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Abstract. The problem of finding adapted solutions to systems of coupled linear forward-
backward stochastic differential equations (FBSDEs, for short) is investigated. A necessary
condition of solvability leads to a reduction of general linear FBSDEs to a special one. By
some ideas from controllability in control theory, using some functional analysis, we obtain
a necessary and sufficient condition for the solvability of the linear FBSDEs with the
processes Z (serves as a correction, see §1) being absent in the drift. Then a Riccati type
equation for matrix-valued (not necessarily square) functions is derived using the idea of
the Four-Step-Scheme (introduced in [11] for general FBSDEs). The solvability of such a
Riccati type equation is studied which leads to a representation of adapted solutions to

linear FBSDEs.
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§1. Introduction.

Let (Q,P,F,{F:}+>0,P) be a complete probability space on which defined a one
dimensional standard Brownian motion W(t), such that {F;};>¢ is the natural filtration
generated by W(t), augmented by all the P-null sets in F. In this paper, we consider

the following system of coupled linear forward-backward stochastic differential equations
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(FBSDEs for short) on (Q,F, {F:}:>0,P):
dX(t) = {AX(t) + BY(t) + CZ(t) + Db(t)}dt
+ {A1X(t) + B1Y (t) + C1Z(t) + D1o(t) }dW (),
(1.1) dY (t) = {AX(t) + BY (t) + CZ(t) + Db(t) } dt
+ {4 X(t) + B1Y(t) + C1 Z(t) + D15(t) }dW (s),

X(0)=z, Y(T)=GX(T)+ Fg.

In the above, A, B,C etc. are (deterministic) matrices of suitable sizes, b, o, b and G are
stochastic processes and g is a random variable. We are looking for {F;}-adapted processes
X(+), Y(:) and Z(-), valued in R", IR™ and R®, respectively, satisfying the above.

We see that (1.1) is a kind of two-point boundary value problem for a system of linear
stochastic differential equations. The key issue is that we want the processes X and Y
to be {F;}-adapted. This is by no means obviously possible since Y (T') is given as an
Fr-measurable random variable. Thanks to the introduction of the {F;}-adapted process
7, one obtains an extra freedom, which makes it possible to find {F;}-adapted processes
(X,Y) satisfying (1.1), under certain mild conditions. We see that Z serves as a correction.

If there only is the equation for Y(-) in (1.1) (with A=4, =0and G = 0), we
have the so-called backward stochastic differential equation (BSDE, for short). The study
of such an equation can be traced back to Bismut [3] and the general solvability result
was obtained by Bensoussan [2] using the Martingale Representation Theorem. Nonlinear
BSDEs were studied by Pardoux and Peng [15] using the contraction mapping theorem.
For general nonlinear FBSDEs, one can find several works. Let us briefly list them and
mention the methods used. See [8] for a survey of BSDEs. Antonelli used the contraction
mapping theorem to prove the solvability of FBSDEs in small time duration ([1]). See
[17] also. In [12], Ma and Yong proved the weak solvability of a class of FBSDEs over
any finite time duration via the stochastic optimal control theory. Later, Ma, Protter
and Yong, inspired by [12], introduced the so-called Four-Step-Scheme ([11]) to obtain the
solvability of FBSDEs with deterministic coefficients and with nondegenerate diffusion in
the forward equation. See also [7], [5] and [6] for related results. Further development

along this direction is still undergoing (see [13], [14]). In [9], Hu and Peng introduced the
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monotonicity condition, under which the FBSDEs can be solved. See [18] and [4] also. In
[20], Yong introduced the method of continuation and the concept of bridge to treat the
solvability of FBSDEs in a very general way. Pardoux and Tang studied the solvability
of FBSDEs under some structure conditions [16]. All the above-mentioned works gave
solvability for different classes of FBSDEs. We point out that the general solvability
problem, however, is far away from completely solved.

In [20], among other things, this author studied a special class of linear FBSDEs via
which, together with the bridge technique, some new classes of solvable FBSDEs were
obtained. Inspired by this, in the present paper, we would like to study the solvability
of general linear FBSDEs. Due to the linearity of the equations, it is expected to obtain
relatively satisfactory solvability results than the general nonlinear situation. It is our hope
that via such a study, one might get some new classes of solvable FBSDEs by combining
the bridge technique introduced in [20].

In the first part of this paper, we present some necessary conditions for (1.1) to
be solvable. These will lead to some reductions of (1.1) to a (seemingly) special one.
Then for the reduced problem, we introduce two methods to study the solvability. Using
functional analysis together with some control theoretic idea, among other thing, we obtain
a necessary and sufficient conditions for the solvability of linear FBSDEs with the process Z
does not appear in the drift. This result extends the relevant one in [20]. Our result reveals
a significant difference between the solvability of FBSDEs and two-point boundary value
problems for ordinary differential equations from the viewpoint of solvable time durations
(see §4 for details). Next, we use the idea of Four-Step-Scheme [11] to derive a Riccati type
differential equation for (m x n)-matrix valued functions and a backward SDE associated
with the reduced linear FBSDEs. It is shown that the solvability of such a Riccati type
equation gives the unique solvability of the linear FBSDEs and moreover, the adapted
solution is represented explicitly in terms of the solutions of the Riccati type equation and
the corresponding backward SDE. Thus, this method is more constructive. In the case
that Z does not appear in the drift, we obtain a necessary and sufficient condition for the
Riccati type equation to be solvable and explicitly construct the solution to this equation.

Finally, we extend our results to the case with multi-dimensional Brownian motion.
§2. A Necessary Condition for Solvability.

Let us introduce some notations.



For any sub-o-field G of F, we denote LZ(€;IR™) to be the set of all G-measurable
IR™-valued square-integrable random variables. Let L%(0,T;IR") be the set of all {F;}-

progressively measurable processes X (-) valued in R" such that

T
/ E|X(t)|?dt < oc.
0

Also, let L%(Q;C([0,T];IR™)) be the set of all {F;}-progressively measurable continuous
processes X (-) valued in R"™, such that

E sup |[X(t)|* < .
t€[0,T

Further, we define
(21) MO, T)2 1305 0([0, T R™) x L3H(0; C([0, TR™) x L0, T;RY).
The norm of this space is defined by

ICECLY (200 = (B s IXOF +8 s [YOP+ 5 [ 120Pa

t€[0,T t€[0,T

V(X(),Y (), 2(-)) € M[0, T].

(2.2)

Clearly, M]0,T] is a Banach space under norm (2.2). Let us introduce the following

definition.

Definition 2.1. A triple (X,Y,Z) € MJ0,T] is called an adapted solution of (1.1) if the
following holds for all ¢ € [0,T], almost surely:

X(t)=z+ /t {AX(s) + BY(s) + CZ(s) + Db(s)}ds
/ {Al —|—Bl ( )—|—01Z(3)—|—D10(3)}dW(3)

Y(t) = GX(T) + Fg — / {AX(s) + BY(s) + CZ(s) + Db(s)}ds

/ {4, X(s) + B1Y(s) + C1Z(s) + D15(s) }dW(s)

When (1.1) admits an adapted solution, we say that (1.1) is solvable.
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In what follows, we will let

A,4; € R™"; B,B; € R™™; C,Cp € R™

A,4,G e R™"; BB, e R™™, 0,0 ¢ R™

D e R™™ D; e R™™; DeR™™; D, e R™"™; FeR™¥
. bc LF(0,T;IR™); o€ L%(0,T;IR™);

be L%(0,T;R™); & € L%(0,T;R™);

g€ L%:T(Q;IRIC); z e R".
Following result gives a necessary condition for (1.1) to be solvable.

Theorem 2.2. Suppose there exists a T > 0, such that for all b, o, 3, o, g and © satisfying
(2.4), (1.1) admits an adapted solution (X,Y,Z) € M[0,T]. Then,

(2.5) R(Cy — GC1) D R(F) + R(Dy) + R(GD,),
where R(S) is the range of operator S. In particular, if

(2.6) R(F) + R(D1) + R(GD;) =R™,
then C; — GC; € R™** is onto and thus £ > m.

To prove the above result, we need the following lemma, which is interesting by itself.

Lemma 2.3. Suppose that for any ¢ € L%_-(O,T;IRE) and any g € L%_-T (Q;IRk), there exist
h € L%(0,T;IR™) and f € L%(9; C([0,T];IR™)), such that the following BSDE admits an
adapted solution (Y ,Z) € L%(Q; C([0,T];IR™)) x L%_-(O,T;IRZ):

7 IV (1) = h(D)dt + [£(2) + T2 Z(t) + Do(t)aw(e),  te[0,T],
2.
=0 Y(T) = Fy,

where C; € R™** and D € R™<F, Then,

(2.8) R(C1) 2 R(F) + R(D).

Proof. Suppose (2.8) does not hold. Then, we can find an n € R™, such that
(2.9) nTCy =0, but n7F#0, or 7nTD#0.
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Let ¢(t) = nTY (t). Then, ((-) satisfies

{ d((t) = h(t)dt + [f(t) + n" D ()|dW (),
(2.10)

¢(T)=n"Fg,
where h(t) = nTh(t), f(t) = nTf(t). We claim that for some g and &(-), (2.10) does
not admit an adapted solution ((-) for any h € L%(0,T;R) and f € L%(Q;C([0,T];R)).
To show this, we construct a deterministic Lebesgue measurable function 8 satisfying the

following;:

{ B(s) = +1, Vs € [0,T],
(2.11)

s € [T, T) | B(s) = 1} = I{s € [T:,T] | B(s) = 1} =~ 1,

for a sequence T; 1T, where [{---}| stands for the Lebesgue measure of {---}. Such a

t>1

?

function exists by some elementary construction. Now, we separate two cases.
Case 1. nTF # 0. We may assume that |[FTn| = 1.

Let us choose

(2.12) g= </0 ﬂ(s)dW(s)) FTy,  &(t) =o.
Then, by defining
(213) &0 =( [ s e, tep,
we have
{ diC(t) — C(8)] = h(t)dt + [F(£) — BE)dW (2),
(2.14) R
¢(T) —¢(T) =o.

Applying It6’s formula to [((t) — {(¢)|*, we obtain

-~

ElCt) =)+ E [ |f(s) — B(s)*ds

o~

(2.15) =28 [ ([ R+ [ (70~ BNaW ) Gs)) ds

_E " < (T—t)/tTE|E(s)|2ds.

/t " h(s)ds
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Consequently, (note » € L%(0,T;IR) and f € L%(Q; C([0,T];R)))

E | |f(T)—B(s)’ds <2E TIf(S)—ﬂ(S)I2ds+2E Tlf(T)—f(S)l2d3
b z z

< 2T — t)/t E|R(s)]2ds + 2E/t IF(T) — f(s)2ds = o(T — t).

On the other hand, by the definition of 3(-), we have

(271) B [ I(T) = B(s)ds = 5 (BIFT) < 1P + BIFT) +1F), Vi1

Clearly, (2.17) contradicts (2.16), which means nTF # 0 is not possible.

Case 2. nTF = 0 and 77D # 0. We may assume that |ﬁT77| =1.
In this case, we choose (t) = ﬂ(t)ﬁTn. Thus, (2.10) becomes

{ dc(t) = h(t)dt + [F(t) + BOIAW (D),  te[0,T],
¢(T) = 0.

(2.18)

Then, the argument used in Case 1 applies. Thus, nTD # 0 is impossible either. Hence,
(2.8) follows. O

Proof of Theorem 2.2. Let (X,Y,Z) € M[0,T] be an adapted solution of (1.1). Set
Y(t) = Y(t) — GX(t). Then, Y(-) satisfies the following backward SDE:

dY = {(A - GA)X + (B - GB)Y + (C — GC)Z + Db — GDb} dt

+{(4 — GA)X + (B, — GB,)Y

(2.19) ~ ~
+(C1 — GC1)Z + D17 — GD1o}dW (1),
Y(T) = Fyg
Denote
h=(A—GA)X +(B—GB)Y +(C - GC)Z + Db — GDb,
(220 { f=(A — GA)X + (B, — GB,Y.

We see that h € L%(0,T;IR™) and f € L%(Q;C([0,T]);IR™)). One can rewrite (2.19) as

follows:

dY = hdt + {f + (C1 — GC1)Z + D15 — GD1o}dW (1),
(2.21)

Y(T) = Fg.



Then, by Lemma 2.3, we obtain (2.5). The final conclusion is obvious. O
To conclude this section, let us present the following further result, for completeness

of the above technique.

-~

Proposition 2.4. Suppose the assumption of Theorem 2.2 holds. For any b, ¢, b, 7, g
and z satisfying (2.4), let (X,Y,Z) € M[0,T] be an adapted solution of (1.1). Then, it
holds

(2.22) |41 — GA1 + (B1 — GB1)G]X(T) + (B, — GB,)Fg € R(C1 — GC1),  as.

If, in addition, the following holds:
R(A+ BG)+ R(BF) CR(D), R(A1+ B1G)+ R(B1F) < R(D,),
(2.23) PN R R R R R R
R(A+ BG)+ R(BF) CR(D), R(A1+ B1G)+ R(B1F) < R(D,),

then

(2.24) R(Zl — GA; + (B, — GBl)G> + R((El - GBl)F> C R(Cy — GCY).

Proof. Suppose n € R™ such that
(2.25) nT(C, — GCy) = 0.
Then, by (2.5), one has
(2.26) nTF=0, nTD,=0, nTGD; =0.

Hence, from (2.21), we obtain

dln™Y (8)] = nT h(t)dt +n” f(t)dW(t), ¢ € [0,T],
(2.27) B
nTY(T) = 0.

Applying Ito’s formula to [nTY (¢)|?, we have (similar to (2.15))

EWTY ()P + B / nT f(s)[2ds
(2.28) i

= E‘ /tT nTh(s)ds i <(T -1) /tTE|77Th(s)|2ds.
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Dividing both sides by T' — ¢ and then sending ¢ — T', we obtain

(2.29) Bl f(T)P =o.

By (2.20), and the relation Y (T') = GX(T) + Fg, we obtain

(2.30) nT[A; — GAy + (B, — GB)GIX(T) +nT(By — GB,)Fg =0,  aus.

Thus, (2.22) follows. In the case (2.23) holds, for any z € R™ and g € R™ (deterministic),
by some choice of b, o, band 7, (1.1) admits an adapted solution (X,Y, Z) = (z, Gz+Fg,0).
Then, (2.22) implies (2.24). O

63. Some Reductions.

In this section, we are going to make some reductions under condition (2.6). We note
that (2.6) is very general. It is true if, for example, F = I € R™*™, which is the case
in many applications. Now, we assume (2.6). By Theorem 2.2, if we want (1.1) to be
solvable for all given data, we must have 61 — GC to be onto (and thus £ > m). Thus, it

is reasonable to make the following assumption:

Assumption A. Let £ = m and 61 — GC; € R™*™ be is invertible.

Let us make some reductions under Assumption A. Set Y =Y — GX. Then, Y(T) =
Fg and (see (2.19))

dY = (AX 4+ BY + CZ + Db)dt + (A, X + B,Y + C1Z + D15)dW
_ G(AX + BY + CZ + Db)dt — G(A, X + B,Y + C1Z + Dyo)dW
(31) = { [A—GA+ (B—-GB)G|X + (B - GB)Y +(C - GC)Z + Db — GDb}dt
n { [4, — GAy + (B, — GB,)G| X + (B, — GB,)Y

+ (G, —GCZ + D5 — GDla}dW.

Z =[A, — GA;, + (B, — GB))G] X + (B, — GB,)Y
+(Cy — GC1)Z + D15 — GDso.
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Since (61 — GC4) is invertible, we have
Z =(Cy —GC1)H{Z —[4 — GA;, + (B, — GB,)G]X
33 (B, - GB,)Y — (D15 — GDy0)}.
Then, it follows that
dX = <ZX +§?+67+z)dt + (le +§1?+517+E>dw,
(3.4) d¥ = (Ao X + BoY + CoZ + k) dt + ZdW,
X(0)=e,  Y(T)=Fy,

where
A=A+ BG-C(C,— GC,) A, — GA; + (B, — GB,)@,
B=B-C(C, - GC,) Y (B, — GB,),
C =0C(C, —GCy),
b=Db— C(C, — GC,) (D17 — GD;0),
A; = A + BiG — C1(Cy — GC1) Y4, — GA, + (B, — GB1)G),
B, = B, — C1(C1 — GC,)"Y(B, — GBy),
(3.5) C1 =0 (C1 — GCy) ™Y,
o= Do — C(C, — GC,)"Y(D17 — GD; o),

Ay=A-GA+(B-GB)G

—(C — GC)(Cy — GCy)7'[A; — GA; + (By — GBy)d,
By=B-GB—(C —-GC)(C, — GC1)"Y (B, — GBy),
Co=(C —@GC)(C, — GCy) ™,

h=Db—GDb— (C — GC)(Cy, — GC,)" Y (D17 — GD1 ).

The above tells us that under Assumption A, (1.1) and (3.4) are equivalent. Next, we

7). - (5).
5). o (7

denote

(3.6)

)



Let ¥(-) be the solution of the following:
d¥(t) = A¥(t)dt + A, ¥ (t)dW (1), t>0,
(3.7)

¥(0) = I.

Then, (3.4) is equivalent to the following: For some y € R™,

()?(Eztf;) =Y (y) ru) | w020 + (%())) Jds

with the property that

Fg = (0,1)¥(T) (;”/") + (O,I)\II(T)/T \1;(3)—1[ Z(s) + (%((“;))) ]ds

(3.9)

C
n (O,I)\II(T)/OT w(s) 7 [C1Z(s) + (EE)S)> Jaw (s).

Clearly, (3.9) is equivalent to the following: For some y € R™ and Z(-) € L%(0,T;R™),
it holds

(3.10)

Thus, if we can solve the following:

SN2 SRS N
) d(};>_{A<Y>—|—CZ}dt+{A1<Y>+61Z}dW,
X(0)=0, Y(T)=n,
with 7 being given by (3.10), then for such a pair y = ?(0) and Z(-) = Z(), by setting
(X,Y) as (3.8), we obtain an adapted solution (X,Y,Z) € M[0,T] of (3.4). The above

procedure is reversible. Thus, by the equivalence between (3.4) and (1.1), we actually
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have the equivalence between the solvability of (1.1) and (3.11). Let us state this result as

follows.

Theorem 3.1. Let F =1 ¢ R™*™ and £ = m. Then, (1.1) is solvable for all b, o, ?)\, v,
z and g satisfying (2.4) if and only if (3.11) is solvable for all n € L%_-T (Q;R™).

We note that by Theorem 2.2, F = I and £ = m imply Assumption A. Based on the

above reduction, in what follows, we concentrate on the following FBSDEs:

dX = <AX + BY + CZ)dt + <A1X +BY + 01Z>dW,

t (0,71,
(3.12) 4y — <AX L BY CZ> dt + ZdW,

X(0)=0, Y(T)=g.

A B C
(A B A

and will let ® be the solution of the following:

Also, we will denote

(3.13)

d®(t) = AB(t)dt + A, B(t)dW(t),  te[0,T),
(3.14) {

®(0) =1I.

If we regard (X,Y) as the state and Z as the control, (3.12) is called a (linear) stochastic
control system. Then, the solvability of (3.12) becomes the following controllability prob-
lem: For give g € L%_-T (Q;IR™), find a control Z € L%(0,T;R™), such that some initial
state (X (0),Y(0)) € {0} x R™ can be steered to the final state (X(7),Y (7)) € R" x {g}.
This can be referred to as the controllability of the system (3.12) from {0} x R™ to
IR"™ x {g}. We note that g is an Fr-measurable square integrable random & vector, and we
need exactly control Y(T') to g. To the best knowledge of this author, such a controllability

problem has not been discussed in the literature.

64. Solvability of Linear FBSDEs.

In this section, we are going to present some solvability results for linear FBSDEs

(3.12). The basic idea is adopted from the study of controllability in control theory. For
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convenience, we denote hereafter that H = L%_-T(Q;IRm) and H = L%(0,T;R™) (which
are Hilbert spaces to which the final datum ¢ and the process Z(-) belong, respectively).

First of all, we recall that if ® is the solution of (3.14), then, ® ! exists and it satisfies
the following linear SDE:

dd ' =[—- @ T A+ T ALA|dt — BT AW (1), t >0,
(4.1) {

$1(0) =1.

Moreover, (X,Y,Z) € M[0,T] is an adapted solution of (3.12) if and only if the following

variation of constant formula holds:

(if(((f))) = 2() (2) + (1) /th’(s)_ch(s)ds

+ B(t) /tq)(s)_lch(s)dW(s), te 0,7,

for some y € R™ and with the property:

9= (0,n{a(T) (2) +&(T) /OT (s)"1CZ(s)ds

(4.3)

+&(T) /OT q»(s)—lclz(s)dW(s)}.

Let us introduce an operator K : H — H as follows:

(4.4)  KZ= (0,I){<I>(T)/O @(s)_ch(s)ds—l—CI)(T)/O q»(s)—lclz(s)dW(s)}.

Then, for given g € H, finding adapted solutions to (3.12) amounts to the following: Find
y € R™ and Z € H, such that

0
(45) s=0.081) (7 )+ K2,
and define (X,Y) as in (4.2), then (X,Y,Z) € M|0,T] is an adapted solution of (3.12).
Hence, the study of operators ®(7T) and K is crucial to the solvability of linear FBSDEs
(3.12). We now make some investigations on ®(-) and K. Let us first give the following

lemma.
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Lemma 4.1. For any f € L1 (0,T;R""™) and h € L%(0,T;IR"*™), it holds
E®(t) = e,

(4.6) E{<I>(t) / t <I>(s)‘1f(s)d3} = / t e Ef(s)ds, te (0.7,

0

E{<I>(t) /Otcb(s)_lh(s)dW(s)} —0,

Also, it holds that

(4.7) E sup |®()|**, E sup |®(t)'*" < o, Vk > 1.
0<t<T 0<t<T

Proof. Let us first prove the second equality in (4.6). The other two in (4.6) can be

proved similarly. Set
t

(4.8) ) = o(0) [ () f(o)ds,  te(0T)
0

Then, £(-) satisfies the following SDE:

o) { dE(t) = [AE(t) + FD]dt + Ae(dW (1), te[0,T],

£(0) = 0.

Taking expectation in (4.9), we obtain

{ dlEE()] = [AEL(?) + Ef(1)]dt,  t€]0,T],
(4.10)

E£(0) = 0.

Thus,

(4.11) Ef(t):/teA(t_s)Ef(s)ds, t € 10,7,

proving our claim.
Now, we prove (4.7). For any & € R" "™, process £(t) 2 ()¢ satisfies the following

SDE:

de(t) = AE(t)dt + A E()dW (), t€[0,T],

(4.12) {
5(0) = &o-
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Then, by Ité’s formula, Burkholder-Davis-Gundy’s inequality ([10]) and Gronwall’s in-
equality, we can show that
(4.13) B osup [P <Cl6P*, k21,
0<t<
Thus, the first inequality in (4.7) follows. The second one can be proved in the same

way. O

From (4.7), we see that K : H — H is a bounded linear operator. Now, applying (4.6)
to (4.3), we obtain that (3.12) admits an adapted solution, then

(4.14) Eg = (O,I){eAT (?) y+ /T eA(T_S)CEZ(s)ds},

0
for somey € R™ and EZ(-) € L*(0,T;IR™). This leads to the following necessary condition
for the solvability of (3.12).

Theorem 4.2. Suppose (3.12) is solvable for all g € H. Then,

AT (0 o gntm—1 _
(4.15) rank{(O,I)(e (I) ,C,LAC, -+, A C>} = m.
In particular, if C = 0, then, (4.15) can be replaced by
0
(4.16) det {(O,I)eAT (I> } £ 0.

Proof. It suffices to note that (see [19], for example) the range of the operator
T
u(-) — / eA(T_S)Cu(s)ds, Yu(-) € L*(0,T;R™),
0
is given by
R(C) + R(AC) + - + R(A™T™71C).

Then, we have (4.15). O
We note that in the case C = 0, (4.16) amounts to say that the FBSDEs (3.12) is

solvable for all ¢ € H implies that the corresponding two-point boundary value problem

for ODEs:
X))\ _ 4 (X@®)
(4.17) (Y(t)> =4 (Y(t)> - telnT)
X(0)=0, Y(T)=3



admits a solution for all g € R™. In [20], it was proved that a little stronger condition
than (4.16) is also sufficient for the solvability of (3.12) if 4;, By, C1, C and C are all zero
(note since g € H, (3.12) is still a FBSDEs). We will extend that result below.

On the other hand, we note that condition (4.15) implies that the (deterministic)

control system [A,C]:

(4.18) (gfg;) — A (?8) +ea(),
is controllable from {0} x R™ to R"™ x {g} for any g € R™.

Let us now present another necessary condition for the solvability of (3.12).

Theorem 4.3. Let C = 0. Suppose (3.12) is solvable for all g € H. Then,
(4.19) det {(0,1)e*’C;} >0, vt o,T).
Consequently, if

(4.20) T = inf{T > 0| det [(0,1)e*TC;] = 0} < oo,

then, for any T > T, there exists a g € H, such that (3.12) is not solvable.

Remark 4.4. The above result reveals a significant difference between the solvability of
FBSDEs and that of two-point boundary value problems for ordinary differential equations.
We note that for (4.17) to be solvable for all g € R™, if and only if (4.16) holds. Since
the function ¢ — det {(O,I)eAt (?) } is analytic (and it is equal to 1 at ¢ = 0), except
at most a discrete set of T7”s, (4.16) holds. That implies that for any Ty € (0,00), if it
happens that (4.17) is not solvable for T' = T with some § € R™, then, at some later time
T > Tp, (4.17) will be solvable again for all § € R™. But, in the above FBSDEs case, if
T < 00, then for any T > T, we can always find a g € H, such that (3.12) (with C = 0) is
not solvable. Thus, besides other differences, FBSDEs and the two-point boundary value

problem for ODEs is also significantly different as far as the solvable duration is concerned.

Proof of Theorem 4.3. Suppose there exists an sg € [0,T), such that

(4.21) det {(O,I)eA(T_SO)Cl} = 0.

16



Note that sg < T'. Then, there exists an n € R™, |n| = 1, such that
(4.22) nT(0,I)eMT=)c; = 0.

We are going to prove that for any e > 0 with sg+& < T, there exists a g € L%:SO+E(Q;IE{m)
C H, such that (3.12) has no adapted solutions. to this end, we let 3 :[0,7] — R be a
Lebesgue measurable function such that

{/8(3) =+1, Vse [OaT];
(4.23)

Sk — So

[{s € [s0, 58] [ B(s) = 13| = I{s € [0, 8] | B(s) = —1}] = = —,

k>1,

for some sequence sy, | s and s < T — e. Next, we define

(4.24) ((t) = / B(s)dW(s),  te0,T],

and take g = ((T)n € L.27-'30+5(Q;1Rm) C H. Suppose (3.12) admits an adapted solution
(X,Y,Z) € M[0,T] for this g. Then, for some y € R™, we have (remember C = 0)

(4.25)  ((T)n= (O,I){eAT (2) + /OT AT =) [,41 (gfg;) —|—61Z(s)] dW(s)}.

Applying 77T from left to (4.25) gives the following:

(4.26) (T) = o+ / [y(s) + ($(s), Z(s)) YaW(s),
where

o = n7(0,I)eAT (2) cR,

(4.27) v() =070, 1) T 4, (?g;) € Lx(9;C([0, T R)),

P() = [UT(O,I)e‘A(T_')Cl]T is analytic, ¥(s9) = 0.

Let us denote

(4.28) o(t) = o+ / (s) + (9(s), Z(s))JdW(s),  te [0,T].

17



By Ito’s formula, we have
(4.30) 0= E6(t) - ()] + E/tT v(s) + (9(s), Z(s)) —B(s)*ds, t€[0,T].
Thaus,

(4.31) B(s) —4(s) = (9(s), Z(s)),  ae. s€[0,T], as.

which yields

(4.32) [ BB~y = [ B (061, 205)) s, 1.
Now, we observe that (note v € L%(Q;C([0,T];R)) and (4.23))
BB o) = 5 [T Blots) —atsn)Pds — [ Bla(s) —a(on) s

(4.33)
Sk — So

E[|1 (s +7(30)|2] ~o(sy — o), k> 1.

On the other hand, since #(+) is analytic with ¥(s¢) = 0, we must must have

(4.34) P(s) = (s — s0)¥(s), s €10,T],

for some 1;() which is analytic and hence bounded on [0,T]. Consequently,

(4.35) [ Bl 206)) s < Gl — o) [ Bl as.

Hence, (4.32)—(4.33) and (4.35) imply

Sk — So
4

B[1= (o) + 1+ 7(s0)[2] = ols1 — s0)
(4.36) o
§C(sk—30)2/ E|Z(s)|2ds, vk > 1.

This is impossible. Finally, noting the fact that det{(0,I)e*'C;} ‘t:O =1, we obtain (4.19).
The final assertion is clear. O

It is not clear if the above result holds for the case C # 0 since the assumption C = 0
is crucial in the proof.

Let us now present some results on the operator K.
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Lemma 4.5. The range R(K) of K is closed in H.

Proof. Let us denote Hy = L%_-T(Q;IRn) and H=Hy x H = L%_-T (4 IR™™). Define
. T T
(4.37) KZ = <I>(T)/ @(s)_ch(s)ds + <I>(T)/ @(s)_lch(s)dW(s), Z € H.
0 0

Then, by (4.7), K is a bounded linear operator and K = (O,I)E. We claim that the range

R(E) of K is closed in H. To show this, let us take any convergence sequence

(4.38) (f,:gg) =KZ,—¢, inH,

where (X}, Y%) is the solution of the following:
d ( v ) - {A ( " ) —|—CZk}dt + { ( v ) —|—61Zk}dW(t),
()

Y (0) '

Then, by It6’s formula, we have

(4.39)

(4.40)

We note that (recall C; = (Cl ))

I
X 2
A (Y:) +C1 2
X |2 X
(4.41) - <(1+01Tcl)zk,zk>+‘,41 (Y:> ‘ +2(Ccf Ay (Y:> , Zr:)

> Z|Zk]? — C(| Xk + Y [?),

1
2

for some constant C' > 0. Thus, (4.40) implies

E{IXu(t)P + ¥a(t)? + / 1Zi(s) P ds}
(4.42) i

< CE{|Xx(T)* + |¥u(T)[* +/t (IXk(s)]* + [Yr(s)[*)ds}, t€[0,T].
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Using Gronwall’s inequality, we obtain
T
(4.43) E{|Xi(t)]" + [Vi(t)]? +/ |Zi(s)Pds} < CE{|IXK(T)]* + [V(T)I*}, t€l0,T).
1

From the convergence (4.38), we see that Zj, is bounded in ‘H. Thus, we may assume that
Zy— 7 weakly in H. Then, it is easy to see that KZ = ¢, proving the closeness of R(E)

Now, R(E) is a Hilbert space with the induced inner product of H. In this space, we
define an orthogonal projection Py : H—H by the following:

(4.44) Py (7'57):(2), v(i) € H=H, x H.

Then, the space
(4.45) Pa(R(K)) = {0} x R(K)

is closed in R(E) and so is in H. Hence, R(K) is closed in H. O

The following result gives some more information for the operator X' when C = 0.

Lemma 4.6. Let C = 0 and let (4.19) hold. Then,

(4.46) R(K) = {ne€ H | En=0}2N(E),

(4.47) N(K)2{Z e H |KZ =0} = {0}.

Proof. First of all, by Lemma 4.4 (with C = 0), we see that R(K) is closed. Also, by
Lemma 4.1, R(K) C NV (E). Thus, to show (4.46), it suffices to show that

(4.48) N(E)(R(K)* = {0}

We now prove (4.48). Take n € N(E). Suppose

(4.49) 0=FE(n,KZ)=E(n,(0,1)®(T) /T @(s)_lch(s)dW(s) ), VZ €eH.
Denote
(4.50) (gg;) = <I>(t)/0 q)(s)_lch(s)dW(s), te[0,T].



Then,
d (g) Y (g) dt + { A (g) +CZ W (1),

(38) -+

By It6’s formula and Gronwall’s inequality, we obtain

(4.51)

(4.52) BUXF + VOF) <C [ Blz(e)Pds,  tefo]

Also, we have

(4.53) (gg) - /Ot AL 4, (gg) +auz(s)}aw(s), teo,T)

Since Enp = 0 and n € H, by Martingale Representation Theorem, there exists a { € H,
such that

(4.54) n= / ((s)dW ()

Then, from (4.49) and (4.53), we have
0= 5(n,0.0(Fz )
— /OT E (¢(s),(0,I)eAT) {,41 (§ES)> + 61Z(s)} ) ds.

(4.55)
This yields
(4.56)

Now, let 0 < § < T and take
0
(4.57) Z(s) =l et (T (z) xir—o( s €0,7).
0, T —

Then, X(s) =0, Y(s) =0 for all s € [0,

/T E‘CT AT(T- s)( )
(4.58) gc/ <E|g |2> (/T E|Z() dr>1/2ds
sc/ (Blcs)R)” (/ Blo(r)Par)” ds
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By (4.19), we obtain

[ mcras<c [ (meor)” ([ peore) e

1
< —/ E|¢(s)] ds—l—C/ / E|¢(r)|drds.
T—6 T—6 JT—6

(4.59)

[\V]

Thus, it follows that

T T
(4.60) / E|¢(s)]Pds < 06/ E|¢(s)]ds,
T-6 T—6
with C > 0 being an absolute constant (independent of §). Therefore, for § > 0 small, we
must have
(4.61) ¢(s) =0, ae. s [T —6T], as

This together with (4.56) implies that

/OT_6 E(CTeAT(T-2) (?) ¢(5), Z(s)) ds

_ /OT_6E<A1T6AT<T—S> (g) ¢(s), (gz;) ) ds.

Then, thanks to (4.19), we can continue the above procedure to conclude that (4.61) holds
over [0,7] and hence n = 0. This proves (4.48).

We now prove (4.47). Suppose KZ = 0. Again, we let (X(-),Y(-)) be defined by
(4.50). Then, for any ¢ € H, by (4.53), we have

(4.62)

= E</0T ((s)dW (s),KZ )
— E/OT<C(3),(0,I)6A(T_S){A1 (§ES)> —|—61Z(s)} ) ds.

(4.63)

This implies that
(4.64) (O,I)eA(T_S){Al (
By (4.19), we easily see that

B(s) 2 {(0,1)eMT=9)c;} 7 (0, 1)eMT =) A,
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is analytic and hence bounded over [0,T]. From (4.64), we obtain

(4.65) Z(s) = —B(s) <_((j))> ,  ae 50,7, as.

(4.66) N
X0\ _,
Y(0),)
Hence, we must have (X,Y) = 0, which yields Z = 0 due to (4.65). This proves (4.47).
O

An important consequence of the above is the following.
Theorem 4.7. Let C = 0. Then, linear FBSDEs (3.12) is solvable for all g € H if and
only if (4.16) and (4.19) hold. In this case, the adapted solution to (3.12) is unique (for

any given g € H).

Proof. Theorems 4.2 and 4.3 tell us that (4.16) and (4.19) are necessary. We now
prove the sufficiency. First of all, for any g € H, by (4.16), we can find y € R™, such that
(4.14) holds (note C = 0). Then, we have

(4.67) g — (0,1)3(T) (?) y € N(E).
Next, by (4.46), there exists a Z € H, such that
(4.68) g (0,1)®(T) (g) y=KZ.

For this pair (y,Z) € R™ x H, we define (X,Y) by (4.2). Then, one can easily check that
(X,Y,Z) € M[0,T] is an adapted solution of (3.12). The uniqueness follows easily from
(4.47) and (4.16). O

The above result gives a complete solution to the solvability of linear FBSDEs (3.12)
with C = 0. It is interesting that in the present case, no condition is needed for 4;. By

Theorems 2.2, 3.1 and 4.7, we obtain the following result for the original linear FBSDEs
(1.1).

23



Corollary 4.8. Let C = 0, C = 0, F=1cR™™ and £ = m. Then (1.1) is uniquely
solvable for all b, o, ?)\, 7, g and z satisfying (2.4) if and only if the following hold:

(61 — GCl)_l exists,
( _ 4+Bg K: )T
det {(O,I)e A-GAHB-GR)G B-GB (g) } £ 0,
(4.69)
A+BG B\, R
det {(O,I)e(Z—GAJr(ﬁ—GB)G B-GB <C1(C1—IGC1)‘1> } >0,
vt € [0,T.

65. A Riccati Type Equation.

In this section, we present another method. It will give a sufficient condition for the
unique solvability of (3.12). Also, it is more constructive and seems to be numerically
implementable. This method is inspired by the Four-Step-Scheme proposed in [11] for
general nonlinear FBSDEs with deterministic coefficients and with the diffusion coefficient
of the forward SDE being nondegenerate. In the present case, we do not have the non-
degeneracy of the forward diffusion. Also, the drift and diffusion are all allowed to be
unbounded (since they are linear). Such a case is not covered by [11]. We will obtain a
Riccati type equation and a BSDE associated with (3.12). Let us now carry out a heuristic
derivation.

Suppose (X,Y,Z) € M[0,T] is an adapted solution of (3.12). We assume that X and
Y are related by

(5.1) Y(t) = P)X(¢) + p(t), ¥t [0,T], as.

where P : [0,T] — IR™*" is a deterministic matrix-valued function and p : [0, 7] xQ — R™
is an {F;}-adapted process. We are going to derive the equations for P(-) and p(-). First

of all from (5.1) and the terminal condition in (3.12), we have
(5.2) g9 =P(T)X(T) + p(T).

Let us impose

(5.3) P(T)=0, p(T)=g.
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Since g € L%_-T (2;IR™) and p(-) is required to be {F;}-adapted, we should assume that p(-)

satisfies a backward stochastic differential equation:
{ dp(t) = a(t)dt + q(t)dW(t),  t€][0,T],
p(T) =g,

with a(-),q(-) € L%(0,T;R™) being undetermined. Next, by Itd6’s formula, we have (for

(5.4)

simplicity, we suppress t below):
dY = {PX + P[AX + BY + CZ| + a}dt
+ {P[A1 X 4+ B1Y + C1Z] + ¢}dW
59 — {[P+ PA+ PBP|X + PCZ + PBp + o} dt
+ {[PA; + PB,P]X + PC1Z + PByp + q}dW,

Now, compare (5.5) with the second equation in (3.12), we obtain that

(5.6) [P+ PA+ PBP|X + PCZ+ PBp+a=[A+ BP]X +CZ + Bp,
and
(5.7) (PAy + PB,P)X + PC,Z + PByp+q = Z.

By assuming I — PC; to be invertible, we have from (5.7) that
(5.8) Z =(I—PC)*{(PA; + PB,P)X + PBip+gq}.

Then, (5.6) becomes
0=[P+ PA+PBP - A—BP+(PC—C)(I—PC)) (P4, + PB,P)| X
(5.9) R R ~
+ [PB— B+ (PC - C)(I - PC1)'PBy]p+ (PC - C)I - PC1) 'q+c.

Now, we introduce the following Riccati type differential equation for IR™*"-valued func-

tion P(-):
P+ PA+PBP—-A—BP

(5.10) +(PC —C)I - PCy)"Y(PA, + PBiP)=0, tel0,T],
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and the following backward SDE for R™-valued process p(-):
dp = —{ [PB— B+ (PC - C)(I— PCy)™'PBy]p
(5.11) +(PC— OYI - PCl)_lq}dt + qdW,
p(T) = g.
Suppose (5.10) admits a solution P(-) over [0,T] such that

(5.12) [I — P(t)C1]™* is bounded for ¢t € [0, T].

Then we can define the following;:

A=A+ BP+C(I—PCy) Y (PA, + PB,P),

Ay = Ay + BiP+ C,(I — PC,) Y (PA; + PB,P),
(5.13) B

b=Bp+C(I—PCy)"*(PBip+q),

G = Bip+Ci(I — PCy) Y (PB1p+ q).

It is clear that A and A; are time-dependent matrix-valued functions and b and & are
{F:}-adapted processes. Under (5.12), the following SDE admits a unique strong solution:
dX = (AX +b)dt + (A, X +5)dW,  t €[0T,

(5.14)
X(0) = =z.

The following result is comparable with the main result presented in [11] (for nonlinear

FBSDEs).

Theorem 5.1. Let (5.10) admits a solution P(-) such that (5.12) holds. Then, (5.11)
admits a unique solution p(-) € L%(0,T;IR™). If (X,Y,Z) is determined by (5.14), (5.1)
and (5.8), then, it is the unique adapted solution of (3.12).

Proof. First of all, a direct computation ® shows that the process (X,Y, Z) determined

by (5.14), (5.1) and (5.8) is an adapted solution of (3.12). We now prove the uniqueness.
Let (X,Y,Z) € MJ[0,T] be any adapted solution of (3.12). Set

Y = PX +p,
(5.15) _
Z = (I - PC)"Y[(PA: + PBiP)X + PBip + g,
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where P and p are solutions of (5.10) and (5.11), respectively. Denote Y=Y -Y and
7=27-7. Then, a direct computation shows that

dY = [(PB - B)Y +(PC — C)Z]dt + [PB,Y — (I — PCy)Z]dW (¢),
(5.16) N

Y(T)=0o.
By (5.12), we may set

—~ o~ -~

(5.17) Z = PB,Y — (I PC,)Z,
to get the following equivalent BSDE (of (5.16)):
dY = {[PB - B+ (PC - C)(I — PC1)"*PB,]Y
(5.18) — (PC = C)(I — PCy)"YZ}dt + ZdW (1),
Y(T) =o.

-~

Consequently, Z = 0. Hence, by (5.15), we obtain

Y = PX +p,
(5.19)

Z =(I—PC)"[(PA:1 + PBiP)X + PBip + g,

This means that any adapted solution (X,Y, Z) must satisfy (5.19). Then, similar to the
heuristic derivation above, we have that X has to be the solution of (5.14). Hence, we
obtain the uniqueness. O

The following result tells us something more.

Proposition 5.2. Let (5.10) admits a solution P(-) such that (5.12) holds for t € [Ty, T
(with some Ty > 0). Then, for any T e [0,T — Tp], linear FBSDEs (3.12) is uniquely
solvable on [0, T].

Proof. Let

(5.20) Pt)=Pt+T-T), te]lo,T).
Then, ﬁ() satisfies (5.10) with [0, 7] replaced by [O,T] and

(5.21) [I — P(t)Cy]™" is bounded for t € [0,7].
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Then, Theorem 5.1 applies. O

The above Proposition 5.1 tells us that if (5.10) admits a solution P(-) such that
(5.12) holds, (3.12) is uniquely solvable over any [O,T] (f < T). Then, in the case C =0,
by Theorem 4.2, the corresponding two-point boundary value problem (4.17) of ODE over
0, T] admits a solution for all g € R"™. Thus, it is necessary and sufficient that

(5.22) dd{OLIkAt(g>}:>m vt € [0, ).

Therefore, by Theorem 4.7, compare (5.22) and (4.16), we see that the solvability of Riccati
type equation (5.10) is only a sufficient condition for the solvability of (3.12).
In the rest of this section, we concentrate on the case C = 0. In this case, (5.10)

becomes

P+PA+PBP—A—-BP=0, tel0,T],
(5.23)

and the BSDE (5.11) is reduced to
dp = [B — PBlpdt + qdW(t),  t€[0,T],

p(T) =g.

(5.24)

We have seen that (5.22) is a necessary condition for (5.23) having a solution P(-) satisfying
(5.12). The following result gives the inverse.

Theorem 5.3. Let C =0, C = 0. Let (5.22) hold. Then, (5.23) admits a unique solution

P(-) which has the following representation:

(5.25) P(t) = — [(O,I)eA(T_t) (g) ]_1(0,1)6A<T—t> (é) , te[o,T).

Moreover, it holds

(5.26) I — P(t)C; = [(O,I)eA(T_t) (g) ]_1 [(O,I)eA(T_t) ((;1> ] t € [0, T).

Consequently, if in addition to (5.22), (4.19) holds, then, (5.12) holds and the linear FBS-
DEs (3.12) (with C = 0) is uniquely solvable with the representation given by (5.14), (5.1)
and (5.8).
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Proof. Let us first check that (5.25) is a solution of (5.23). To this end, we denote

(5.27) O(t) = (0,I)e T (é) ,  telo,T).
Then, we have
(5.28) O(t) = —(0,I)eT? (é) B - 0(t)B.
Hence,
P=0"100"1(0,I)cMT? (é) +071(0,1)eA TV 4 (é)
—o 1 _ ar-o (I p_ B -1 Ar—n (A
(5.29) =07 = (0,1 <0>B OB} (—P)+07(0,1)e (A>

-~

— (PB — B)(—P) + ©71(0,1)eAT—? Y444
0
— —PBP+ BP — PA+ A,

Thus, P(-) given by (5.25) is a solution of (5.23). Uniqueness is obvious since (5.23) is a
terminal value problem with the right hand side of the equation being locally Lipschitz.
Finally, an easy calculation shows (5.26) holds. Then, we complete the proof. O

66. Extensions and Remarks.

In this section, we first briefly look at the case with multi-dimensional Brownian
motion. Let W(t) = (W(t),---,W<(t)) be a d-dimensional Brownian motion defined on
(Q, F,{F¢}t>0,P) with {F;}¢>0 being the natural filtration of W(-) augmented by all the
P-null sets. Similar to the case of one-dimensional Brownian motion, we may also start
with the most general case, by using some necessary conditions for solvability to obtain
a reduced FBSDEs. For simplicity, we skip this step and directly consider the following
FBSDEs:

dX = <AX + BY> dt + zd: <A§X +Biy + C;'Zi>dwi(t),
i=1

(e ay = (AX + BY )dt + zd: ZiAWi(t),
i=1

X(0)=0, Y(T)=g,

t (0,71,
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where A, B, etc. are certain matrices of proper sizes. Note that we only consider the case
that Z does not appear in the drift here since we have only completely solved such a case.
We keep the notation A as in (3.13). In the present case, we define the space M]0,T] as

follows (compare with (2.1)):

(6.2)  M[0,T)= L3 (2 C([0, T R™) x LE(Q; C([0, T, R™)) x L3(0, T;R™),
with the norm being defined by (2.2), where

(6.3) ZP? =t {227}, VZeR™

If we assume X(-) and Y (+) are related by (5.1), then, we can derive a Riccati type equation,
which is exactly the same as (5.23). The associated BSDE is now replaced by the following:

d
dp=[B — PBlpdt + > ¢'dW'(t), tel0,T],
(6.4) —
p(T) =g.
Also, (5.13), (5.14) and (5.8) are now replaced by the following:

A=A+ BP, b= Bp,

(6.5) Al = A} + B{P + C{(I - PC})"* (P4} + PB{P),
1<:<d

?

&' =Bip+ C{(I - PC{) " (PBip+q'),

d
(6.6) dX = (AX +b)dt + > (A1 X +5)dW'(t),  t<0,T),
: =1
X(0)=o,
(6.7) Z'=(I-PC{H)""{(PAi + PBiP)X + PBip+4'}, 1<i<d.

Our main result is the following.

Theorem 6.1. FBSEDs (6.1) admits a unique adapted solution (X,Y,Z) € M[0,T] for
all g € H if and only if (4.16) holds and

(6.8) det {(O,I)eAtc;'} > 0, vte[0,T], 1 <4 <d.
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If in addition, (5.22) holds, then, (5.23) admits a unique solution P(-) given by (5.25) such
that

(6.9) [I — P(t)Ci]™! is bounded for t € [0,T], 1 <17 < d,

and the adapted solution (X,Y,Z) € M[0,T] of (6.1) can represented through (6.6), (5.1)
and (6.7).

The proof can be carried out similar to the case of one-dimensional Brownian motion.

To conclude this paper, let us now make some remarks.

We have solved the case with Z not appearing in the drift. It would be nice to extend
our results to the case with C not zero, i.e., the process Z also appears in the drift. So far,
we do not know how to treat such a case.

Finally, it seems possible to extend the above results to the time-varying coeflicient
case. However, the most interesting case is the random coeflicient case, i.e., the case with

A, B, etc. being {F;}-adapted processes.
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