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Abstract. In this paper we study a model of tumor which grows or shrinks due to proliferation of cells which
depends on nutrient concentration modelled by a diffusion equation. The tumor is assumed to be spherically
symmetric, and its boundary is an unknown function r = s(¢). It is shown that there is a unique stationary
solution with radius » = Ry which depends on the various parameters of the problem. Denoting by ¢ the
quotient of the diffusion time-scale to the tumor doubling time scale, so that ¢ is small, we prove that

(i) liminfs(t) > 0

t—o00
(ii) If ¢ is sufficiently small then s(¢) — Ry exponentially fast as t — oo.
(iii) If c is not “sufficiently small” but is smaller than some constant v determined explicitly by the parameters

of the problem, then limsup s(t) < oo; if however c is “somewhat” larger than -y then generally s(¢) does not
t—o00

remain bounded and, in fact, s(¢t) — oo exponentially fast as t — oo.
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1. The model.
In this paper we consider the growth of a tumor, assuming that it has a spherical shape

{r<s)} (r=lz, z=(x,2225))

at each time ¢; the boundary of the tumor is given by r = s(¢), an unknown function of ¢t. We
shall study the model initiated by Byrne and Chaplain [4] (see also [3] [5]); other models are
described in [1] [2] [7].

Denote by o(r,t) the nutrient concentration in the tumor. The time ¢ is measured in minutes
so that the diffusion time scale R3/D is of unit order; here Ry is the length-scale of the tumor
and D is the diffusion coefficient of the nutrient concentration.

Denote by op the constant nutrient concentration in the vasculature. Then o satisfies the
diffusion equation

(1.1) Jo_19 G 200
ot r2or\ Or
where I' is the rate of blood tissue transfer per unit length, A\go is the nutrient consumption
rate, and ¢ = 1/T where T denotes the tumor doubling time. Typical values for T" are on the
order of a day, in which case c¢ is small.
The rate of growth of the tumor depends on the number of cells contained in it. Denoting
by S(o) the cell proliferation rate within the tumor, the tumor radius then evolves according
to

d 2T
(1.2) dt( / // S(o)r? sin 9drdddep.

We shall consider the case where S(o) is linear, i.e.,

)+F(JB—0) Mo if r<s(t), t>0

(1.3) S(0) = u(o—?)



where 1 and o are positive constants. We also assume that

Qi

(1.4) o= or r=s(t), o constant.
The model (1.1)—(1.4) was studied in [4]. Assuming that

FO’B
L+ X’

Qi
QR

(1.5) >0 >
a steady solution was computed and its stability was discussed. In this paper we study in more
detail, and with rigorous mathematical proofs, the behavior of the time-dependent solution as
t — oo.

In the sequel we shall work with

r
T _(: " instead of o.
Setting
. S5 FO’B _ = FO’B
=0 — =0 — A=1+ )\
oO=0 AW og=0 Tty + Ao
and choosing 1 = 3, the system (1.1)—(1.5) reduces to

o 1 0/ ,00 ,
(1.6) e —ﬁg(r E) —Xo if r<s(t), t>0
1, . ds(t #(0)

(1.7) gsz(t)% = /0 (o — &)r’dr,
(1.8) o=0 or r=s(t),
and
(1.9) g >a > A
Finally, we have an initial condition

. doy
(1.10) o(r,0) =op(r) if 0<r<s(0), E(O’O) =0

where s(0) is given.
Our main results are the following:
(i) li{n infs(t) > 0 > 0, and ¢ can be chosen arbitrarily close to the stationary radius Ry if
—00

c is sufficiently small.
(ii) If ¢ is small enough so that

3¢5 + 3ce M < A

then s(t) is uniformly bounded.
(iif) If
clod—0a)>

then, for some initial data,

s(t) — oo exponentially fast as ¢t — oo.



(iv) If ¢ is sufficiently small then s(¢) — Ry exponentially fast as ¢ — oco; thus the stationary
solution is globally asymptotically stable.

In §2 we establish the uniqueness of the stationary solution and in §3 we establish existence,
uniqueness and some properties of the solution to (1.6)—(1.10). The assertions (i), (ii), (iii) and
(iv) are proved in sections 4, 5, 6 and 7, respectively.

2. The stationary solution.
A stationary solution satisfies

1 0/ 5,00 ,
ﬁ&(’f’g)—)\(f—o if r < Ry
and is given by
inh
(2.1) ou(r) = o T sinhvr
sinhvAR, T

where (by (1.7))
1 fto
(2.2) g&Rg = / os(r)ridr.
0

Substituting o, (r) into (2.2) we find that

n

(23) tanhn = m, n = \/XRO
where 15

o
2.4 A=_2.
(24) T2
by (1.9) .
(2.5) 0<A< 3

THEOREM 2.1. There exists a unique stationary solution, i.e., there exists a unique solution

n of (2.3).
Proof. We need to prove that the function

1
(2.6) g(n)=1+An* —ncothn (0<A< g)

has a unique zero n, n > 0. We compute:

1
@%A——<O it n—0,
n 3
@%A if n— oco.
n

Hence it suffices to show that the function
(2.7) h(n) = =~ is strictly monotone increasing.

We have )

__ncoshn-sinhn — 2(sinhn)* 4+ 7
N n3(sinh n)2 '

3




Denoting the numerator by k(n), it suffices to show that k(n) > 0. But a straightforward

calculation shows that
k™ (n) = 16ncoshn - sinhn > 0

whereas k()(0) = 0 for 0 < j < 3, so that indeed k(n) is a positive function. a
REMARK 2.1. Let n(A) denote the solution of (2.3) and set s(A) = /An(A). Then
g(s(A),A) = 0 where

u cosh(u/\/K))‘

1 2
g(u,A) = _(1 tu - VA sinh(u/v/A)

u2

One can check that
Gu > 07 ga > 0

so that

ds gA
— =2 .
oA~ g.

Also, s(A) = 0 as A — £, and s(A) > 1if A ~ %. Tt follows that there exists a unique constant
At such that 0 < Agy < % and

1

V Acrit ‘

S(Acrit) - 17 i'e'a U(Acrit) -

By (2.3), = 1/+/Acyit solves tanh x = x/2, so that

g <A =0.2727... < i—:
and
n(A) > ! if 0 <A < Acs,

1
if At <A< =,
V Acrit ' ' 3

This remark corrects the assertion made in [4] that n(A) > ﬁ for 0 <A< 3.

3. The evolution problem: General properties.
Throughout this paper it is assumed that

0<op(r)<a for 0<r<s(0), and

oo(r) is a continuous function.

(3.1)

THEOREM 3.1. The system (1.6)—(1.10) has a unique solution o(r,t), s(t), and

(3.2) 0<o(rt)<a if 0<r<s(t), t>0,
(3.3) s(0)e™% < s(t) < 5(0)e" 4f t>0,
(3.4) —&s(t) < §(t) < (6 —&)s(t) if t>0.



Proof. We first assume that a solution exists and derive the estimates (3.2)—(3.4). By
the maximum principle, o cannot take non-positive minimum in the set {r < s(¢)}, so that
o(r,t) >0 if 0 <r < s(t). Similarly o cannot take positive maximum, larger than or equal to
g, in the set {r < s(t)}.

Next, from (1.7) and (3.2) we get the inequalities in (3.4), from which we also deduce the
estimates in (3.3).

Local existence and uniqueness of solutions to (1.6)—(1.10) can be proved by standard argu-
ments as for the Stefan problem [6; chap. 8]; instead of the Stefan condition § = —o, we now
have the free boundary condition (1.7), which actually makes the analysis simpler. Finally, the
a priori estimates (3.3), (3.4) enable one to extend the solution step-by-step to all ¢ > 0. a

We conclude this section by deriving an integral equation for s(¢). We multiply (1.6) by r2
and integrate in (r,t) to get

t s(0)
c/ ro(r,t)dr — c/ s%(t)75(t)dt — c/ roo(r)dr
r<s(t) 0

0
¢ ¢ s(t)
:/ 328—U(s(t),t)dt—/\/ dt/ r2a(r,t)dr.
o Or 0 0

Using the relation

s(t) 1 1
/ r2o(r, t)dr = Zs*(t)5(t) + =55°(t)
. 3 3
which follows from (1.7), and setting
_ . 1
(3.5) B=c¢(6—-5)— g)\,
1
(5.5) (1) = 35°(0),
we find that
1, t , 00 [t
(3.7) —cf'(t)= [ s*==(s(t),t)dt+ Bf(t)— Ao [ f(t)dt —~
3 0o Or 0
where
1 s(0)
(3.8) 3= (e = 3NF(0) — e / 200 (r)dr.
0
Note that, by the maximum principle,
(3.9) o.(s(t),t) >0 forall ¢>0.

4. li;fn infs(t) > 0.
—00
THEOREM 4.1. There exist positive constants 6., Ty such that

(4.1) s(t) > 68, if t>Tp

Proof. We divide the proof into two steps.
Step 1. We assume that



for some 77 > 0, and show that if § is sufficiently small then we get a contradiction.
Introduce the function
s(t) sinh Mr
r sinh Ms(t)

(4.3) v(r,t)=a for t>1T)

where M? = A+ 2+ N and N is any positive number. If §; is small enough then

M+ M 4 0(r")

o 2
M + 222 4+ O(s4)

v =

=a(1+0(s%),

d( s(t) ):d 1

dt \sinh M s(t) dtM+M+O(s4)
1d M?s? Mss
e — ]_ — 4 — 1 2
Mdt( g TO ) (1+0(s7)

< %632(1 +0(s%) by (3.4),

and
inh Mr M 56 M?
v < 728 T?532(1+0(32))g ""3 $2(1+ O(s?)).
T

It follows that
cvy — Av + M= cv; — (M? — \)v = cv; — 2v — Nv
coo M?

- 3

s°(14 0(s?) — 26(1 + O(s?)).

Choosing &y small enough so that

1 o M?
|0(s%)| < 1 if s<do and CUTJS <1,

we conclude that
(4.4) cvp—Av+ v <0 if r<s(t), t >T7.

Consider the function
w=0—v+z

where

It satisfies
wy—Aw+Aw >0 if r<s(t), t>1,

and it is positive on {r = s(t), ¢t > 71} and on {t = T, r < s(T1)}. By the maximum principle,
w>0 if t> Tla i.e.,

(4.5) o(r,t) > v(r,t) — z(t).

6



This inequality can be used to estimate s from below:

s(t)
—82(t)s'(t):/ (o(r,t) — &)rdr

s(t)
2/ (v — &)ridr —/ z(t)ridr
0
1
3

_ )8+ O(s%) — %56_)‘(t_Tl)33(t)

v

where |O(s%)] < %(5 — &)s® if §p is small enough. It follows that for some large enough
Ty (T, > TY)

(=)

s(t) >0 if t> Ty,

i.e., s(t) is monotone increasing. This implies (by a standard result for parabolic equations
[6; Chap. 6]) that o(r, t) converges to a stationary solution. By Theorem 2.1 we must then have

tlim s(t) = Ry, which is a contradiction if we initially choose dy < Ry.
— 00

Step 2: Choose 0 < §; < 8y < g (say 0o = P9y, 61 = 928y, 0 < ¥ < 1), d as in Step 1.
Without loss of generality we may assume that s(¢) is not > &y for all ¢ > 0. Then, by Step 1,
there exists a t = ¢; such that s(t;) = dp. We shall prove that

(4.6) s(t) > 6; forall t>t,

and this establishes the theorem.
Suppose (4.6) is not true. Then there exist

t1 <ty <ts
such that s(t3) = 61, s(t2) = d» and
(47) (51 < S(t) < (52 if to <t <lts,
(4.8) 5(t3) < 0.

In order to derive a contradiction we need to construct a subsolution to o, and this requires us
to first obtain a lower bound on o(r,ts).
Since $(t)/s(t) > —&, we have

1 o
to—t > -log—=m
o (51
and, similarly,
1 0.
t3 —tg Z flOg—2 = 2.
g 51

The domain 3
D, = {(T’ t) r < 52 = 52(1 + 6071), to—711 <t< tz}

contains the domain Dy = {r < s(t), t2 — 71 <t < t3}. We introduce the solution W to
CWt =AW — AW in Dl,

W(gz,t) =0, tg—:)/1<t<t2,
W(’f’, tg — ’)/1) = 0, r< (52.



We can represent w = e*/°W by Green’s function for the heat equation cw; = Aw,

w(r,t) = /tz / wa—G
’ B ta—71 7‘:(5"2 87. ‘

Using the estimate

—e (C,a positive constants)

(which can be obtained by comparison with Green’s function for a rectangular domain con-
structed by a series of reflections [6; p. 85]), we find that

(49) W(T’, tz) >eg>0

where £9 depends only on 4, b5, c and A, ie., only on dy, 02,7, ¢, A.
By the maximum principle ¢ > W in Dy and thus, in particular,

(4.10) o(r,ta) >eg, 1 < s(ta).
Next we introduce the domain
Dy = {r <s(t), ta<t<ts}
and a comparison function in D,:

s(t) sinh Mr

4.11 t)=0o(t
(4.11) v(r?) = 5(t) r sinh Ms(t)
where

a(t) =eNtRley ty <t <t
(4.12) 1 G

N =

log —,
t3 —to g€0

so that &(t3) = 6. As in Step 1 we compute

w3 cvy—Av+ v = cg—t)v +a(t) (2 - A+ ,\) (L)
O(s%) <

if M> = X+ 2+ N. Thus v is a subsolution. (We need to note here that if we take J, =
96y, 01 = 925, with 9 fixed, 0 < ¥ < 1, then 7,7, are uniformly bounded from above, and &,
is uniformly bounded from below. Therefore N is uniformly bounded from above and the same
holds for M. Hence the O(s?) term in (4.13) is negligible if d, is small enough.)

In view of (4.10) and the definition of 6(¢), 0 > v on ¢t = t» and on r = s(t). Hence, by the
maximum principle, ¢ > v in D5 and, in particular,

s(t3) sinh Mr
r sinh Ms(t3)

Qi

o(r,t3) > v(r,t3) =
Using this in (1.7) we deduce that $(¢3) > 0, a contradiction to (4.8). a

8



Theorem 4.1 does not give a sharp bound on §,. Such a bound can be obtained by going

more carefully over Step 1. This is done in the following lemma.
LEMMA 4.2. let § > 0 be defined by

1 1 .
Then the inequality
(4.15) s(t) < ¢

cannot hold for all t sufficiently large.

Proof. We assume that (4.15) holds for all ¢ > T} and derive a contradiction; for simplicity
we take T} = 0. Let v be defined as in (4.3).

We want to prove that

(4.16) cvy — Av+ v <0
and
s 83
(4.17) / vridr > 65—
0 3
provided (4.14) holds; this will lead to a contradiction as in Step 1. Since
o, as "o _ o[ coshMs 1
= h Mrdr = -
/0 o sinth/0 AT = 95 M s sinh Ms (Ms)?

(4.17) is satisfied if and only if

cosh M's 1 o

4.18 _
(4.18) Mssinh Ms  (Ms)? ~

But since the left-hand side is strictly monotone increasing in s and

n coshn 1

1+ An?’ o nsinhn  n?

tanhn =

(4.18) holds if and only if
(4.19) Ms <1 =+ARy.
Note that the function
@) = rcoshx
~ sinhz

satisfies: f(0) =0, f'(xz) > 0. Since also § > —gs, and Ms < 7,

. [sinh Ms — Mscosh Ms . [mcoshn
cUp = cSv ] < cav[ — 1],

ssinh Ms sinh n
and the right-hand side is equal to cGvAn?. It follows that
cvy — Av + Av < (A + e6An* — M*)v <0

provided
(4.20) A+ caAn® < M2

9



Thus it remains to choose M which satisfies both (4.19) and (4.20). Since s < 4, this is possible
if

2

~ n
A+ coAn? = 52
which is precisely the relation (4.14). a
THEOREM 4.3. For any € > 0 there holds:
(4.21) liminfs(t) > Ro(1 —¢)

t—00

provided c s sufficiently small.
Proof. We proceed as in the proof of Theorem 4.1 but choose §y = Ry(1 — %) Then Step 1
follows from Lemma 4.2. To proceed with Step 2 we choose 0; = Ry(1 —¢), 2 = Ro(1 — 5).
We now need to take a larger constant M in order to control the derivative of 7(¢) so that
v remains a subsolution. Indeed we take M? = X\ + C; for some large enough constant C;, and

then require that c is so small that
(4.22) A+ Coe < M?

where () is another constant. The constants C; and Cjy actually depend on c¢. Indeed the proof
of (4.9) shows that €9 = e;c where £ is a positive constant independent of ¢, and, recalling the
definition of N in (4.12) we find that

1

C

(= C’l log

where C; is a constant independent of ¢. The same holds for Cy:
~ 1
Co = Cylog -
c

where Cp is a constant independent of c.

In order to be able to choose M which satisfies (4.19), (4.20) and (4.22) it remains to show
that

R2\
R3(1—¢)?

But this inequality is clearly satisfied if ¢ is sufficiently small. 0

~ 1
A + cmax {6A772, Colog —} <
c

5. Boundedness of s(¢) for small c.
THEOREM 5.1. If
(5.1) 3¢ + 3ce M < A

then there exists a constant Cy such that

(5.2) s(t) < Cy forall t>0.

We first need a lemma which estimates o,(s(t),t). In view of Theorem 4.1 we may assume
that s(t) > 0, > 0) for all ¢ > 0. Take ¢ > 1 and set K = s(¢). Since $/s > —&, we have, for
any 9 > 0,

st) < K+aK(t—t) and t—1<t<t

10



where a = (1 + 9)&; later on we shall need to take ¥ > 0.
LEMMA 5.2. For any 0 < ¥ < 1 there exists a constant Cy such that

(5.3) 0 < 0,(s(f), 1) < (1 +9)5(5 + e °)s(f) + C4.

Proof. We shall construct functions W, V' such that

W, < AW — AW,
cVy = AV = \V
in
D={r<K+({t—taK, t—-1<t<t},

and

W=, V=0 or r=K+(t—t)ak,
o(r,t—1) if r<s(t—1)
g if r>s(t-1),
Vir,t—1) <0 if r<s(t—1).

W +V)rE-1) < {

By the maximum principle it then follows that o > W +V in Dy = {r < s(t),
and, since 0 = =W + V at (s(f), 1),

(5.4) or(s(t, t) < (Wr + V2)(s(2), 7).

We take W simply as
W = 5.6N(r+(t—f)aK—K)

where

caKN = N? — ),
o K K\2 1/2
(5.5) N= CO; + [(60‘2 ) +A] .

We shall compare V' with the solution v(z1,t) to

0%v
CU =

0u}
v=0 if 1=K+ (t{—t)aK,
v<V at t=t—1 and v(r;,t—1)=0 if =z > s(t—1);

and v, (0,¢) = 0. Then v <V in D and, since v =V at (s(¢),?),

(5.6) Vi(s(t),1) < vay (s(2), 7).

In order to estimate v, (s(f),t) we introduce a function z,
2(&,1) = v(ay, )NV £ = Ve,

11

s— A in {0<z; <K+ (t—t)aK, t-1<t<t},

t—1<t<t}



Then

Zt—Zg.g:O if §<b(t_—t)+K\/E, £—1<t<£,

=0 if £=b{—1t)+Kve

26, t—1)<V and 2(£t—1)=0 if £>s(f—1)/c
where b = aKy/c. By Lemma 12 of [§]

(5.7) |2e(Ves(B), )] < (b + C1) sup [V (-, - 1)].

The proof of that lemma requires the assumption that the distance from the support of z(£,t—1)
to the point (b+ K+/c,t — 1) is uniformly bounded from below, that is,

(5.8) 95K+/c > const. =¢; >0,

and it is here that we need to choose ¥ > 0.
In a similar way one can prove that

|2¢(Ves(t),£)] < (b+ Cr)sup [V (-, £ = 1),

and this implies that
(5.9) (02, (s(F), )| < Ve(aK e+ Cr)e e

provided (5.8) is satisfied. Note that if (5.8) does not hold then the slope b is uniformly bounded

and, by standard parabolic estimates, |z¢| < Cysup |V (-,t — 1)| so that (5.9) is again valid.
By the maximum principle V;. > 0 at r = s(), so that from (5.6) we obtain the bound (5.9)

also for V. Recalling (5.4) and the definition of W, the estimate from above for o,, as asserted

n (5.3), follows. a
Proof of Theorem 5.1. From (3.7) it follows that for any 0 < ¢; < t,

%cf’(tQ)—%cf'(tl):/zszar( (£), 8)dt + B (t2) — f(ts ]—)\a/ £#)

t1

and therefore, using (5.3),

gcf(tg)——cf(t1)<3c(1+19c7_ A/C/ f(t dt+01/ F(t)*3dt

(5.10)
+ Blf(ts) - m—Aa/ £(0)

Suppose that the theorem is not true. Then for arbitrarily large M we can find ¢ = ¢, such
that

f(tz) — M2.
We take the smallest such ¢, and define ¢; to be such that

M < f(t) < M? if t, <t <ty
f(t) = M;

12



such a t; exists if M > f(0). We then have

/t ’ FR)dt < M11 3 /t 2 F(t)dt.

Substituting this into (5.10) and choosing ¥ small and M large (and recalling that A > ¢7), we
find that

(5.11) %cf’(tz) _ %cf’(tl) < —5/tt2 F(®)dt + Blf(ts) — f(t1)]

for some § > 0. By assumption B < 0 (B is defined in (3.5)) so that the right-hand side is

< —|B|(M2 - M).
On the other hand the left-hand side is

s°(t1)

1 1
> —gcf'(tl) = —5032(751)5’(751) > —c(6 — 0)
= —¢(0 = 06)f(t) = —c(g — )M,
which is a contradiction if M is large enough. O

6. Unboundedness of s(t) for ¢ not small.
In §5 we proved that if ¢ is small enough, i.e., if

cd <A and B<O0 (Basin(3.5))

then s(¢) remains bounded as ¢ — oco. In this section we show that if B > 0 then s(¢) may not
be bounded. More precisely, we shall prove that s(¢) is unbounded if

(6.1) B > 0.
1 2cA\G
(6.2) B* > %% for some 6 >0
and
3 s(0) 1
(6.3) 3(0)30/0 [(1+ 8)oo(r) — 65]r*dr > ¢ — §5A.
THEOREM 6.1. Under the assumption (6.1)-(6.3),
1
(6.4) 533(75) > f(O)ec(alaffS)t for all t>0.

Proof. Since o,(s(t),t) > 0, (3.7) yields

(6.5) %cf’(t) > Bf(t) — A /Ot FO)dt — .

We claim that the inequality
t
(6.6) BF(t) > (1+8)(\6 / F(&)dt + )
0

13



holds for all ¢ > 0. Indeed for ¢ = 0 this follows from (6.3). If (6.6) does not hold for all ¢ > 0
then there is a smallest ¢ = 3 > 0 such that (6.6) holds for all ¢t < ¢o, but

(6.7) Bf(to) = (1+96) )\a/ f(t)dt+ ).

It follows that
Bf'(to) < (14 8)A5f(to).

However by (6.5), (6.7) and (6.2),

SeBf(t)> B'f(ty) ~ B\ / ")t + )
0
32

Qe

) cA
— BZ - — —B2 > 77
F(to) = 75/ (to) = 75 B (to) 2 —~(1+8) f(t0)
which is a contradiction.
Having proved (6.6) we now deduce from (6.5) that

Sl 2 =1 ()

3 )
and (6.4) follows. a

7. Stability of the stationary solution for small c.

In this section we prove that the stationary solution is globally asymptotically stable if ¢ is
sufficiently small. This result was suggested by a formal two-scale asymptotic analysis in [4].

THEOREM 7.1. Let (o(r,t),s(t)) denote the solution of (1.6)—(1.10). Then, there exists a
number co > 0 and constants B and vy such that if ¢ < ¢y then

s(t) — Ry| < Be .

In particular, the stationary solution is (nonlinearly) stable.

REMARK 7.1. Theorem 7.1 includes Theorem 4.3, except for the size of smallness of ¢: In
Theorem 4.3 the number € can be chosen to be anywhere between 0 and 1, and the corresponding
range for ¢ then depends on ¢; if € is near 1, then c is arbitrary (by Theorem 4.1).

The proof of Theorem 7.1 is based on the following lemma.

LEMMA 7.2. Let (o(r,t),s(t)) denote the solution of (1.6)—(1.10) and (os(r), Ry) the sta-
tionary solution. Assume that

(7.1) [s(t) = Ro| <, [$(t)| < and |o(r,t)—os(r) <a for some a >0 and allt > 0.

Then, there exists a number ¢y > 0 and constants A and 3, independent of ¢ and o, such that
if ¢ < ¢

(7.2) |s(t) — R0|<Aa(c+e ) ()|<Aa(c+e )

SN
and |o(r,t) —oy(r)| < Aa (c+ 7).

Proof. Let v = v(r,t) be defined by

o(rt) = s(t) sinh(v/Ar)
’ sinh(v/\s(t)) T
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so that

v 10 (00 (sinh(vXs()) — cosh(vAs(t)) VAs(2))
Cor — A < )—i-/\v—cas(t) — :
ot r2or \ or sinh?(v/As(t))
Then, using (7.1),
ov 10 [ ,0v
- <o — —— <
Aca) ‘o5 " 2 < 87‘) + v < Aca)

where here, and in the remainder of the proof, A denotes a generic constant independent of c.
This, in turn, implies that
v+ Aca) 1 0 [ ,0(v+ Aca)
c———= rf——m0o—=
- ot r2 Or or

O(v—Aca) 1 0 ([ ,0(v— Aca)
c y 29, <7’ . + A(v — Aca) <0

Recalling ¢ < A, it follows that for any constants K > 0,0 < <1

) + A(v+ Aca)

and

v+ Aca+ Ke ™) 1 0 [ ,0(v+ Aca + Ke™H) _
. < - ut
(7.3) 0<c 5 3y <r o + AMv + Aca + Ke™)
and
d(v—Aca—Ke ") 109 [ ,00w— Aca— Ke #) ot

, -2 — Aca — <0.
(74) ¢ 5 i <r a9 + Av — Aca— Ke ) <0
Since
(7.5) los(r) — v(r, t)| < Als(t) — Ro|
we have

lo(r,0) — v(r,0)| < |o(r,0) — os(r)| + |os(r) —v(r,0)| < a+ A|s(0) — Ry| < a+ Aa,
and taking K = A« in (7.3), (7.4) we get, by comparison,
(7.6) lo(r,t) — v(r,t)| < Aa(c+e ™).

Next, note that

s(t) o - S(t) s(t) B (t)3
/0 (v(r,t) — &) r*dr = U—sinh(\/Xs(t)) /0 rsinh(VAr) dr — & 3
- s(t) s(t) cosh(v/As(t)) B sinh(v/As(t)) B &s(t)‘Q’
sinh(v/As(t)) VA A 3

_ %n(t) (n(t) coth(n()) — 1 — An(t)?)

where we have set

(7.7) n(t) = vV As(t).
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Then, letting
s(t)
(7.8) E(t) = )\3/2/ (o(r,t) —v(r,t)) r*dr
0
and using (1.7), we obtain

1 s(t
2n(t)*n(t) = A2
3 0

)
(o(r,t) —&)ridr
n(t) (n(t) coth(n(t)) — 1 — An(t)?) + E(t)

(7.9)

I
Qi

where, from (7.6)—(7.8),

(7.10) |E(t)| < Aa (c+e ") %t)g
Thus, the differential equation (7.9) for n can be written as
(7.11) (t) = Gn(t)) + £(t)
where
(o (L An(0)?)
(7.12) Gla(e) = 30 (comu) - ERHOD)
and
(7.13) —n(t)Aa(c+e ™) <E@F) =3 B(t) < nt)Aa (c+e ).

Now consider the functions
(7.14) Gie(n) = G(n) £ Acan.

It is easy to show that G'[. <0, i.e. G4, is convex, for all ¢ (and all A). Moreover,

1
G+.(0)=0 and G/ (0)= 37 A+ Aca

and since, for A > Aca,

lim G4, = —00
n— 00

we conclude that, for ¢ sufficiently small, there exists a unique number n(]ic > 0 such that

(7.15) Gic(ny®) = 0.

We further have that

(7.16) Gl(ng©) <0

and

(7.17) Gic(n) >0 if and only if 0 <75 < n3e.
Then, from (2.3) we obtain

(7.18) <M = VAR, <1

and, for some constant cg,

(7.19) 0<n;—ny°<Aca for0<c<c.
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Next, using the convexity of G. we have, from (7.11) and (7.13)

0(t) = G(n(t)) + E(t) = Ge(n(t)) + Aae™n(t) + (E(t) — Acan — Aae™'n)
< Ge(n(t) + Aae 'y < G (1) (n(t) — mp) + Aae
that is .
(7.20) (n(t) —n5) < GLlmg) (n(t) — mp) + Ace " (1 — 115) + Aage ™.

Integrating (7.20) and using (7.16) we get that
(7.21) n(t) — 0§ < Aae®, 0 < =min{—G(n5), u}.
Recalling the definitions of n(t), n§ and making use of (7.18), (7.19), it follows that
s(t) — Ry < Aa (c+e™™)
and, using (7.21) to bound the right hand side of (7.20),
$(t) < Aa(c+e™PY).
Similarly, using the the lower bound for £(¢) in (7.13), one can prove that
—Aa(c+e ) <s(t)— Ry and —Aa(c+e ) <s(t)

thereby establishing the validity of the first two inequalities in (7.2). Finally, the bound on
lo(r,t) — os(r)| immediately follows by combining (7.5), (7.6) with the first inequality in (7.2).
O

Proof of Theorem 7.1. We may now establish the stability of the stationary solution by
repeated application of the preceding lemma. Indeed, combining (3.4) and (5.2), we know that
for ¢ small the hypotheses of the lemma hold true that is, for ¢ < ¢y, there exists an a > 0 such
that (7.1) holds. Then, by Lemma 7.1, we have

|5(t) — Ry| < A (c+e™P") <2Aca fort > Ty
where, for any given ¢ such that 2Ac < 1 we define T by

e PTo — ¢

Similar estimates hold for |$(¢)| and |o(r,t) — o4(r,t)| for t > Tp.
Iterating this result we obtain

|s(t) — Ro| < A(2Ac)" ' (c + e’ﬁ(t’("’l)TO)) < (2Ac)"a for t > nTp,

with similar estimates for |$(¢)| and |o(r,t) — o,(r, t)].
Finally, define v > 0 by
(24c) = e (< 1)

and, given t > 0, let n be the largest integer that satisfies nTy < ¢ < (n + 1)T;. Then
|5(t) — Ro| < a(24¢)" = ae™T0 = qete™ (M=t < 1107t = Bt

as desired. O
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8. Conclusions.

In this paper we have considered radial growth of nonnecrotic tumors in the absence of
inhibitors. The parameters of the problems are such that a unique stationary solution, with
radius Ry, exists. We proved rigorously that according to this model the tumor will never totally
disappear. Furthermore, in the case where the tumor doubling time is large compared to the
time scale of the diffusion of nutrient (within the tumor), the radius of the tumor converges to
the stationary radius Ry, and the convergence is exponentially fast. On the other hand if the
tumor doubling time is small compared to the diffusion time scale, then the stationary solution
is generally unstable and the tumor size increases exponentially fast to infinity, for a large set
of initial data.
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