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Abstract

The paper i1s devoted to the rigorous proof of the universality con-
jecture of the random matrix theory, according to which the limiting
eigenvalue statistics of n x n random matrices within spectral inter-
vals of the order O(n~1) is determined by the type of matrices (real
symmetric, Hermitian or quaternion real) and by the density of states.
We prove this conjecture for a certain class of the Hermitian matrix
ensembles that arose in the quantum field theory and have the unitary
invariant distribution defined by a certain function (the potential in
the quantum field theory) satisfying some regularity conditions.

Key words: random matrices, local asymptotic regime, universality
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1 Introduction. Problem and results.

The random matrix theory (RMT) has been extensively developed and used
in a number of areas of theoretical and mathematical physics. In particular
the theory provides quite satisfactory description of fluctuations in spectra
of complex quantum systems such as heavy nuclei, small metallic particles,
classically chaotic quantum models, etc. One of the important ingredients
of this description is the universality conjecture of the RMT according to
which the local eigenvalue statistics on n X n random matrices (probabilis-
tic properties of their spectra within intervals of the order of 1/n) do not
depend on a particular ensemble in the limit » = oo and is completely de-
termined by the invariance group of the ensemble probability distribution.
There are three invariance groups (orthogonal, unitary and simplectic) and
three respective classes of the random matrix ensembles that model quan-
tum systems possessing respective invariance under the time reflection and
the space rotations. The explicit form of the local eigenvalue statistics in
the limit n = oo for each of these classes was found in sixties by Wigner,
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Mehta, Dyson and others who introduced and studied the explicitly solvable
Gaussian and circular ensembles (see Ref.1 and references therein).

In this paper we consider the technically simplest case of the unitary
invariant ensembles. Moreover we will study the class defined by the density

po(M)AM = Z7  exp{—nTrV(M)}dM (1.1)

where M is a n X n Hermitian matrix,

ji=1

i<k

is the ”Lebesgue” measure for Hermitian matrices, Z, is the normalization
factor and V() is a real valued function (see the Theorem below for explicit
conditions).

The case V(A) = ’\72 corresponds to the Gaussian unitary ensemble
(GUE) which was introduced by Wigner in fifties. Ensembles with an arbi-
trary V() were introduced in sixties,(>~% when some particular cases were
studied . The new wave of interest to this class of unitary invariant ensem-
bles was caused by quantum field theory, where they arise in large-n limit
of quantum chromodynamics, 2-dimensional quantum gravity and bosonic
string theory (see the review papers 5, 6). Analogous ensembles are used in
condensed matter theory and statistical mechanics of random surfaces.("®)

Denote by p,(A1, ..., A,) the joint probability density of all eigenvalues
which we assume to be symmetric without loss of generality. Let

P (AL, s ) = /pn(Al,...,A,,A,+1,...An)dA,H...dAn (1.2)

be its [-th marginal distribution density. The simplest case of p(ln)(/\l) is
of particular interest. Indeed, if /\(1"), .., A" are eigenvalues of a random
Hermitian matrix M then

NH(A):% S 1 A=(ab) (1.3)

AMea

is their normalized counting function (empirical eigenvalue distribution).
Then

E{NH(A)}:/Ap(ln)(A)d/\E/Apn(/\)dA (1.4)

where F{...} denotes the expectation with respect to density (1.1).



In the recent paper®) it was proved that if V() is bounded below for
all A € R and satisfies the conditions

V(A= (2+ e)log |Al, Al = Ly (1.5a)
for some L, and
V(A1) = V(X)) < C(La)[ A1 = Ao, [A12| < Lo (1.5b)

for any 0 < Ly < oo and some v > 0, then p,(A) converges to the limiting
density p(A) (density of states) in the Hilbert space defined by the norm

(— /10g A~ ulp(A)p(u)dAdu)U2 (1.6)

and p(A) can be found from the certain variational procedure analogous to
that known in the mean field theory of statistical mechanics. Moreover,
there exist positive numbers L, A, and a such that

pn(A) < Ae7mM=0) )\ > L (1.7)

and for any differentiable on (=1, L) function ¢(p) which grows not faster
than Be', B,b > 0 as |u| — o

‘/qﬁ(u)pn(u)du— /¢(u)p(u)du‘ < Ol 19l = log . (1.8)

where symbol ||...||, denotes the Ly-norm on the (—L, L).

Here and below the symbols C' and C; denote n-independ positive con-
stants that may be different in different formulae.

Now we formulate the universality conjecture following Dyson.(®)

Universality conjecture. For any n-independent integer [, Ay such
that p(Xo) # 0 and arbitrary fizved (zy,...7;) € R

I AT o + — A — ) = det .
A e Qo2 o 4 Ly Aot s gy = At I8 = il
(1.9)
where .
Sin Ttx
- : 1.1
Sy = 2 (1.10)

In other words, the limit in the r.h.s. of (1.9) is the same for all V/(A)’s in
(1.1) (modulo some weak conditions) and all Ay that belong to the "bulk” of



the spectrum where p(Ag) # 0. Thus the limit (1.9) for arbitrary V' has to
coincide with the same limit for the arhetype Gaussian case V(A) = A\?/2,
whose form is given by the r.h.s. of (1.9) and is known since early sixties
(see Ref.1 for respective results and discussions).

In this paper we prove the
Theorem. Assume that the function V() satisfies the conditions (cf.(1.5))

VA > (24 €)log|A|, [N > 14 (1.11a)
for some Ly < oo and
V(N < o0, I\ < L (1.116)

for L < oo defined by (1.7). Then the universality conjecture (1.9) is true
uniformly in (z1,...x;) varying on compact sets of R'.

Remarks.

1. The Theorem is valid without any restrictions on the growth of V()
provided that (1.11) is satisfied. However our proofs are considerably simpler
if V(A\) grows at infinity not faster than Be'*l for some finite B and b and
V/(A) exists for all A € R and majorized at infinity by similar exponent (not
necessary with the same B and b). For this reason we will assume below
that V() satisfies these additional conditions.

2. Denote by Pl(")(/\),l = 0,1,... orthogonal polynomials on R associated
with the weight

wy(N) = eV, (1.12)
/ POAYPO(A)e ™ DA = 6, (1.13)
and by
H™M(A) = exp{—nV(A)/2}P(N), 1= 0,1, ... (1.14)
respective orthonormal system
[P0 = b (1.15)
Then the joint probability density of all eigenvalues of ensemble (1.1) is(")
PaAr, M) =200 TT (v =2 exp{—nd_V()\)} = (1.16)
1<j<k<n o1
-1 n 2
(n)™ (det [l 1 (Al xm) (1.17)
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and marginal densities (1.4) are

P e Ar) = (";!l)! det |[En( A, A e (1.18)
where o
k(A 1) = IZOI G e () (1.19)
is known as the reproducing kernel of system (1.14). In particular
pa(A) = P (N) = Ku(A,N) (1.20)
where
K.\ p)=n"k,(\ ). (1.21)

In view of (1.18) the proof of the universality conjecture (1.9) for the random
matrix ensemble (1.1) reduces to the proof of the limiting relation

Yy )= sinm(z —y)

lim [pn(Ao)] " K (Ao + ———— Ao + 1.22

n_wo[p ( 0)] ( 0 npn(/\o) 0 npn(/\o) 7T($—y) ( )
that being rewritten as

lim [ (Ros Ao)]~ (Ao b e g Ly = ST = Y) (o

n—oo k‘n(AmAO) kn(A07A0) 7T($ - y)

can be regarded as a conjecture of purely analytic nature concerning the
orthogonal polynomial (1.13). Since for a complete systems of orthonormal

functions
(o)

DU () = 8 = ) (1.24)
j=0
the relation (1.23) can be viewed as the one saying that the fine ("magni-
fied”) structure of the é-function in (1.24) is universal and is given by the
r.hs. of (1.23).

The relation (1.23) can be readily proven if the precise enough asymp-
totic formula for respective orthogonal polynomials is known. Let us con-
sider the simplest ("toy”) case of an n-independent weight supported on a
finite interval, say interval [—1, 1]. By using classical asymptotic formulae(!?)
we find that in this case p(A) = (/1 — A?)7!,[A] < 1 and relation (1.9) is
valid for any |A| < 1. Less trivial case corresponds to the weight (1.12) in
which V(A) = |A|*/a with a positive a. In this case P{"™(A) = n'/?%1,(n/*))



where {m;(2)}:2, are orthogonal polynomials associated with the n-independent
weight w(z) = exp{—|z|*/a}. The case a = 2 corresponds to the Gaussian
unitary ensemble and the Hermite polynomials as m;(2). This case was
studied in great details!!) on the basis of the Plancherel-Rotah asymptotic
formula'®) describing the semiclassical regime of quantum oscillator. For
the general case a@ > 1 asymptotic formulae were recently obtained.(*!:'?)
By using these formulae the limiting density p(A) can be found and relation
(1.9) can be checked for A = 0. Unfortunately asymptotic formulae(!!?)
are not precise enough to prove (1.9) forA # 0. This can be done only for
o = 4,6 where more precise asymptotic formulae are known. We mention
also physical papers(!*'Y devoted to more general forms of V(). Authors!?)
considered the case of polynomials V(A). They formulated the semiclassi-
cal ansatz for the asymptotic form of respective orthogonal polynomials
and established (1.9) and also the universal form of the correlation function
PPN 1) — pP(MN)p () on the much bigger scale 1 >> A, u > n~t. In
the recent physical paper(*®) the universality conjecture was considered by
studying the generated functional of densities (1.18) that was computed by
applying the Laplace method to the Grassmam integral representation of
the generating functional.

We will prove the Theorem by using the orthogonal polynomials tech-
nique that is rather powerful and widely used in in the random matrix theory
and its numerous applications. However, since the asymptotic formulae for
the general case treated in the Theorem are not known we combine the or-
thogonal polynomial technique with certain identities that were introduced
in the random matrix theory in the seminal paper().

Our paper is organized as follows. In Section 2 we give the proof of the
Theorem following the main line of the arguments. The important ingredient
of our arguments is the pointwise convergence of p,(A) to p(A) for the set
{A:p(A) >0}

Proposition. Under the conditions of the Theorem

_ S Gy
a0 =PI <€ (14 =) (1.25)
for some positive n-independent constant C.
Remark. The Proposition allows us to give another proof of the so-called
approximation property of the weight w(\) = e~V According to definition*®)
weight w(A) has the approximation property on the open set O if for every
continuous and vanishing outside of O function f(A) there exists a sequence



of polynomilals ¢,(A) such that w"(\)g,(A) converges uniformly to f(A) on
0.

The approximation theorem (see e.g. Ref.18 for the proof, references
and discussion) says that w(A) has the approximation property on the set
where p(A) is continuous and strictly positive. In our case p(\)is continuous
and the Proposition allows us to construct the approximating polynomials
by using sertain linear combinations of polynomials %Z?IO[PJ»(")(/\)]Z for
k = O(n). These polynomials possess in fact all properties of p,,(\) because
they can be obtained, roughly speaking, by replacing V() by %V(A).

The Proposition is also proved in Section 2. Auxiliary facts which we
need to establish the Theorem and the Proposition are proved in Section 3.
We discuss some consequences of our results in Section 4.

2 Proofs of the Proposition and the Theorem.

Proof of the Proposition. Consider the Stieltjes transform of the nor-
malized counting measure (1.3)

fa(2) = / ]\j\”(_d;\) = %i " 1_ - (2.1)

and denote VA
0(2) = B = [P (22)

According to the spectral theorem

£(2) = %TI’G(Z)

where G(z) = (M — z)~! is the resolvent of a Hermitian matrix M. By
using Lemma 1 for F(M) = G(2) (a matrix element of the resolvent) and

im Jjim=1>
free parameter, it is easy to derive the identity

E{CG;Gry + ?Glzk + nGy (C(V/(M))kz + Z(V/(M))zk) =0
Since ( is arbitrary we conclude that



Now if we sum over 7, k = 1, ...,n this inequality and divide the result by n?
we get

E{f2}+ E{n~'"TxV'(M)G(2)} = 0. (2.3)
By applying Lemma 3 to f(u) = (p— 2)~', 2 = A+ in, n > 0, we find that

E{S2} = EX{ L} + 0" n7Y). (2.4)
This bound, (2.1) and (2.2) yield the relation
9a(2) + V' (N)gn(2) + Qu(2) = O(n™*n7") (2.5)
where
Q) = [T g (26)

is well defined due to (1.7) and our conditions on V(A) (see the Theorem
and Remark 1). To proceed further we use the result (1.8) combining it with
condition (1.11b). We obtain

Qn(A+in) = Q(N) + O(n~*n~21og!* n) (2.7)
where
Q(A) = / Wﬂ(ﬂ)dﬂ- (2.8)

Combining (2.5) and (2.7) with Lemma 4 we find that
77180, (A +in ) = p(A\) + O(n~1?). (2.9)

On the other hand it follows from Lemmas 5 and 6 that
1
1S9, (N + in~t3) — (M) < C (1 + —) n~ /4,
S )= pa(V) Ty

This bound and (2.9) imply (1.25).

Proof of the Theorem. According to (1.18) the proof of the Theorem
reduces to the proof of the limiting relation (1.22) to the reproducing kernel
(1.21) of orthonormal systems (1.14). We use the representation

Ko = 77 [ TLONO - )= A



11 (A]»—Akfexp{—gvm—ng)—ivw)} (2.10)

2<j<k<n

which can be derived from the well-known in the RMT® identities

-1 o
H (A — ) = (H 7" ) det ||P]»(f)1(/\k)||§77k:17 7, =n! H(%(n))_z

1<j<k<n =0

where ’y( ") is the coefficient in front of A' in the polynomial P( ) If we
substitute these identities into the r.h.s. of (2.10), set in the one of determi-
nant A; = A, in other A; = ¢ and then integrate the result with respect to
Aoy oy Ay, using the orthogonality of polynomials Pl(") we obtain the l.h.s.
of (2.10).

We will consider the function K,(Ag, Ao+ s/n). General case of function
K,(Xo + s/n, o+ t/n) can be reduced to K,(Ag, Ao + (s — t)/n) by using
Lemma 7. Let us choose

5 — log n

n
and rewrite (2.10) in the form

J

. Sy el n s niMum]
];n(/\o,/\0+n)_exp{2V(/\0) QV(/\0+n)}<j1:[2[n oA +e

(2.11)
Here and below the symbol < ... > denotes the operation E{6(Ag — A1)...},
Xs(A) is the indicator of the interval |[A| < §, and

u(N) = (1= vs(Ao — A))log (1 + m) .

Rewrite (2.11) as

K, (Ao, Ao+~ ) [1 + Z - <ll_|;[1 Xé/(\;\o__/\;\j)eUn(AD)> Z;1(/\0)] )

- (2.12)

where ¢! = z'(nniiz)' and
Ta(Xo) = exp{=3 V(Ao + 5V (Ao + =)} Zu(Ao). (2.13)
Zn(No) = (e 09) (2.14)
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= Zn:u(Aj). (2.15)

ji=2

Introduce the probability density (cf. (1.16))

PO A) = Z5 00 TT0 = A TT (= A

ji=2 2<j<k<n

exp{—nzn:V(/\j)—l—th:u(Aj)} , (2.16)

where Z;)'(\o) is the normalization factor, and respective marginal densities

DAy ooy Ayt = /pm(/\z,...,/\n)dA,+2...d/\n. (2.17)
In particular for t =0

PO Ay s A1) = pHA0)BY (Aoy Az ooy Ayt (2.18)

This allows us to rewrite (2.12) as follows

Ko( Aoy A2 o) = [1+ZC ( )/ﬁ“ ) Mo ooy Mg ) g

(2.19)

Introduce

Ri(A,p) = —— Z V(AP p (2.20)

where ;
n
BaN) = (= ) exp{= 2V () + L0} Pulr)
and {P;(N)}52, are polynomials that are orthogonal with respect to the
weight
(A= Xo)?exp{—nV (A +tu(N)}:
[ Pa)Pan N = Ao)? exp{=nV (A + tu(A)}dA = .
Then (cf.(1.18))

(n 1)
(n—1)..(n=1-1)

10
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and after the change of variables z; = n(A;11 — Ag) (2.19) can be rewritten
in the form

Ea(do: ho + =) = T Ao) [1+

n—1 l

E:SRJE /5II ]®HWMAM— L Ao+ = li . (2.21)
=1 ] L
We will prove that
n—1 1 1
(/\o,/\o-l- ) [1+Zl'/ 7det||R0n(/\0—|- ,\0-|_ )|| e 1—|—O(%)

(2.22)
To this end we use Lemma 9. Therefore we have to check conditions (3.41)-
(3.45) of the Lemma for A = Ry, and B = R,,. Inequality (3.41) follows
from (2.18) and Lemma 8, inequality (3.43) follows from (2.18) and Lemma
7, and inequality (3.42) follows from representation (2.20). To check (3.44)
and (3.45) consider the derivative Rj, (Ao + £, Ao+ £) of (2.20) with respect
to t. By using arguments similar to those in the proof of Lemma 5 we obtain

Ry (ot 20+ L) = 200+ 2) b a0+ D) RO+ 200+ 1) -

W—U/&A%+%M&A%+%MMMW- (2.23)

If |z| < néd and |y| < nd, then the first term in the r.h.s. of (2.23) is zero.
The second term can be estimated by using the Schwarz ineguality and the
analogue of (3.8) for (2.20)

X
(0= 1) [ B+ o) RO + Loty <

1/2 1/2

<

(0= 1) [ Rnha+ ZopPutoldp] | =1) [ Reao+ Lo uto)ld

|(A)|[1;;(A+5A+f)R(A+3A+3)]1/2 (2.24)
m}:;chu tn 0 nv 0 n tn 0 nv 0 n . .

Hence

/ z C 1/2
‘Rtn(AO + ;7 A0 + %)‘ < % |:Rtn(A0 + — AO + )Rtn(AO ‘|‘ AO + %)] .
(2.25)
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Besides
x x x x
max Ry, (Ao + —, Ao+ =) = Resn( Mo+ —, A0+ —) =
t n n n n

T T

-
Ronho+ S0 + 5) +/ drRL, o+ S 00+ 2) <
n n 0 n n
x x C x x
Ron(No + Ea Ao+ E) + %Rt*n(AO + Ea Ao+ E) (2.26)
Thus it follows from (2.26) that for all 2 and ¢ (cf.(3.44))
R + =00 + 2) < CRon(ho + = Ao + =), (2.27)
n n n n

Combining (2.25) and (2.27) we obtain (cf.(3.44))

z z C z z
IRt Aot L) = Ron(Aot = Aot L) € = RPNt 2, Aot DIRM o+ 2L, A+ D).
n n n n n n mn n

néd
(2.28)

Inequality (2.28), identity (2.18) and Lemma 8 guarantee condition (3.44)
of Lemma 9. Condition (3.45) can be proved by similar arguments. Thus
we can apply Lemma 9 to the expression in the r.h.s. of (2.21) and obtain
(2.22).

By using the analogue of representation (2.10) for Rg, (A, i) we get

I(n(Am A)I(TL(AM lu)

RO”(AMM) = ](n(/\vlu) - K (AO /\0)

(2.29)

We will use this representation to prove that we can replace the function

Ro, (A, i) in the r.h.s. of (2.22) by

xj) B K, (Ao, Ao — 2 /n) K, (Ao, Ao + 21 /1)
](n(AmAO)

R*($],$k) = I(n(Am A0 ‘I’ il ;

(2.30)
We use again Lemma 9 for A = Rg,, B = R*. As it was explained above,
conditions (3.41)-(3.43) for this A are true and thus we have to check (3.44)
and (3.45). Since according to (2.29) and (2.30)

|R*($7y) - ROn(xvyN S I(n(Am A0 —I_ %) - I(TL(AO —I_ %7 A0 —I_ %) —I_

](n(Ao, AO -I— y/n)
I(n(Am A0)

|]X/rn(A0, AO -I— x/n) — ](n(Ao, AO — x/n)|

12



it suffices to check that uniformly in |y| < né and n — o

— Cz?
y—rip

| K (Ao + E’AO + E) — K, (Ao, Ao + )7 < 7T lz] <1, (2.31)
and
né i T C (5 3
/ Ea ot S0+ L)~ Kalhosdo+ ) Pde < (1/4) . (232)

Estimate (2.31) follows from Lemma 7, because |z|,|y| < né = logn. Esti-
mate (2.32) can be obtained if we integrate (2.31) with respect to z. Thus
we have proved that

Koo dot ) = [H"Z”’/ Hdw] det || R* (2 20)][} 121 + O 5>]
(2.33)

The next step is to prove that we can replace the integral over the interval
(—né,nd) in the r.h.s. of (2.33) by the integral over the whole axis R. To
this end let us notice first that since R*(z,2) = R*(—z, —x)

dx dz;
/_5H s ger |11 ey w s = [ H S det || (o) (1050} s

Zj L
(2.34)
Besides

J

: dx] ! L dx; * !
A= | IS detllf esvan(d = el e = [ TL 5 et a1 = il | <

(1 = Xns(2;))dz; ! Xn )dx; .
Zcf/H( 5( ])) J H 5($ J ‘det||R ($],$k)(1 ]k)”]k 1‘ <
Jj=1

=1 |$]| j=p+1 | '7

3

! =r ))dz;
s o / ~ Xns())d2;

|2

p+m !
1- z;))dx; L dac
H (1-xa(2y)) I M ‘d t | R* (g, wp)(1 = 8;5)|]} 5o 1‘ <

k=p+m+1 | k| B

1/2
! =r (1 = Xns(z;))de; 2 (1= xa(2g))de; o
ZCf Cl—p {/H |$J,|5/i - H |2;[5/% H dgxa () X

i=p+1 k=p+m+1

13



/ﬁ — Xns(z;))da; pltf (1 —Xl(ﬂﬁi))dﬂﬁix
i |2;[3/4 | 3/

i=p+1

k=p+m+1 | k|

1/2
l
)dx . 2
1 00 et ()1 - ]k>||]k1\} :

The first factor in the r.h.s. of the last inequality can be estimated by
(né)~P/4C"=?. To estimate the second one we repeat almost literally the
arguments of Lemma 9. We obtain

Al < l<l+2)/201(n6)_1/4.

Therefore

(/\07/\0‘|‘ ) [1 —I'HZ: lll /H dw] det || R” ($]’$k)||]k 1 +0 (W)] '
(2.35)

Now by using the formula

G000k

det ||(l]’k||§;k:o = ago det ||a;; — ||] k=1

we obtain from (2.35)

(,\07A0_|_ ) [1 n Z i /H dz; det |5, (2 wk)”;',k:o‘l'o ((n61)1/4)] :

(2.36)
where 2 = 0 and Sy,(2) = K,,(Ag, Ao+ %). The integral in the r.h.s. of (2.36)
can be computed by using the Fourier integral technique. This is done in
Lemma 11 of Section 3. According to that Lemma

Ko( Mo, Ao + %) = Th(\o) [% +0 <(n61)1/4)] . (2.37)

Comparing this expression with (1.22) we see that to finish the proof of the

Theorem we have to establish the relation

lim T,(Ao) = p(Ao).

n—oQ

This relation follows from the Proposition and Lemma 10 of Section 3. The-
orem is proved.
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3 Auxiliary results.

In this section we prove a number of facts that we use in the proofs of the
Theorem and the Proposition (Sec.2).

Lemma 1 Let F(t),t € R be a continuously differentiable and polynomially
bounded function, and B be an arbitrary Hermitian matriz. Then

E{Fg(M)} = nE{F(M)T"V'(M)B} =0 (3.1)
where Fp(M) =1lim_ ., e '[F(M + €B) — F(M)].

Proof. We obtain the Lemma by differentiating with respect to ¢ the iden-
tity

/eXp{—nTrV(M }IB)}F(M + tB)dM = /exp{—nTrV(M)}F(M)dM

that follows from the invariance of the measure dM with respect to shift
M — M + B by an arbitrary Hermitian matrix B.
Remark. This lemma was in fact proved by Bessis et al.(®)

Lemma 2 Let k, (A, ) be defined by (1.19). Then

JO= i < . (3.2)

and for o = 1,2
JO= W B O e < CLEL0P + GO0 (63)

Proof. It follows from the orthogonality relations (1.15) that for j =
0,1,2,..
7B (A) + 7B (A) = AB(A) - (1o =0) (3.4)

where

n= [ ABOIP (e V) (3.5)

and we omit superscript n to simplify notations. Denote by J = {J;;}5%_,
the Jacobi matrix defined by (3.4):

Jig = 10415+ 121051 g (3.6)
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Then for any nonnegative integer p

(= [ XEPONRI A, (3.7)

By using the identity

and (3.7) for p = 1,2 we find that the L.h.s. of (3.2) is
n—1 n—1
2> ()= D Jh |- (3.9)
j=0 7,k=0

This relation and (3.6) yield

JO= PO = 277 (3.10)

Using (1.7) and (1.19)-(1.21) we obtain that for some n-independent a, A, L >
0
WONP < npa(0) < mde= D L0 (31D)

and then (3.5) implies the bound

Ir| < C (3.12)
for some C'. This bound and (3.10) imply (3.2). Similar arguments and
equation (3.4) yield

JO= 0RO i = s OV
Now (3.3) follows from this identity and (3.12). The case & = 2 in the Lh.s.
of (3.3) can be proved analogously. Lemma 2 is proved.
Lemma 3 Let f(u), u € R, be a bounded and Holder continuous function:
[FA) = F()] < CIA = pl* (3.13)

for some C' >0 and 0 < a < 1 and

1 n

j=1

where {/\5»")}?:1 are eigenvalues of a random matriz. Then
D{fu} = E{lfa — E{fa}"} < Cin™'7% (3.14)
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Proof. By using (1.18) and (1.19) we can write (3.14) as follows

DULY = 55 [ 170 = PR O )dhde
This representation, (3.13), the Holder inequality and the relation
/kfl(/\,,u)d/\d,u =n (3.15)

yield the bound

(a4

DU € s [ 1A= w2 sdrd

which implies (3.14) in view of Lemma 2. Lemma 3 is proved.

Lemma 4 Assume that A is a point of the spectral axis at which p(\) > 0.
Then

1
=— A) = (VI(N))?2/4 1
o) = (Vi (3.16)
where Q(N) is defined by (2.8).
Proof. According to (1.8) p,(A) converges weakly to p(A). This result allows

us to perform the limiting transition in (2.5) and to obtain for nonreal z’s
the relation

g(2)+V'(Ng(2)+ Q) =0 (3.17)
where g(z) is the Stietjes transform of the limiting density p(A). Condition

(1.11b) of the Theorem and (2.8) imply that Q(A 4 ¢0) is a real valued,
bounded function with a bounded derivative. Then by general principles

1
p(N) = ;%g(/\ +10) (3.18)
is also bounded. Computing the real and the imaginary parts of (3.17)
rewritten as
g=- © (3.19)
Vitg
we find (3.16). Lemma 4 is proved.
Lemma 5 Under the conditions of the Theorem
sup p,(A) < C (3.20)
n,A
and dpn(\)
a2 < L )+ 0O + € (3:21)
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Proof. According to (1.18) and (1.20)

ji=2

dp;/(\A) = Zﬁlﬁ/exp {—nV(/\) - RZH:V(/\‘FM)}}E(’\ = ) dp; =

—aV! (A)pn(A) — nln — 1)/V’(/\2)pn(/\, Aoy oA )dAgnnd Ny =

= VKN A) nZ/v'(Az)[Kn(A, M En(Ass M) = K2(A, Ao)]dAs

(3.22)
The identity (3.1) for F(M) =1 and B = 1 yields
E{TeV/(M)} = n/V’(/\)Kn(A, A)dA = 0.
Hence by (3.22)
PN = [ V() = VIOOIREO (3.23)

Now we split this integral in two parts corresponding to the intervals |u| >
2L and |p| < 2L where L is defined by (1.7). The former integral is bounded
because of the inequality K2(A, ) < K,(A, A)K,(p, 1) and bound (1.7) for
K,(A,A) = po(X). In the latter integral we write

Vi) -V = - vy + B v

for some £ depending on A and p and use Lemma 2 and condition (1.11b)
of the Theorem. Combining the bounds for these two integrals we obtain
(3.21). To obtain (3.20) we have to use (3.23) and (1.13). Lemma 5 is
proved.

Lemma 6 Assume that p(\) # 0 and take e = O(n~Y*). Then

2 2 1 14
[ o< ¢ (14 e

1 2 2 1 -1/8
L0+ ) < G (14 S Ja L A <. (329)

18



Proof. Let us introduce the density

1 n—1

n j=1 1<j<k<n—1
The difference of this density from density (1.2) written for n — 1 variables
Ai,...An_1 is that in the former we have the factor n in the exponent while
in the latter we would have n — 1. Set

paN) =" ! /p;(/\,/\z,...,/\n_l)dAz...dAn_l - %Ti[%m]z. (3.27)
Then
baa(X) = nlpa(X) — pz (V)] (3.28)

Furthermore, by using the analogue of identity (3.1) for the density p;, and
the arguments similar to those proving (2.5) we obtain the relation

I+ [ U gy o

n2774

) (3.29)

for the Stieltjes transform g, (z) of p;(p) and z = A +in, > 0. Denote

- Yaa(p
An(e) = nlgne) = g7 = [ L2, (3.30)
subtract (3.29) from (2.5) and multiply the result by n. We obtain

N =

For z = A + in~1/* this relation takes the form
’ VA= V(i Z_ 1
An(2)(204(2) = V'(N) = / (VA = V()b (1)

p— =z
Then relation (3.16) and (3.18) imply that

).

dp+ O(1).

1
SA, (AN +in Y < C <1+—).
( )< Cs p(A)

Integrating this inequality over the interval |\ —pu| < ¢ = O(n~/*) and using
(3.30) we obtain

/Iu—Alge 2 (p)dp < Oy (1 + ﬁ) L4 (3.31)
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Now we derive (3.25) from (3.31). Set

\Iln—l = ¢Z—1(M*) =  max {¢Z—1(M)}7 :ul = Sup{:u : :u € (A_leu*)v 721—1(“) S

lu—Al<e
Since |p; — p*| < ¢ we have from (3.31)

v, e 1
5 ~(1" — ) < mo1(p)dp < Ca(1 + m)n e (3.32)
M1

On the other hand

/2 172\ 2 "
(\Iln_l (3%-1) ) .(M*_M)g/u (W < [ (61l

O Ui

and since

' n? / ,
[ i = [ S )R < Cont
we obtain
\Iln—l
M= iy
Now if we multiply (3.32) by (3.33) we get (3.25) for ¢, _;.

To prove the analogous bounds for 1)> we have to repeat above arguments
for the density (cf.(3.26))

< Cyn? (3.33)

1 n+1
pr-IL—(Alv"'vAn+1) = FGXP{—TLZV(A])} H (A] _Ak)z
n j=1

1<j<k<n+1
and for
n+1 1 &
P:f(/\) = T/PZ(AM\% oy Ang)dAgd Ay = EZ[%(/\)]Z’
j=0

so that ¥2(A) = n(pF(A) — pa(N)) (cf.(3.28)). Lemma 6 is proved.

Lemma 7 If p(A\;) # 0, then

1

nl/s

K Oot2 Aot )= Koy (s Ao+ 2= < (o (
n n n
(3.34)
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Proof. Repeating almost literally the derivation of (3.22) we get

r —tz y—tx
7A0‘|‘

d .
%Ixn(Ao‘l- ) =

—1 -1 1 —1
m/zfn(AoJr%,A)ffn(Aﬁu A) (V’(/\)— SV

’
n

1_, y—tx
) Vet ))d/\.

To estimate the r.h.s. of this relation we split this integral in two parts
corresponding to the intervals |A| > 2L and |A| < 2L where L is defined
by (1.7). The former integral is bounded by Cexp{—nal/2} because of
the inequality K2(A, ) < K, (A, A) K, (g, 1) and bound (1.7) for K,(A\,A) =
pn(A). In the latter integral we write

r —tz y —tx

V)=V Ot =)=V Ot L) = SO AV (A V)

1 1 — yl|?
O (A=A 4 = A7) = SO-AV D SA-AIV OO (= A= 4, + 00
where ; ;
r — 1T — iz
A= Ao+ C A =+
n n

According to (3.7)
1 K0 MO = A )i = L0000
n
Besides, by the Schwartz inequality

n

/Kn(/\x, A (A M)A = A )(A — /\y)d/\‘ <

n [/ Ko (s M)A = /\x)zd/\/ﬁ’n(/\y, M\ = Ay)sz]m.

Now the arguments similar to those used in the proof of Lemma 2 and
Lemma 5 yield the estimate
d x —tx y— tx

%K(/\o + - s Ao+

<

)

C _ 2
Clat (5200 4200 4 00 + 8,0 4 2 ),

Combining this estimate with (3.25) we obtain (3.34).
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Lemma 8 Let p(zn)(Al, As) be specified by (1.18) for | = 2. Then uniformly

mmn

da < C. (3.35)

;

where symbol < ... > was defined in (2.11). By the Schwarz inequality W?
is bounded from above by the product of integrals

/1 P57 (Ao + £, Ao)

1 x?

Proof. Consider
1

e — -
72N — Ao )?

o=l

i=2

Z;l/ I -7 1] (,\0+a—/\j)zexp{—nV(/\o)—niV(/\j)}

2<j<k<n 2<j<n
for o = £1/n. Besides, n(V(Ag)—V(Ag+0)) is bounded in n due to (1.11b).
This allows us to write the bound
-1/2 1 L1y 1 1
WSC]XH (AO-I——,AO-I——)]XH (/\0——,/\0——)§Cl. (336)
n n n n

On the other hand W can be written as

W= <ﬁ(¢1(AZ») " ¢2(Ai>>> .

i=2

<ﬁ¢z(m>+§05_1<1j o) T1 ¢2(AZ»)>

i=2 i=k+42
where (1 YA )
A=A 1
¢KM={ FETS R WER n| ol < 1,
0, otherwise
and

n?(A—Xg)? =1

n2(A—Ag)? 7

Since 0 < ¢3(A) < 1, ¢1(A) > 0 and < 1 >= p,(Ag), we get from this
representation

otherwise.

L—n?(A=X0)%, nld—X| <1,
$2(A) = {

W > —Pn(/\0)+(n_1)/d/\¢1(/\) <5(/\2 — A)exp {ilog ¢2(/\i)}> - (3.37)
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By using the Jensen inequality and (1.2) we have

(800 = N exp {30y log bu(A)})
(% = ) -

exp{< Zlog@ (A, M) >}:

exp { (1=2) [log 620 0 ANV o I (339
According to (1.18)
n ' 2 n—1 / n - - N 17 !
T (No, A, N) = CERCES) ( —pn (AP Aoy A) 4 28, (Agy NI (Ao, MK (X, N)—
Pr(Ao) (A, A) = pa( M) K (Ao, N)) - (3.39)

Besides, since log ¢2(A') < 0 and

2K, (Aoy M) E u( Aoy M E (N, A) < 2K 2 (Ngy Ao ) K2 N K (Ao, N[ K (N, V)] <
P Ao) KL (N, X) + pa( M) K2 ( Ao, X)
we have

/d/\’ 108 do(X) (2K ( Aoy ) K (Aos NV E (N A) = pn(A)K2(A, X)) = pa(A)E2(Ag, X)) > 0.

Hence taking into account that p,(A)is bounded from above uniformly in n
we get

W2 (o) (n=1) [ NG0B o exp { (1= 1) [ pu(N)log (V) | 2 —pu(ho)+

Bl AN PN ([ os(1 — g4 T log(1 — y-2)d
Tz P (Ao, 0‘|‘E) T-exp § — i |log(1 — y*)|dy + 1 og(l—y H)dy ;.
(3.40)

From (3.40) and (3.36) it is easy to derive (3.35).

Lemma 9 Let the functions A(z,y), B(z,y) be defined for |z|,|y| < né,
6 = n~tlogn and satisfy the conditions:

Alz,y) < a(z) < Cb, /_1 ) 4y < 2, (3.41)

1 X
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/|A(w.y)|2dx <z, (3.42)

|A(z,2) — A(—2,—2)| < gu, (3.43)
Ly (z)dx

Al - Byl <ebe), [ THT <o s, 3

né
/ |A(z,y) — Bz, y)[de < C2. (3.45)

—nb

Then
ne da; I 1/2
| TS det A0l s < ()7, (3.46)
ST

dz;
‘ [ 5H et 4G )l s = det 1B 20 ) < (IO

(3.47)
where € = nd(e, + €3) + €3 and C depend only on C;, 1 =1,...,5

Proof. It suffices to prove estimates (3.46) and (3.47) for
Aolj, ) = Az, @ )(1 = bjx),
and
Bo(wj, ax) = Blaj, ) (1 = bj)
Indeed, due to conditions (3.43) and (3.44) the following inequalities are

true s
‘/ de < 2né¢

—né T

and

< 2nbe; 4+ 265(C3 4 Cylognd)

—né T

‘/né de

and we can easily obtain (3.46) and (3.47) for general A and B from the
respective bounds for Ay and B,.
Consider

nt 1 ody
= [ TS det e el
_néjzl ZT;

J
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where A;(z;,21) = Aoz, 2y) +1(Bo — Ag)(z;, 2, ). To obtain (3.46) we have
dF
to estimate |F(1) — #(0)|. Therefore it suffices to estimate R Differen-

tiating F'(¢), making respective permutations of columns and rows and the
same renumbering of variables we obtain

J

dF nég L g
=t TS de Dyl ey
t _"6]':1 X5
where

Dt(xlvxk) = (AO - BO)(xlvxk)v Dt(xjvxk) = At(xjvxk)v ] Z 2.

Thus

l 1

d
dF / H| |‘det||D (5 )l 1\+/ H S (=) [det | DaCirg, )| +
.7

Iyl

/"& [T 22 T (- (o)

j=m+1 | ]|

nd o da dz;
/ AT H (@) \detnDt(xj,xk)n;,k:l\] (3.48)

where xi(2) is the indicator of the interval (—1,1). Let us estimate the last
term

= [ 6H 91— e T wuley) x.ﬂ [det ][ Du(y 2e)ll} e |-

|$]| j=m+1

= |det | Dy, )l pms | +

Other terms in the r.h.s. of (3.48) can be estimated similarly.

1/2
m o dx; dac» 2
F( )| < {/_TMH |$ |g/4 — X1 $] H+1X1 $] $j|]2 ‘detHDf(x]?xk)H;,k:l‘ } X
j=m
j=m+1

né m dx. l e
L=t T1 s <
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né m
dx]

1/2
1o
/ H sl —xaleg)) H xa(2;) H > Diwj,ae) 2
_né |$ | j=m+1 -7 j=1lk=1
(3.49)
Here we have used the Schwartz inequality and then the Hadamard estimate

for determinants!®. Now the r.h.s. of (3.49) can be rewritten as the sum
of the integrals

o dx; dw
]1 Ji /_ 6H |$ |;/4 1 X1 f] H X1 f] |]2D ($17$]’1)--.Dt2($17$]'1) <

j=m+1

né m dx;
LI o) ) 1T vt Do) D, )0 (01
]

|$J j=m+1
(3.50)
with a,(z) = a(x) + tesb(x).

To estimate the last integral we start integrating with respect to the
"free” variables, i.e. the variables that do not enter the set (z;,,...,2z; ).
We use bound (3.42) for the integral with respect to z; and bounds (3.44)
and (3.45) for integrals with respect to zs,...,2,. If there is no free vari-
ables, then we use the inequality D} (2, 2;,,) < (Co + teoCy)? which makes
the variable z; free. Repeating this procedure we end up either with the
estimate

L, ;, <CTYA (3.51)
or with the estimate
Ijl,“]’l S G?;Cl_lAi’j (352)

where C' = max{2(C + €,C3),Co + €C4,2(Cy + €3C5) } and

n dz; dx;
_ 2 i i
Ay = [ Diaer)1 = @) =) psa i
with some i, j < m. Regarding D}(x;, ;) as the kernel of an integral oper-
ator acting in Ly(—né,nd) and using the bound sup,, ffzé D?(x;, x;)da; for
the norm of this operator and bounds (3.42) and (3.45) we obtain that

1

2 vl
Ji- g1 < €BC' .

Repeating similar argument to estimate all other terms in (3.48) we obtain

(3.46) and (3.47)
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Lemma 10 Let T, be defined by (2.13). Then
C

17,00) = a0l < oo (353)
Proof. We will prove the following bounds:
[E{UL(M)} = 5V (Xo)| < Csn™ ¥ log (3.54)
(exp{2U,(Ao)}) < C (3.55)
(10,(3) = B{UO0DF) < (3.56)

where U, () is specified by (2.15). Assuming that these bounds are true
it is easy to prove (3.53) by using the Schwarz inequality and elementary
inequality | — 1] < |z|(e” + 1).

To prove (3.54) take & = n~!/* and rewrite E{U,()\)} as follows

EAUL00)} = (0=1) [0 )pa(0)dA = [ (0= 1u(0) = 600) (pa(A) = p(A) A+
[ o0 a0 = 00 dr+ (= 1) [uipiar— (357)

where ¢() is a differantiable function of the form:

AO-I—(Sl—A ( 8) )
-NE——"In(1- — ~1 L+ —), (A=Al <6
¢(/\):{ (0= D=5 —In ng ) T DTy e ) Pl

(n — D)u(N), otherwise

A_Ao‘l’él ( S
———F—In

Using the Proposition and Lemma 4 one can estimate the first integral [; in

the r.h.s. of (3.57) as follows

I < Cn—1/4/ ((n = Du(N)] + |o(N)])dA < Csn~*logn  (3.58)

[A=Xol <81

To estimate the second integral we use inequality (1.8) according to which

[ 600 (0) = pANA| < Com 7 hog 2 |6l = €t log 2

(3.59)
And the last integral I3 in the r.h.s. of (3.57) can be calculated by using the
result(®), according to which for any A: p(A) # 0

1
/log A= Np(X)AX = SV(A) + const (3.60)
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Thus we have

-1
Iy = “5— (V(o + s/n) = V(X)) + O((né:)™") (3.61)
Relations (3.57)-(3.61) prove (3.54).
To prove (3.55) consider f(t) = log (exp{tU,(Xo)}). Since f(¢) is a con-
vex function

F(2) < F(0) 4 2£(2) = log pu (M) + 2/(2) (3.62)

In view of (2.16)

[(2)=(n- 1)/u(/\)R2n(/\, A)dA =

(n— 1)/u(/\)R0n(/\,/\)d/\—|— (n— 1)/02 dt/u(/\)R;n(/\,/\)dA (3.63)

where R,, and R, are specified by (2.20) and (2.23). According to (2.23)
the second integral I, in (3.63) can be rewritten as

I = (n—1)/02 dt [/ (A Ren( X M)A + (1 — 1)/u(/\)u(/\’)an(/\,/\’)d/\d/\’ <

C/Oologz(l + g)dx +(n— 1)2/2 dt/u(/\)u(/\’)an(/\,/\’)dAd/\’ (3.64)

where we have used (2.29) for A = p and (1.20) according to which R, (A, A) <
K, (A, A) = po(N), the boundedness of p,(A) and (2.27). Regarding R? (A, \)
as a kernel of integral operator R in L,(R) one can estimate its norm as

||R]| < max,{[ R2 (X, \)dN = n~!. Thus

(n—l)z/u(/\)u(/\’)an(/\,/\’)dAd/\’ < n/uZ(A)d/\ < c/ log?(14+2™")da < C—;
né n

(3.65)
To estimate the first integral [; in the r.h.s. of (3.63) we use again (2.29).
Then

I = (n—l)/u(/\)ROH(A,A)d/\: (n—1)/u(A)A’n(A,A)dA—;(_Aj)/u(A)A’g(AO,A)dA:
S —1/4 max |u(A)] -2 T -1
SV +0(n™ g ) +O (nm/hn(/\o,/\)d/\) = 2V +0((n6) )

(3.66)
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Here we have used (3.54) to calculate (n — 1) [u(A)K,(A, A)dA. Relations
(3.62)-(3.66) prove (3.55).
To prove (3.66) let us note that in view of (3.54) and (3.66)

n

E{U.(Ao)} = <Z U(Aj)> +0((né)™)

ji=2 0
where < ... >, denotes the expectation with respect to density (2.18). This

expectation is related to the operation < ... >= E{6(Ag—A;)...} as < ... >=
Pn(Ag) < ... >g. Thus to estimate the r.h.s. of (3.56) it is enough to estimate

(o () ) )

0

(n— 1)/u2(/\)R0n(/\, A)dA— (n —1)(n — 2)/u(/\)u(/\’)R§n(/\, M)A

Combining this inequality with estimate (3.64) we get (3.56). Lemma 10 is
proved.

Lemma 11 Let X(z), z € R be a smooth enough and fastly decaying func-
tion. Then

! :
dz; (im) X'TH0) 1— (-1

—det || X (2 . .

J I et =l o= O T )

where x5 = 0.

Proof. By using the Fourier integral representation of X () we can write
det Xy = 20l 1m0 = [ ] H dpy £ (py) det | exp{ia; (05 = po)l} oo

where X(p) is the Fourier transform of X (z). This representation and the
identity

eipx
/ dxz = imsignp = iwf(p)
z

allow us to rewrite the integral in the L.h.s. of (3.64) as follows

1 1 1 . 1

I ) 0(p1 — po) 0 . 0pr =)

)l/ H deX(Pj) 0(1’2 - Po) 0(1’2 - Pl) 0 . 9(2’2 - Pl)
O(p — Do) 0
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Let us compute the determinant in the domain py, ..., P < Doy Dimgtis s D1 =
po. Without loss of generality we can assume that p; < po... < p,, < po <
Pmi1 < ... < pr. Then the determinant will have the form

+1 41 +1 +1 . .o+l 41
-1 0o -1 -1 . .o -1 -1
-1 41 0 -1 . . .o—1
-1 41 +1 .o .o-1 -1
+1 41 +1 +1 . .o-1 -1
+1 +1 +1 .o 41 41 0

Subtracting the first row from [-th, (I — 1)-th,...({ — m)-th ones and then
the first column from the second, ..., m-th ones we find that determinant is
equal to (—1)'=™ Therefore the 1.h.s. of (3.67) is equal to

(iyr)’;()f@/dpo)%(po) (/_poo dpf((p))m (/Oo X(p)dp)l_m _

Po

vkt (2 [ apsi - x10)) = IO AZCUT

Lemma 11 is proved.

4 Discussion.

Let us regard the set {/\5»")}?:1 of eigenvalues of random matrices as a point
process, i.e. as the random counting measure

vi(A)=nN,(A)= > 1L (4.1)

AMea

Keeping in mind that we are studying the asymptotic behavior of the eigen-
value statistics for large n we can define this point process either by system
(1.4) of its marginal distributions or by its generating functional

(6] = F {exp [/ ¢(/\)z/n(d/\)]} (4.2)
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defined on a suitable space of test functions ¢(A), A € R. We use the
simplest case of bounded piece-wise continuous functions with a compact
support. Then, by using (1.17) we find that

®,[6] = det(1 — k,[¢]) (4.3)

where k,[¢] is the integral operator defined on the support o, of ¢ by the
kernel

Fa(A (1 = ¢0), (1.4)

According to the Theorem the ”scaling” limit (1.9) of all marginal densities
(1.4) is given by (1.9) for all unitary invariant ensembles defined by (1.1),
(1.7) and (1.11). To find the same limit for the generating functional we
have to replace the test function ¢(A) by ¢,(2) = ¢(z/npa(Xo)). Then

®[6] = lim @,[pn] = det(1— Q) (4.5)

where (), is the integral operator defined on o, by the formula
@uf)@) = [ Se=p)(1= ) fpdy. veo.  (46)
%9

and S(z) is defined in (1.10). These formulae contain in fact the same
information as (1.9) saying that in our case the point process

n t
Vg\u)(t) = Vn(/\m Ao + m)) (4.7)

converges weakly as n — oo to the random process defined by (4.5) and
(4.6) or by (1.9).
Consider now the probability

Ry ({A312)) = Priwa(8)) =0, j=1,...01} (4.8)

that an ordered set of disjoint intervals A; = (a;,b;) does not contain eigen-
values. Then the arguments similar to those proving (4.3) imply that

Ry ({4531 2)) = det(1 = K,) (4.9)

where A = U;»:lAj and K, A is the integral operator defined on A by the
kernel

2 X, (A ), (1)
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Setting

Q; B
= +—, b=+ ——— 4.10
o ) o (h) (+.19)
o = (e, 3;), 6= U;':ﬂsj
and using the Theorem we obtain that
lim R, ({A}2,) = r(6) (4.11)

where 7(6) is the Fredholm determinant of the kernel
]
> s, ()8 (@ = y)xs, (y). (4.12)
ji=1
We can also introduce more general kernel
]
ZTngj($)S($ — Y)Xs,;(Y)- (4.13)
j=1

for an arbitrary collection of real 7;’s. Then if for an arbitrary collection
k = (ky,...k;) of positive integers we consider the probability

R ({85} fhsYim) = Pr{va(8y) = &y}
its limit 7(6, k) is

(_1)k kit +h

8,k) = :
Ok = orkr .ok

r(6,7) (4.14)

T;=1

where 7(6,7) is the Fredholm determinant of the kernel (4.13).

The case [ = 1 of (4.8) and (4.11) determines(!) the limiting probability
distribution of distances between nearest neighbour eigenvalues (spacings)
lying in the O(n~') neighbourhood of Ay. Thus in the limit (4.10) the spacing
probability distribution is the same for all ensembles satisfying the condi-
tions of the Theorem. For the Gaussian case formula (4.14) was obtained
in Ref.17 where some other kernels are also considered and various links of
determinant (4.13) with integrable systems and related topics are discussed.

We can also consider another asymptotic regime, making ”windows”
in O(n™') -neighbourhood of different spectral points, i.e. considering joint
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probability distribution of the counting functions V/(\?)(tl), s V/(\Z)(tk) for dis-
tinct n-independent Aq, ..., A\;. Take for simplicity & = 2. Then we have to
consider generating functional (4.2) on functions

A(p) = d1(npn( A1) (1t — A1) + d2(npn(A2) (1 — Az)).

Inserting this ¢(p) in (4.2) and using the result(® according to which pi™(Aq, As) —
p(A1)p(As) as n — oo for distinct n-independent A;, Ay and the Theorem
we obtain

lim @,[¢] = ®[o:1]P[0-]

n—oQ

where ®[¢] is defined by (4.5) and (4.6).
We conclude that in the ”scaling” limit the local statistics eigenvalues
lying in O(n~') -neighbourhoods of distinct spectral points are independent.
Acknowledgments. The research described in this publication was
made possible in part by Grant N U2500 from the International Science
Foundation and by Grant 1/3/132 from the State Committee for Science
and Technology of Ukraine.

33



References

[8]

[9]

J.-L.Pichard, In: Quantum Coherence in Mesoscopic Systems
(B.Kramer (Ed.), Plenum, New York, 1991).

R.Fernandez , J.Frohlich, and A.Sokal, Random Walks, Critical Phe-
nomena and Triviality in the Quantum Field Theory (Springer Verlag,
Heidelberg, 1992).

A.Boutet de Monvel, L.Pastur and M.Shcherbina, J.Stat.Phys. (to be
published)

G.Szego. Orthogonal Polynomials. AMS, New York, 1959.

D.Lubinsky, Strong Asymptotics for Extremal Polynomials Associated
with the Erdos-type Weights ( Longmans , Harlow, 1989).

E.Rakhmanov, Lectures Notes in Mathem. 1550:71 (1993).
E.Brezin, A.Zee Nucl.Phys. B402 : 613 (1993).
R.Kamien, H.Politzer, M.Wise, Phys.Rev.Lett. 60:1995 (1988).

G.Hackenbroich, H.A.Weidenmuller, Universality of Random Matrix
Results for non Gaussian Ensembles (The Heidelberg University
Preprint, 1994).

R.Courant, D.Hilbert, Methoden der Mathematischen Physik I (
Springer, Heidelberg, 1968).

C.Tracy, H.Widom, Comm.Math.Phys 163:35 (1994).

V.Totik, Weighted Approximation with Varying Weight. Lect. Notes in
Math.,V.1569 (Springer, Heidelberg, 1994).

34



