2 T
t t t
0 0 0
+ 27 t3vidt ] .
to
Integrating over Sn'1 , using the uniform bounds on v, Ve and the fact that
® 1 2T
. Vo A, vdwdt = - = [vv|©|, dw
we get
o 2
(2.9) ftofsn-l Vi dwdt <C <

We prove that vt(t,e) + 0, uniformly on o €‘Sn'1 . For we define

2
g(t) = gn-l vt dw .

Since v, v

t Ver s uniformly bounded we get that

g (t) =2 fsn_lvt Vip du

is uniformly bounded. It follows that g(t) >0 as t + = . Indeed if not
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given ¢ > 0 there exists a sequence ti + » 50 that g(ti) >2c . Let M

be chosen such that |§(t)| < M. Therefore, if lt-tjl < g/M then
tj .
g(t) >g(ty) - [fy” 9(s)ds| > e .

Let now {tj } be a subsequence of {tj} satisfying t3+1> tj + /M, té >ty -
Since if

t! .<t <t} - < t-t! i.e. -t
-1 < i then e/M<t tJ <0, i.e. |t tJl < e/M

we obtain

) 2
i ? g(t) dt >.ﬁ_ N+>woas N+ o,

e~
—

J tj-l

contradicting (2.9). Thus

(2.10) g(t) = [ . vZ(t,e)du »0 as t » =.
Sn-l t

Since vt(t,e) and v, o (t,8) are uniformly bounded, we can invoke

Arzela-Ascoli's theorem to assert that given a sequence {tk} y b e there

exists a subsequence {tk.} such that as Ly + =
J J

Vi (tk.’ 8) » X(e8) , uniformly on 9 .
J

By using the fact that Vi is uniformly bounded and the dominated con-

vergence theorem we can assert then that

an_l(x(e))2 dw = 0

Thus X(8) = 0 on sl | Therefore Vt(tk. , 6) +0 .
J

It follows that Ve(t,8) >0 as t + «. Indeed, if not there exists a
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sequence t, + «, 89 € 5" so that Ve(tys89) »A #0 . The above argument
shows that we can find a subsequence {tk-} of {tk} such that vt(tk_,e) + 0,
J J

uniformly on 6 . Since v,(t, ,8,) + A, we have that A =0, a contradiction.

We now assert that vtt(t,e) +0 as t + =, Proceeding as above we conclude

that it suffices to show

© 2
(2.11) ft gn-lvtt dedt <M <
0
and that
(2.11) fn-1'te Veee do
is uniformly bounded. (2.11)' follows at once from the uniform bound on Vit
and vttt .

Let now w(t,e) = vt(t,e) . We differentiate the equation for v to obtain

Vepp * (0-2) (Lt™hvg + (n-2)t78 v+ ag v,

= ¢-2 vn/(n-2) '(RQZ)t-l v2/(n-2) v,

2, - 2 - - . -
+%(n-2) tlvt-%—(n-Z) t=2y + (n-2) & t3v-(n-2)%t2vt.

Writing the equation in terms of w we get

Wep + (n-2)(1-t‘1) W o+ (n-2)t'2 Wt Ao W

(2.12) - g2 yvin-z) on el 2 n-2)

+ %—(n-Z)2 t'lw - %—(n-Z)zt'2 v + (n-2)%-t'3 v - (n-2) %- t2 w .

Then we multiply (2.12) by W, and we integrate from t; to T and over sn-1

to obtain
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fn_l(ﬂ%g) t” -2 (w ) dw dt

tO " 0 " S

-+

% fo_l(t)tdwdt+f /) 1n2)(1t1)w§dmdt+fT
0

T T -2 .n/(n-2 T -1.2/(n- 2
{ é‘ _1Wt Aew dw = {:( gn—l t v /( ) wt dwdt -zm)-{ é t \'} /(n 2)(w )tdwdt
0 0 0
1 2.7 -1 2 2 T -2
+ 1 (n-2) { gn-l t70 (W), dedt - —-(n 2) g gn—lt W, dudt
0 0

+ (n-2)} thérn-lt—3 v W dudt - (2%2-)" th gn-ﬁ-z (w?), du dt
0

o

We now observe the following facts. We recall that w, Wi, and v are

uniformly bounded.

I.

n-2) (T -2,.2 T .-2
I1. l(—z—) [V 7T dedt | <C [0 tTT dt < M
t, S t
0 0
where M > 0 1is a constant independent of t;

The same 1is true for

0 o
oy N T 3 (n=2)n (T -2
(n-2) » J gn—lt w, dw dt and - ‘g% { 01 (W), dw dt
0 0
I11. T W A, wdedt = - il AL |2 |T do 3
n-1"t “6 n-1
t S S t
0 0
Iv. By Holder inequality and (2.9) we have
‘(‘Ez L v2/(n=2) o dudt <
n- ) to Sn-l t

L L N dwdt12 [T |

2 12
n-1 v tdw dt] <M

tO S ty S
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where M , M > 0 are constants independent of T (here one used the uniform
bound on v, );

V. Finally, by using integration by parts we can easily show that

2 - 2
Ip (-2 T et (why dudt] < M
ty S

with M > 0 a constant independent of T. Now using I-V, (2.11) follows at once.

So we have shown that

Sn-1

(2.13) Vig 05 vy >0 as t >, uniformly on @

Since ve(t,e) is uniformly bounded for each sequence t, =+ = there exists

a subsequence {té 1, t; + = such that

v(t',8) »v(e) uniformly on 6 as té > @,
Therefore, because of (2.8) we have that
Ae v(e) =0

Hence v(e8) = c(tk) = constant.

LEMMA 5. The limits c(tk) are independent of the choice of the sequence

{tk} .

REMARK. If in (1.1) u were radially symmetric, then Lemma 5 is very simple.

Indeed because of the proof of Lemma 1
v(t) = r"’z(-znr)("'z)/zu(r) < (n-2)(n'2)/2("'2)/2 .

so - y/(n-2) %.(n—z)zv > 0. Hence from (2.8) we get

Ver * (n-2)(1-t'1)vt > - (n-2) %-t'zv.
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Let now t | Sy be sequences such that v(t,) +c(t,) as t >

v(sk) > c(sk) as s, » = and c(tk) > c(sk). We next observe that by taking
subsequences we may suppose that tk <SSy - Now, since by (2.13) Ve > 0 as

t + =, since £~2 v is integrable and since by (2.9), Holder inequality and the

2 2

inequality ab < %—- + %—- we also have that t'lvt is integrable, we conclude

by integrating the above relation from t, to s, that

C(Sk) > c(tk).
So c(tk) = c(sk).

We shall divide the 'proof in several steps (Lemmas 8-17). The essential idea
of the proof is to show that all limits c(tk) are the same by using the energy
defined in Lemma 7. This is finally accomplished in Lemma 17. To show that the

energy E(t) of Lemma 7 has a limit we shall need

Lemma 6 |Vev|2 is an integrable function i.e.

7 [ vl dedt < .
0

PROOF. Let V = _1 [ LV du.
¥n-1 sh-

We multiply (2.8) by (v-v) and integrate from to to T and over S"'1 to obtain

T 2 T =
[0 Ve l™ dede = [0 [ v (VAV) dwdt
ty S ty S

+ (n-2) fz én_l(l-t'l) v, (v-¥) do dt + gT gn_lt‘l W (vY) dw dt

0 0

- %-(n-z)2 jT én-l ¢! v(v-v) dw dt + (n-2) %- IIO én-lt-z v(v-v)dw dt
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We next observe that

— - T
JT Vir (v-v) dt = Ve (v-v) |
tO tO
-7 v dt e e U vy duat .
tO n-1 t Sn-l
0

(1) ItfoT S[n_lvtt(v-V) dudt | < fr-1lve | du+ gOT an_lvt2 dw dt]

where the Holder inequality Was used to guarantee that

1 T 2 T 2
wo L v do) < I [oo1ve dwdt |
n-1 ¢t 3§ t, S
0 0
with (C>g a constant independent of T,
On the other hand

fT vt(v-;) dt =y (v-v) ]T - fT v(vJV)t dt.
% Y tg
But |
I = jT vt(v-V)dt - fTv(v-V)tdt = - fT Vi v dt
t t t

So by integration by parts we obtainp

I =vyv T v dt .
t t t
0
Hence

T

/Yo (v-v) dy dt - (T S VOV, du gt
t, sn-1't g; §n-1 t

2
= sjn-l vde)* T

AN Jn-1vd0)? dt]
0 t s
=0.

—_—
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So we have shown that

(i) | g; gn-lvt (v-v) dw dt |= %- | én_lv(VJV)dwé; | <¢

where C>0 1is a constant independent of T:

We also have

Te bV dat <T T t2at+ e [1 |vv|2t
to to to

where C>0 1is a constant independent of T and e>0 is also independent of T

and small enough so that when we integrate over Sn'1 and we use the Poincare

Sn"l

inequality on we obtain
(i1) T L th WP (v dedt | cc e X T L 17gv1? du dt

where C>0 1is a positive constant independent of T.

Working similarly we get that

(iv) | [ [ .t} v(vV) dedt | < C + %.IT [ 1Vgv]® dw dt
ty S
[0}

We also have that

(v) [T [t ) dede | o< C
t, S

where in  (iv), (v) C>0 1is a constant independent of T. Now from (i) - (v) the

assertion of the lemma is evident

LEMMA 7. The energy associated to the equation (2.8)

p+l

2 1 2 \
E(t) ='% t én—lvt do -5t én-llvev| dw + én-fﬂiif— dw

2 n ,-1 2
= / p Vidwt (n-2) 3ot gn-lv dw ,
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where p = n/(n-2) has the following properties:

(a) g%ﬁt) <0, for .

(b) 1im E(t) exists and it is less than - = .,
tre

PROOF. To see the first part we multiply (2.8) by tvt and we integrate

over S"1 ty obtain that

4 |1 2 2 1 _t
T 7 gn_lvt dw - (n-2) gn_l(t-l) Vi du - % én-1| v | dw
(2.14)
n -2 2
= (n-z)g- S[n-lt v dw 0
Hence JE ¢ 0 and therefore 1im E(t) exits.
a-f t+ao
To see that
(2.15) Tim E(t) < - =,
o+

we notice the following facts.

+ o

(i) By Lemma 2, 0 ¢ c(tk) < Eiﬂigl ](n-Z) for all sequence ty :

2 2
and

(ii) By Lemma 6 1im inf t

trw

2
gn_1|vev| dw < =,

Indeed if (ii) does not hold, then fn-1|VeV|2 dw is not integrable, contra-
S

dicting Lemma 6. Now from (i) and (ii) (2.15) follows. Indeed let {tk}, t, >
be a sequence such that
Tim dinf ot [ |V v|®de=Tim t, [ |vy|lde<e

sn-1" 8 K gh-1 o

te

tk+m
Then

lim E(t) = 1lim E(t,) < - =
tse tk+u°



-23-

The next step is to show that

2 2
t gn-lvt do and t gn-llvevl do 0 ast +» =,

which are proved in Lemma 16. The proof of this lemma needs several facts which

are grouped together in Lemmas 8-15. The reader might wish to proceed directly to
the proof of Lemma 16 and then return to the proofs of Lemmas 8-15 after the

necessity of these lemmas has become clear.

LEMMA 8 . tvi is an integrable function i.e.

) 2
7] tv., dewdt < =,
£ n-1

PROOF. By integrating (2.14) from tO to T we get that

(n-2) [T wvZdudt <-E(T) + E(tg) + (n-3/2) [0 [ vE dudt.

But 1im E(t) = ¢ < - « . Hence we obtain Lemma 8.
t o

In Lemma 16 we shall use the fact that the function t vst is integrable.

This is proved in Lemma 11 for which we need Lemmas 9 and 10.

LEMMA 9 . |7m|® is integrable, where w = v, .

PROOF. We multiply (2.12) by w and we then integrate from tO to T
and over s"1 to obtain

T 2 T

[V v, w© dedt = [0 W w dw dt

£ gn-196 £t gn-1 tt

0 0

f(n-2) [T 1 (-t w o wdedt + (n-2) [T [ .t7% w? dudt
n-1 t n-1
to S tO S

- T / t72 VP wdwdt +p fT / £l VPl wide dt
¢ gn-l H n-1
0 0
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1 2 T -1 2 1 2 T -2
- (n-2)" [0 [t widedt +5 (n-2)° [0 [ t7% vw dw dt
Z . sn-1 Z t §n-1

- (n-2) g- [T / t73 vw do dt
t, st

+ (n-2) %. [T fn_lt'z w? dw dt
ty S

We next observe the following facts
. T T 2
(i) [T Wep Wodt = wew |1 - [T wgdt

to t0 tO
Hence

T 2 2
| tf gn-lwtt wdedt | <C[ gn_lwt dw + gn_lw dw]
0

s 1w dedt
n-1"t
t, $

where C>0 1is constant independent of T. Since by the proof of Lemma 4, sta-

tement (2.13), we have

Ml s Wl 0 as t e,

and since also by Lemma 4, (2.11), we have that wﬁ is integrable we get that

L[ fn-lwtt Wwdedt | < w

t, §
Also
(1) [(n-2)(1-t™) [7 [ wwdwdt | <C[ [° [ .w?dedt
0 0
L] 2
+ [ wSdwdt]
t Sn"l
0

which by Lemma 4 is bounded.

Since all the other terms involved are easily seen to be integrable we

conclude the lemma.
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LEMMA 10. The energy associated to the equation (2.12)

_1 2
e) =3 ¢ [ wl du-t S{n_lwewlz du

S

L 1 bW W dt de - p = -1y
sn-1 ¢ t g"'l ft

_ (0-2)2 f 2
B - S

W

t

1 (n2)? ® -1
LW de -5 (n-2) fn-l ft L0 W, dt de

dt dw

+ (n-2) 5 én—l Iy t™% v dt dw - (n-2) ﬂ‘-}‘ﬂ gn_l Iy ™! ww, dt de

where p = n/(n-2) has the following properties

(1) %%ﬂt) <0 for t>t,

.
’

(i1) Vim J(t) = 1im % (t) =c < - =

t > tro

) 21 2 1 2
where (t) =5t én—l we du - 5t gn_1|Véw| dw .

PROOF. We multiply (2.12) by twt and we integrate over

&= (<(n-2)t + (n-3/2)) gn_lwi dw

(2.16)
B %' én-l'véwlz do -

From this relation (i) follows.

S

n-1

Since by (2.13) w(t) »0 as t » = and since the functions

1

c = lim J(t) = lim JI°(t) < - =

t > t I+

But since Idelz is integrable we have

t'1 vP

to get that

Wt,

Wy tT v, t"szt and t~ ww, are integrable we conclude that
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L = 1im inf t

t o+

gn-ﬂvewl2 duw < = .

Hence there exists a sequence, say {tk}, tk + o such that

. 2
L= lim t, fn-l |vgw|“dw and therefore
t#m S
k
Vim 9%(t) = Vm %(t,) »c < - =

t o tk+m

This concludes this proof.

LEMMA 11. t v is integrable. That is,

® 2
{ gn-l tvtt dw dt <
0

PROOF. We integrate (2.16) from t0 to = to get that

® 2
g gn—l tVee dw dt < C[- J(=) + J(to)] + C
0
where C > 0 1is a constant. Since - J(=) < = , the Temma follows.
In the proof of Lemma 16 we shall also use the fact that the function tzvit

is integrable. We show this in Lemma 14. As in the case of the proof of the

integrability of tVE and tvft we shall need some previous facts which we

group in Lemmas 12 and 13.

LEMMA 12. t |V, w|® is integrable where w = v, -

PROOF. We multiply (2.12) by tw and integrate from t0 to T=t, and over

st ¢ get

T 2 T

g gn_l t|vw|® dudt = / gn_lt Weo W du dt
0 0

+(n-2) [T - (t-1)wwdedt + (n-2) [T [ . t7} widwdt
n—l t n_l
to S t0 S
- fT fn-l £l VP w dw dt + p jT fn-l vl w2 du dt
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21 2 T 2 1 2 T -1
7-(n-2) { gn-l W dw dt + é-(n-Z) g én-l t " vwdoedt
0 0

- (n-2) g-{T [t wododt + (n-2) U fooy t7W? do dt
o S ty 5

where p = n/(n-2) and where ty » = is a sequence to be chosen below.
Using Holder inequality, the inequality ab <. (a? +

Z
bility of tws . th, w2 » all the terms but the one below are easily seen to be

2 .
b"), and the integra-

integrable,

- (T
L= [0 [ ]t w dodt.
ty S

We prove that [I| < M, where M > 0 is a constant. Indeed,

T
- (T - _ T 2
I g gn-ltwtt Wwdodt =t gn-lwtw dw { gn-l ty” dw dt
0 t 0
0
_ (T
g gn-l WeW do dt
0
So letting T = tk we get
[T] <t wlide + t / w? 4 +jtk f thdwdt
k gn-l t 9T Y Jnoy w n-1 "t
S to S
t t
# LR widude K [l % dodt + ¢
ty S t, S

where C>0 1is a constant independent of {tk}.
We shall now select the sequence tk’ tk + o, Let tk be such that
tk + = and
2
t gn-l W dw 0 as te > =

This sequence always exists because otherwise we could find C>0 a constant

independent of 't, such that
2 C
gn-l Mg de > g,

which contradicts (2.11).
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We next observe that t fn 1w2 dw is bounded.

§n-
Indeed let tO > 0 be a constant and observe that

t¥2 y(t,0) = t(])’/z W(ty,e) +tft (t]'/zw)tdt .
0

2 2
So the Holder inequality and the inequality ab <.%_ + %— imply

tw® <tgwieg,e) + [t ehwiae ¢ ft et ar .
to to

Integrating over s"1, using (2.9) and Lemma 11 we easily conclude that

2
t én-lw do <M< =

where M>0 1is a constant independent of t.

It is now evident in view of (2.9), (2.11) and Lemma 11 to conclude that I

is bounded. This proves the lemma.

LEMMA 13. The energy associated to the equation (2.12)

F(t) = %'tz fn-1"§ do + (Q%Q) fn-

2
W duw
5 sn-1

I 2 P
7 t én_llVeﬂ dw - gn—lwv dw

- had p-1 1 2 ©
péfn-l(ft tVETT wowedt) du + 5 (n-2) S]n_l(jt tw W, dt) du

+1 _ 2 © n o -]
?-(n 2) {n-l g VW dt do+ + (n-2) = gn-lft t7" vwy dt do

n 2
+ (n-2) g én_lw dw

where p = n/(n-2) has the following properties:

(1) 9 (t) <0 if t is sufficiently large;
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(1) Vim F(t) = Tim FO(t) = ¢ < -

t o t+o

0] _ 1.2 2 2
where F°(t) =5t gn_l(wt - |75 | %)dw .

PRUOF. By multiplying (2.12) by tzwt and then by integrating over §"°}

it is easy to see that

dF _ 2 2 2
pral (n-2)t gn-lwt dw + (n-1)t gn-lw dw

(2.17)
_ 2 2 p-1
t gn-llvewl dw - p gn-lw v do .

From this formula (i) 1is clear.

To show (ii) we recall that w = Vi >0 as t > = and that w2 s wf are
integrable. Since we can easily see that tvP-1 WoW o, tw W, are also
integrable and since

0 ) 2
/ JT ww, dt de = - w dw - [ widt dw
Sn—l & t én-l Sn-l £

we conclude that
Tim F(t) = lim FO(¢) = .
too tr+

To see that ¢ < - « , we observe that by Lemma 12

C 2 2
L = 1im inf t fsn_1|vew| dw < «

t+eo

. . 2 2
Hence there exists a sequence t, > = such that L = lim t [no1 17| do
t b

k

>~

and therefore

c = lim F(tk) < - =,
tk+m

LEMMA 14.
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PROOF. Consider ty sufficiently large and integrate (2.17) from ty to

« to obtain

(n-2) [= [ t% dudt <[- F(=) + F(tg)] +C
ty s

where C>0 1is a constant. Since by Lemma 13, - F(=) < « , the assertion follows.

LEMMA 15.

) 2
J gn-l Vttt dw dt < .
0

PROOF. We multiply (2.12) by wtt = Vi and we integrate from tg to T

and over S""! to obtain that

2 T -1
[T 1 wldedt + (n-2) | [t Wy w dudt

tO Sn-l tt to 5
-2 T
(2.18) + JT én_l 7 Wy dudt + [T [ W Mg do dt
ty S

where
D=1 [t 2P, dodt -p [T [ P, duat
tO S tO S
+ %.(n-z)2 ]T ]n_lt'l W W, dwdt - ?-(n-Z)Z fT fn-l =2 Wy, dw dt
ty S tg S
tn-2) g T e v, dudt - (n-2) DT 2 . du dt
2 £, gn-1 tt ?'to gn-1 tt

with p = n/(n-2).

Using Holder inequality, the inequality ab < %-a2 + -%-b2 , the fact that

thtl <M and the integrability of w we can easily conclude that

1] < =

We also have
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oo -2
tf gn_lt Wl Wy | duwdt < =,
0

Hence to conclude the integrability of Vftt it suffices to study the terms

= (7 -1 T
11 = | fn_l(l-t ) Wep Wi dw dt and I2 = | In-lwttAe w do dt
by S t, §

By integration by parts we conclude that
T T 5
I, = - gn—lve W oo VoW dw| o+ g én-l IVéwtl dw dt

0
and 0

T -1
d - t
w I n-1 th Wy dw dt.

Using Lemma 4, (2.13), Holder inequality, the inequality ab <-% a? + %.bz
2

and the integrability of w.' and |vg wtl2 , and the fact that wg, 1is uni-

formly bounded we conclude that
|11| ’ llzl <=
Therefore from (2.18) we conclude that

T 2
g é’n_lwttdm dt <M <
0

where M>0 is constant independent of T.

LEMMA 16. The following holds,

(a) t v2 de + O , as t +e

(b)y t [

a1 Vep dw 0 s e
n-

() t [ 1V . v|®de >0 ast > =.
Sn-l e -_—
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PROOF. Consider

4o e 2
at " én—lvt do = gn-lvt do + 2t gn-lvt Vig do -

Let {tk} » {8} be two sequences such that t,, s, > «. Integrating from

. . . . . 1.2, 1,2
t, to s ., using Holder inequality and the inequality ab <xa + E'b we get

It, gn_l 2du- s, g _vidul

2 ©
tv, dodt + [ [
zk S % sn-l t lk gn 1 tt

dw dt

where 2 = min(tk, Sk)' Since by Lemmas 4,8 and 11 the functions on the right

are integrable we conclude that

limt [

fom = dn1"t dw exists

But since Vf is integrable this limit must be zero.

(b) follows from the fact that

) |
It fno1Ver (B ®) du -5y fn Ver (5000w | <

w ,2
/ gn 1 tt(t 8) dwdt + [ f vip (£,0) dwdt
o % S
w 2
+ fn_lvttt (t,6) dw dt ,
lk S
and the facts that the functions v?2 2

2 2 .
tt ° t Vit and Vipy are integrable, by Lemmas
4, 14 and 15 respectively.
We prove (c).

We multiply (2.8) by t(v-v) and we integrate over sn-1 ¢ get
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(2.19) t gn_lwe”z - tén-l (v-v) Vep do + (n-2)(t-1) én—l (v-V)vt dw

¥ gn_lvp (v-v) du --% (n-2) gn_l v(v-v) du

+ (n-2) ¢!

n -
* [ v(v-v)dw .

4 Sﬂ—l

Now, using the Holder inequality and the inequality ab <= 1 a’ + e b® , where &0

a small number chosen such that when we applied the Poincarée inequality on
Sn-l

we have
_ =2 1 2
(n-2)e t g{n_llv V] “dw <yt s(n_l | Vv | "dw
we get that
1 2
t g |v- vlv tr do €= t fn WV tt do + gt én-llv6v| dw ,

and

(1-2)(-1) [, (Vv An=2) vr Vdw+ gt AT

Hence from (2.19) we obtain that

2 2 -
(2.20) tgn-llvev| do < CL t gn lvttdm +t én_lvt dw + én_1|v-v|dw]

where C >0 1is a constant independent of t.

Let now t, » = be a sequence such that

lim t, f 1% v|%dew = lim sup t f 211 v|?do .
k-bco t +

Since V(tk) +~c(tk) (we take a subsequence if necessary) we have that

|v-v] + 0 as to> .

Hence since from (a) and (b) we know that

is
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tf 2Clm,tfn

2
v
n-1tt ln-1Vg 40 0

as t + =, we have from (2.20) that
lim sup t | |Vvlzdm +> 0.
n-1 8
t o S

This proves (c).

LEMMA 17. Lemma 5 holds.

PROOF. From Lemmas 7 and 16 we have that as t + «

2 A
fn 1 (v p+1/(p+l) - iﬂigl Vz) dw +¢c < -
$n-

where ¢ is a constant and p = n/(n-2). Since the function

p+l 2 (n-2)

is strictly decreasing, and by Lemma 2 all possible constants satisfies the
relation c(tk) < t* , we have that
c(t,)) = f'l(c/w )
k n-1

where 71 is the inverse of f and Woop 1s the volume of Sn_l. Hence Lemma

5 holds.

LEMMA 18. Theorem A holds.

PROOF. In view of our previous lemmas it suffices to show that if

(2.21) 1im len'2 (-2n lxl)(n'z)/2 u(x) = C
|x|+0
with ¢ < in-2 (n-2) then the singularit t b b1 Indeed by L
2 n—2)/2 s g 1 Yy mus e remova e. naee y emma
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lx}ig X[ (aan ) (M-2)/2 () g

for some C > 0 . Now by Lemma 2 we have that
¢ < An-2 (n-2)
o(n-2)/2

Therefore it suffices to prove (2.21).

For we consider the auxiliary function

2(x) = (-2n |x|2)'S u(x) , s>0.

Then as Lemma 2 of [A] we have that

n 2,-2 2,-1
AL+ 2 bi(x) 2, = 2l4s(s-1) j;z_r;leL_l + 2s(n-2) %‘%——)
i=1 j X X
u2/(n'2)] ,
where
2,-1 %
bi(x) = - 4s (-2n |x|°) —, -
| x|

We then consider the function

-2s
w(r) —flv’?(n"'{’t) dt , 0<r<

Ny —

This function satisfies

n
Ay + X bi(x) wx‘ =0 ,
i=1 1

and it has the property that

2s
P(x) > M (=2n|x])”

x|
where M > 0 is a constant.

Since

|l1m 1x|"72 (= an |x])(n-2)/2
X

b

2
u(x) = ¢ < ({0520 4(n-2)/2
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by taking

c2/(n-2)
(2.22) 3Ry <s < (n-2)/2
we get (I) - (II) :
n

(1) AL+ ) bs(x) 2, >0 near 0,
i=1 i

(11) 2(x) = 0 ((-an |x])=(n-2)/2 - s |x|-(n-2))
Because of ~(2.22) we a1so have, (12 + ) > 25 and hence 2(x) < ¥(Ix|) near O .

Suppose next that (I) and (II) hold for 0 < r < g - Let M =|me 2(x) .
X|=r
It follows from the maximum principle that for every e>0 there exists 0

r(e) <r«< Cgs (r(e) »0 as e +0) such that

2(x) < e y(|x|) +M if r(e) < |x]| < rg -

Therefore, 2(x) 1is bounded. As in Lemma 2 of [A] this implies that the singu-
larity must be removable.

The case where - 2 < 0 < 2 1is obtained with straightforward changes.

§ 3. APPENDIX.

In this appendix we shall give a new proof of a theorem of Gidas and

Spruck.

In [G-S], Gidas and Spruck studied positive singular solutions of

su +ud =0 in B|{O} , (322)< q < %%;%} >

where B is the unit ball in RM | n>3.

In Theorem 3.3 of [G-S] in where they claimed the estimate

(3.0) u(x) > ¢ |x|"?/(a-1)
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where C>0 1is a positive constant, the statement:

"If 1im inf |x|2/(q'1) u(x) = 0 then the Harnack inequality implies that
X0

1im lxlz/(q-l) u(x) = 0"
x 0
seems to need more explanation. The same statement was made later in [A].
However, as we shall see below, one can modify their proof of the

theorem stated below, in such a way that one only need to use
(3.1) u(x) <c/|x|?/(a-1)
Using only (3.1) we prove

Ciwljol)
v -
THEOREM B (Gidas-Spruck). Let u be a nonnegative solution of

(3.2) o+ |x[9u8 =0 in B|{0}

where

1<1(Tr:§’§‘))'<q<("+2) 2<a<2

n-2)

and q # (n-2 + 20)/(n-2).

Then, u has either a removable singularity at {0} or

(3.3) | \im ) |xl(2+°)/(q'1) u(x) = Cy
X +>

| 1/(g-1
where C, = [ (Zzszi;az) (q - (ztO) )] (q-1)

Clearly (3.3) is a stronger statement than (3.0)

PROOF. If u is a solution of (3.2), then it follows from the work of

Gidas and Spruck that

(3.4) u(x) <c¢/ |x|(2+9)/(a-1)
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where C>0 1is a constant and x is close to the origin.
Then we consider
t = - x|
and

v(t,e) = |x|(2+a)/(a-1) (. g

r=|x], sesl , t ER .

Because of (3.4) v 1is bounded. Now as in [G-S] (Theorem 1.4) we get the

equation

v + av

- c9-1 q -
tt + AV C0 V+yv 0

t 8

with

= (n-2 +2+2
Sy R -

- ( {2+0)(n-2) (nto) ,,1/(a-1)
0 e Tt )

q # (n-2+20)/(n-2) .

Repeating the proof of their Theorem 1.4 (it should be observed that here

one only need the fact that v is bounded, see Lemma 4 of this article) we

conclude that for each sequence {tk}, t, * =, there exists a subsequence t/

9

such that

v(ti s 8) »v(8) as tL + o

and where v(g) satisfies

-1
(3.5) By v - céq ) v+vi=0 on s"!

It is shown in Appendix B of Gidas-Spruck [G-S] that the only solutions of
(3.5) are

v

I}
o
(=]
=3
<
L}

(gl
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Hence because the 1imit set of a smooth function is a connected set we have
v(t,8) » C0 or v(t,8) 0 as t + =,

(Observe that when q = n/(n-2), then we do not know a-priori that the 1imit set

of v 1is a discrete set as it occurs in this case).

If the later occurs, it follows from the definition of v that

(3.6) tim x| (2*o)/(a-1) 4y = o
x>0

Then we define the auxiliary function

vix) = |x|® u(x) , s>0 .

By computing the Laplacian of this function and then by using the maximum prin-
ciple, exactly as in the proof of Theorem 2 of [A] p. 785-786, (see also Lemma
18 of this article) we conclude that if (3.6) occurs, then the singularity must

be removable. This concludes the proof of Theorem B.
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§ 4 APPENDIX II

In this appendix we shall give a simple proof of the Harnack
inequality for positive solutions of (1.1).

In Lemma 2 we used the Harnack inequality for positive solutions
of (1.1). This inequality is a consequence of Theorem 3.1 in [G-S].
However, their proof is rather complicated.

We begin by recalling the well known fact.

Lemma 4.1. There are no non-negative C* solutions of (1.1) in
R - K, where K C RM is a compact set of RN

Proof. We assume O €K and K C {xeRn: |x|<1}, We then
consider the average of u, U, center at the origin. By averaging (1.1)
we get (assuming @ = 0)

Ty + (N-1) "re TV <, 1> 1.
r
(The case © 20, -2<0<2 is treated in the same manner).

Next, we make the following change of variables,

V(r) = H(r'l/(n'Z)) s r<il
fr)=rv(rt) , r>.
We obtain the differential inequality

n/(n-2)
+ — 5 fz <0 ,r >1.
(n-2)" r

fl‘l‘

Therefore, fy <0 and because f > 0 we obtain that f, > 0. Hence



r

'
(4.1) 1r) = 1(rg) +| fn(s) ds

, fn/(n-Z)(ro)

< fdro) -
= A 0) (n-2)2 s * )2 r

If there is rg > 1  such that

AT

(n-

<0,

(4.2) T, (ro) - 5 )2 r

0

then by letting r= o in (4.1) we conclude that
f{r) <0., for r sufficiently large

This is a contradiction.

So, since (4.2) never holds we have

n/(n-2)(r)
fr(r)z (n_]2)2 ! r ’ rZ 1.

Hence, by integrating from 1to r we obtain

41



42

-(n-2) r-2/(n-2) (r) + (n-2) -2/(r2) (1) > ] Inr.
2 2 T (n-2)°

Sinceas r-»o, f(r)»>cge  we get acontradiction.

Lemma 4.2 If ue C*(Q) isanon-negative solutionof (1.1) in
Q, then

sup u(x) < C (@) ,
X€Q

where §Q cc Q and C (B,n) >0 js aconstant depending only on Q and
n but independent of u.

Proof, This lemma follows at once from Lemma 4.1. (See [G - S,
[1] p.887 - 890). Indeed suppose there are a sequence of C*-solutions of
(1.1)inQ, say u; , and a sequence of points p;= p, p;, p €M such
that

ﬁ‘=u|(p,)4w as i - oo,
We consider
vi(x) = A2 uiAxepy), x| A

where we have asumed that B(p) C Q and where A~ 0 is defined by

A2 ulpy) = 1.
Since p,» p€ Q, and By,,(p) C Q, standard elliptic estimates and
a diagonalization procedure imply we can find v and a subsequence i’ -
oo such that

vi= v inthe C2 topology of RM,

Av+wWinrd=0 inRp, v0)=1



But this contradicts Lemma 4.2.

Lemma 4.3 Let u >0, ueC(B|{0}) be a solutionof (1.1) in
B|(0)}, where B ={x€eR™ |x| <1}, Then

(4.3) ux)<c/|x|™2 , |x| <%
(4.4) sup u(x) < C Inf u(x)

X € B(x,J%L) X € B(er%l,)

1

where |x| < 7, and C>0 js a constant independent of u and x:

(4.5) supu(x) < C inf u(x)
€0 < |x| <(1+6)¢ €< |x| <(1+0)g

where C >0, 0<e<v}. €o > 0 and small. are constants independent

g_fu

Proof. We prove (4.3). Let xg =0, |%g| < 17 We consider

w(x) = |xg|™2 u(|xg|x+x0), |x]| <1.
By Lemma 4.2

wx)<C if |x] 5%.

In particular,
| xa| ™2 u(xo) = w(0) < C.
This proves (4.3).

(4.4) and (4.5) follow from (4.3) by using standard arguments.
Indeed we write (1.1) in the form

Au+ y22) y=0

43



(4.3) implies that we can apply standard results for

linear equation to

conclude (4.4) and (4.5). We refer to the proof of Theorem 3.1 of Gidas

and Spruck [G-S] for further details.

[G-S, lll. Gidas, B., and Spruck, J.: A Priori Bounds
Solutions Of Nonlinear Equations, Comm. In Partial Di
6(8), 883-901.(1981).

For Positive
fferential Equations,
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