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Abstract. We prove theorems pertaining to periodic arrays of spherical obstacles which
show how the macroscopic limit of the mean free path depends on the scaling of the size of
the obstacles. We treat separately the cases where the obstacles are totally and partially
absorbing, and we also distinguish between two-dimensional arrays, where our results are
optimal, and higher dimensional arrays where they are not. The cubically symmetric
arrays to which these results apply do not have finite horizon.

1. Introduction.

The idea of the “mean free path” for large ensembles of particles interacting among
themselves (or moving among obstacles or within an enclosure) is quite intuitive, and
lies at the foundations of kinetic theory as conceived by Maxwell and Boltzmann in the
late nineteenth century. For a given physical system, estimates of the mean free path
are important in determining the sort of dynamics that predominates. However, actually
calculating the mean free path—even in many simplified models—is problematic, and it
is often necessary to resort to dimensional arguments that are not wholly rigorous. One
family of simplified models that has played an important role in statistical mechanics
and kinetic theory is the so-called Lorentz gas in a plane dispersive billiard consisting
of a periodic array of circular obstacles, together with its higher dimensional analogues.
In kinetic theory, it is particularly interesting to study the behavior of particles in such
billiards in the macroscopic limit (i.e., as the size of the array is reduced to zero). In this
article, we prove theorems pertaining to periodic arrays of spherical obstacles which show
how the macroscopic limit of the mean free path depends on the scaling of the size of
the obstacles. We treat separately the cases where the obstacles are totally and partially
absorbing, and we also distinguish between two-dimensional arrays, where our results are
optimal, and higher dimensional arrays where they are not. The interesting aspect of these
results is that the (hyper-) cubically symmetric arrays to which they apply do not have
finite horizon (i.e., the arrays have unbounded trajectories).

The Lorentz gas has been widely studied: in Refs. [4] and [5], Bunimovich and Sinai,
then Bunimovich, Sinai, and Chernov construct (analogues of) Markov partitions to an-
alyze the “hydrodynamic limit” (in this case a Brownian motion) of a Lorentz gas with
finite horizon. But the hydrodynamic limit corresponds to cases where the mean free path
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tends to zero, something that is assured in [4] and [5] by the scaling and the geometric
hypothesis of finite horizon. The “kinetic” regime (also known as the Boltzmann-Grad
limit) corresponds to cases where the limiting value of the mean free path is of the order
of the unit length: hence this limit appears for periodic Lorentz gases only in cases where
the finite horizon hypothesis does not hold. The Boltzmann-Grad limit of the Lorentz
gas has been studied by many authors, but essentially only for random distributions of
obstacles; see Galavotti [9], Spohn [16], and Boldighrini, Bunimovich, and Sinai [3]. The
Boltzmann-Grad limit for clouds of interacting particles (leading to the nonlinear Boltz-
mann equation) was investigated on a rigorous basis by Lanford [12], and subsequently by
Ilner and Pulvirenti [11] (in the two dimensional case), and by Pulvirenti [13].

However, as can be seen from the discussion below, the case of a square (or cubic, or
hypercubic) array of spherical obstacles involves number theoretic questions (essentially
rational approximation) in a structural way. Because of this, the results we find in (space)
dimensions higher than two are not as good as those we find in two dimensions. The
higher dimensional case involves “simultaneous rational approximation” (of several real
numbers by fractions with the same denominator), while the two-dimensional case entails
approximation of one real number by a sequence of rationals, where the algorithm of
continued fractions is known to be in some sense optimal. For discussions of these questions,
we refer the interested reader to Cassels [6] and Schmidt [14].

2. The n-Dimensional Dispersive Billiard and its Mean Free Path

The n-dimensional analogue of a periodic, planar array of circular scatterers with
square symmetry is simply the periodic array of spherical obstacles defined as follows.
First, denote by £, = aeZ™ the (hyper-) cubic lattice in R™ with interstitial spacing ae.
The billiard domain is then

Z. = {z € R" ‘ dist{z, L.} > re"}. (1)

Here € > 0 is a small parameter which controls the spacing between obstacles in the array,
while the exponent v controls the way the size of the obstacles scales with ¢ (we assume
that v+ > 1 and 0 < 2r < a so that obstacles do not overlap in the macroscopic limit
e —0).

Using dimensional arguments, it is possible to estimate the order of magnitude of
the mean free path for a population of point particles moving between the obstacles with
constant speed ¢ (neglecting collisions between particles). To see this, note that for a
given geometry, the mean free path diminishes as the volume-density of obstacles—or as
the size of the obstacles—increases. It therefore seems plausible to suppose that the order
of magnitude of the mean free path is given by

1
2
A (2)

where N, is the density of obstacles per unit n-dimensional volume and S. is an n — 1-
dimensional volume element (so that the above expression has the dimension of length)
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measuring the size of the obstacles. For example, for S, one could take the n — 1-
dimensional volume (physically, the “surface area”) of the obstacles, so that S, =

S~ 1|pn=1eY(m=1) (here |S™7!| denotes the measure of S"~!; the only measure we con-
sider on S™ ! is the Riemannian density associated to the metric induced on S®~! by the
Euclidean metric on R™, so that |S?| = 27, |S?| = 472, etc.). Using this ansatz together
with (2), we arrive to the following estimate of the order of magnitude of the mean free
path in Z.:

an

n—y(n—1) 3
|Sn—1|,r.n—1€ ) ( )

The same expression is found after a more detailed analysis using diffusive billiard dynamics
for Z, in the sense of “weak consistency” (see Golse [10]). Regardless of the process used
to obtain the estimate of the mean free path (3), it suggests that the value 7. = "5 of
the parameter « is critical in the following sense:

e For 1 < v < 4., the mean free path tends to zero with . Assuming specular
reflection of particles from the obstacles, one expects the movement of the particles in Z,
to be given by an equation of hydrodynamic type (see Bunimovich-Sinai [4]).

o For v > 4., the mean free path tends to infinity as ¢ — 0. It is then trivial to show
that the motion of the particles in Z, is governed by a free-transport equation.

e For v = 4., the mean free path is of order 1 as ¢ — 0, and one expects the motion
of the particles in Z. to be described by a kinetic equation.

Nevertheless, no rigorous calculation of the mean free path in Z, exists, in part because
of the presence of unbounded trajectories (e.g. some trajectories parallel to the axes of the
lattice £, are unbounded), and the presence of arbitrarily long trajectories. In the sequel,

we shall substantiate the intuition of formula (3) with explicit calculations.

3. Transport Equation Formalism.

We shall consider two types of problems: Case A, where particles are totally absorbed
at the boundary of Z,; and Case B, where, upon reaching the boundary of Z., particles are
partially absorbed, then reflected with coefficient of reflection a (0 < a < 1; our methods
unfortunately do not apply to the case of total reflection o = 1).

Let fe(¢,z,w) be the density of particles at the point z, at time ¢, moving in the
direction w € S™~1. We write

I't ={(z,w) €02. xS" ' | w-n, >0}, (4)

where n, is the inward normal at the point z € 8Z,. (Here “inward” means toward the
interior of Z.; away from the centers of the balls Z¢.) The equation satisfied by f. is

Oife +ew -Vofe =0, x €7, (5)

with initial data

f€(07w7w) = ¢’(w7w)7 T € Z, (6)
and with either the condition of totally absorbing boundaries (Case A):

f&(tawaw) =0, (w7w) € Fj ’ (7A)



or the condition of partially absorbing/partially reflecting boundaries (Case B):
fe(t,z,w) = af.(t,z,R(n, )w), (z,w) € TT. (7B)

Here R(n,)w represents specular reflection: R(n,)w = w — 2(w - ny)n,; and ¢ is a nonneg-
ative function defined on the whole of R™ x S™~1,

We may write the solution of (5)-(6)-(7A) using the method of characteristics. Let
Te(z,w) be the time of exit from Z., in other words

Te(z,w) =inf{t >0 | ¢ —tew € 8Z.} . (8)

For fixed z € Z., 7.(z,w) is finite for almost every w € S"!. (In fact, for “irrational”
w; that is, w such that Vk € Z™ \ {0}, k- w # 0 it is well known that the trajectory of
every point of the torus T™ = R"™/Z" is dense in T"; in other words, the linear flow in
the direction w on T™ is topologically transitive.) The solution of (4)-(5)-(6A) is given by

f&(t7w7w) = 10§t<ra(z,w)¢’(w_tcw7w) (9)

and this formula shows that if 7.(z,w) — 0 as ¢ — 0, then f.(¢,z,w) — 0. On the other
hand, if, for any initial data ¢ bounded on R™ we had f. — 0 as ¢ — 0, this would mean
that the equivalent effective cross section of absorption (as ¢ — 0) of the array of obstacles
Z. is infinite, or, what amounts to the same thing, that the mean free path tends to 0 with
e. Formula (8) therefore shows that in order to establish that v < 4., it suffices to show
that f. — 0 for the initial data ¢ = 1.

4. Principal Results.

We give several results affirming formula (3). For two-dimensional arrays, we state
theorems implying «. = 2. For higher dimensional arrays, we state similar but slightly
weaker theorems which show that #2/3 < 7. < "5. As before, we divide these statements

into those for totally absorbing obstacles, and those for partially absorbing obstacles.
A.The Case of Total Absorption

As mentioned above, the best result concerns the case where the dimension of the
space is two.

Theorem 1A. Let n = 2, and choose 1 < v < 2, T > 0, and a compact “observation
set” K C R2. Then given any number s with 1 < s < (y —1)~!, there exists a constant A
such that for any initial data ¢ € L°(R? x S'), the family f. of solutions of the problem
(5)-(6)-(TA) satisfies

T
‘/ / / |fe(t, z,w)|dwdzdt| < As(1+3_73)/2H¢>HLm.
0 KnZz, JSt

The proof of this theorem (as well as the proofs of those below) relies on certain
estimates of the “ergodization time for linear flows on tori” which we discuss (and prove
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in the two-dimensional case) in Section 5. These two-dimensional estimates are optimal
in a sense which is clarified in Section 5. However, for tori of dimension greater than
two, the estimates available on ergodization times are less precise. This is because in two
dimensions, they are obtained using a continued fraction expansion of the slope of the
direction vector, which is known to be an optimal approximation. In higher dimensions,
this method no longer works, as it leads to a problem of simultaneous approximation of
several irrationals by rational numbers.

Despite the lack of sharpness of the higher-dimensional estimates due to H.S. Dumas
[8], our result based on them is as follows:

Theorem 2A. Let n > 2, and choose 1 < v < 2/3, T > 0, and a compact set K C R".

Then given any number s with 1 < s < (y — 1) , there exists a constant A such that for
any initial data ¢ € L=(R™ x S"~ 1), the family fg of solutions of the problem (5)-(6)-(7A)

satisfies r
‘/ /K p / felty2,0) dwdzdt| < AeTHTI)|g) 1
n 5 n—1

B. The Case of Partial Absorption/Reflection

We next state theorems for partially absorbing obstacles which closely parallel those
for totally absorbing obstacles. However, the proofs of the theorems below are considerably
more complicated, and lead to less precise estimates of the rate of decay of the mean free
path.

Theorem 1B. Let n = 2, and choose 1 < v <2, 0< a <1, T >0, and a compact set
K C R?%. Then there exist constants b > 0, B > 0, and ¢y > 0 such that for any initial
data ¢ € L>(R? x S'), and for 0 < ¢ < ¢, the family f. of solutions of the problem
(5)-(6)-(7B) satisfies

T
‘/ / / |fe(t, z,w)|dwdedt| < BstgﬁHLoo.
0 KnZz, JSt

Theorem 2B. Let n > 2, and choose 1 < v < 2/3, 0<a<1, T >0, and a compact

set K C R™. Then there exist constants b > 0, B > 0, and g9 > 0 such that for any initial
data ¢ € L°(R"™ x S"™!), and for 0 < ¢ < ¢, the famﬂy fe of solutions of the problem
(5)-(6)-(7B) satisfies

T
‘/ / / |fe(t, 2, w)|dwdzdt| < Be®||¢||r~ .
0 Knz. JS»—1

Remark 1. These results partly correct the errors that appear in the Note [1].

Remark 2. Theorems 1A and 2A (total absorption) apply to a more general class of
scatterers than the spheres described in Eq. (1). In fact, Theorems 1A and 2A clearly
apply to any class of scatterers which contains the scatterers defined as the complement

of Z, in Eq. (1).



Remark 3. Using elementary distributional calculus, it is not difficult to show that for

any dimension n, 7. < -“7. It therefore follows from Theorems 1A and 1B that, in 2
dimensions, 7. = 2, as predicted by dimensional analysis (2), (3). On the other hand,

Theorems 2A and 2B show that n_g/?) <7, < "5 in higher dimensions.

To see that v. < "=, first note that if « = 1 (total reflection) is allowed in Eq. (7B),
then by the Maximum Principle, nonnegative initial data ¢ > 0 give rise to nonnegative
solutions f, > 0 with || f:||~ < ||¢||z~ for all ¢ > 0. In fact, the same inequality holds for
any a (0 < a < 1), since, for fixed ¢ and fixed ¢, || f¢||~ is monotone decreasing with a.

Let { } denote the operator which nullifies functions over obstacles; in other words,

{fe}(t,z,w) =0forz ¢ Z., and {f.} agrees with f. otherwise. It not difficult to see that

Ofe} = {0fe} and O, {f} = {0.f} + nz(fe‘azj)66Z57 (10)

where n, is the inward unit normal to 0Z, at z, 5z, is the Dirac delta density concentrated

on 8Z., and fg‘BZJr is the “jump,” or exterior limit, of f. at 8Z, (see, e.g., Schwartz [15],

Ch. 2, §3, Ex. 1). Therefore {0, f.} + cw - {9, fc} = 0 leads to

W{fe} + cw-0:{f} = cw'n$(f€‘azj>6aza' (11)

Now integrating the right hand side over [0,7] x K x S!, we find

T
/ // cw.n$(f€‘6z+)dwéazadt < 27rcH¢>HLooT/ boz. <
0 K JSt € K

diamK>n|Sn_1

2mel o T (re)" = oM (12)

from which it follows that, for every v > "=, we have 0;{f.} + cw - 9,{f.} — 0 in the
sense of distributions as ¢ — 0. In other words, v > "+ leads to a free transport equation
w

in the macroscopic limit, so that v, < 2.

5. Ergodization Rates for Linear Flow on the Torus.

This section is a self-contained discussion of the ergodization rates for linear flow on
the torus developed in Dumas [8] and used in the proofs of the principal results announced
above. We also derive an ergodization rate in the two-dimensional case which is mentioned
in Remark 3.2 of [8], but is not explicitly calculated there.

5.1 Linear Flow on T™ : Definitions and Notation.

Given a direction vector w € S"1, we define the linear flow on T™ = R"/Z"™ associ-
ated to w as the family of maps

wy: T" — T" givenby 68— 0+tw, teR. (13)

The maps w; are well defined: if y—y' € Z™, then clearly (y+tw)—(y' +tw) € Z™; moreover,
since the translations by the vector tw form a one-parameter group of C'* transformations
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of R™, by passing to the quotient, we deduce that w; defines a one-parameter group of C*>°
transformations of T™.
A rectilinear orbit segment of T" starting at 0 is a parametrized curve of the form

U w+(0) (14)

a<t<b

where a and b are real numbers. Of course, the complete orbit of 6 is obtained when
a=—oc and b = +o0.

Given 6 € T", there is an open neighborhood U of § in T™ diffeomorphic to an open
set V in R"™; we equip U with the pull-back metric of the Euclidean metric on V. In fact,
it is the unique metric on T™ which is invariant under all transformations w; for all ¢ > 0
and every w € S""1. T™ equipped with this metric is a complete Riemannian manifold
called the flat torus of dimension n. Its geodesic curves are the rectilinear orbit segments
defined above. The associated geodesic distance is

dist{6,6'} = inf{|z — '| ‘  =zmodl, § =z'mod1}. (15)

Fix 1 > R > 0 and let Bg/>() be the ball of diameter R centered on § € T". We say
that the flow w; with direction vector w € S"~! ergodizes T" to within R after time T if
and only if

U wi(Brp(9) = T (16)

0<t<T

for every 8 € T™. This condition is clearly independent of 6: for all 8, ¢ € T",

U «(Br©) = | w(Br(¢) + {6-¢} (17)

0<t<T 0<t<T

so that
if |J wi(Br(¢))=T", then |J wi(Br(9)) =T" (18)

0<t<T 0<t<T

5.2 The Special Case of Linear Flow on TZ.

On T?, we restrict ourselves to the class of flows with directions w = (w1,ws,) “between
0° and 45°”; i.e., directions belonging to the eighth-circle F defined as

F = {(w1,w2) € 8! ‘ \/§/2 <w; <1land 0 <wy/w; < 1}. (19)

(Note: We use wi, ws to denote the components of the direction w, even though the
subscript ¢ appears in our use of w; to designate the flow with direction w. Since we never
consider the time-1 or time-2 maps of wy, this should not cause confusion.)

Since we are only interested in directions with irrational slope (directions with rational
slope do not generate ergodic flows), we have eliminated the directions w = (1,0) and
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w = (v/2/2,1/2/2). The entirety of linear flows on T? is then obtained by considering the
seven remaining open sectors of directions in S! which we reduce to F by symmetry.

5.3 The Correspondence Between Rotations of T! = R/Z and Linear Flows on TZ.

For 0 < 8 < 1, we define the rotation R : T' — T! by Rg(z) = =+ 8 modl. We say
that R fills T! to within R (0 < R < 1) after N iterations if and only if for every z € T*

U Rb(In(=)) = T, (20)

where Ig(z) designates the closed interval of length R centered at z € T*.

There is a one-to-one correspondence between rotations on T and linear flows on T?:

e For w = (wy,ws) € F, the Poincaré map of w; induced on a vertical section of T? is
the rotation R, /., -

e Conversely, given a rotation Rg : T! — T! with 0 < 8 < 1, the linear suspension
()
V1482 14820

This correspondence also establishes a link between the ergodization time for linear

of Rz on T2 is the linear flow w; : T? — T? with direction w =

flows of T? and the number of iterations of the corresponding rotation necessary to fill T!:

Lemma 1. Let w = (w1, ws) € F (cf. (11)) and set 8 = wy/ws. If R fills T! to within R

after N iterations, then w; ergodizes T? to within w1 R after time T = N/w;.
Proof. (Elementary geometry)

Remark 4. In particular, Lemma 1 shows that w; ergodizes T? to within R after time

T:ﬂN, since \/§/2 <wi < 1.

5.4 The Ergodization Time for Flows in Two Dimensions

We now introduce the set D,,(s,C) of “highly irrational” direction vectors satisfying
Diophantine conditions:

Du(s,C) = {w € 8" | jw-k| > Clk|™* Yk € Z"\ {0}} . (21)

We recall that, for s > n — 1, D,,(s,C) is nonempty for small enough C > 0, and in fact
meas{D,(s,C)¢} — 0 as C — 0 (here the superscript ¢ denotes the complement in S"~1).
The main results here are the following theorem and its corollary.

Theorem 3. Let 0 < R < 1,w € F (cf. (9)) and set f = wy/wy. Ifw € D5(s,C), then Ry
fills T! to within R after [(31/2)*/(C R®)] iterations. (Here [z] is the integer part of z.)

The result we use to prove Theorems 1A and 1B is the following
P . 3°(\V/2)*+1
Corollary 1. w € Dy(s,C) = w; ergodizes T” to within R after time T = —em

Proof. Apply Lemma 1 to Theorem 3.



5.5 The Ergodization Time for Flows in Higher Dimensions

Before proceeding to the proof of Theorem 3, for comparison we next state the best
ergodization time known to us in higher dimensions n > 2, then follow with a simple
conjecture and a remark on how the class D,,(s,C) may be enlarged while maintaining the

ergodization time.
K

C Rs+n/2’
The constant x appearing in Theorem 4 depends only on n and s, and involves the

Sobolev norm of a certain “smoothest test function.” It is given explicitly in [8], where

complete proofs of Theorem 4 (called Theorem 1 in [8]) and related results appear.

Theorem 4. w € D,,(s,C) = w; ergodizes T™ to within R after time T =

Remark 5. Based on the way this estimate enters into the proofs of Theorems 2A and 2B,
we note that it would be consistent with v, = "+ if the optimal ergodization time appear-
ing above in Theorem 4 were of the form T' = k/(CR®). In fact Remark 3, above, together
with the proof of Theorems 2A and 2B show that this is the best possible ergodization
time.

Remark 6. Although we do not make use of it in this article, it is worth noting that the
class of direction vectors w € S™™! whose ergodization times are comparable to those of
Theorems 3 and 4 is in fact larger than D,(s,C). This is because given a fixed R > 0,
even w € S™ ! with rationally related components will fill T" to within R, provided the
rational relations occur at sufficiently high order. This can be quantified by defining the set
of “nearly highly irrational” direction vectors satisfying Diophantine conditions truncated
at order N:

Dn(s,C,N)={w €8 " | lw-k| > Clk|™* Vk € Z" with 0 < |k| < N}. (22)

It is easy to see that D,,(s, () is a Cantor set in S~ !, and that for each N < o0, D,,(s,C, N)
is an approximating superset of D, (s, C') consisting of finitely many connected components
with nonempty interior. In higher dimensions n > 2, it is possible to show that there
exists a “critical cutoff” N such that N > N..i; ensures that flows with direction vectors
w € D,(s,C, N) retain the ergodization time of Theorem 4 up to a factor depending on N.
Details and an estimate of N..;; may be found in [8]. In two dimensions, the situation is
considerably simpler: the proof of Theorem 3 which we give below shows that Ny < 3/R.

5.6 Proof of Theorem 3.
Proof.

Part 1. A bound on the growth of the denominators in the continued fraction expansion
of B =ws/wy.

Let the rational number p, /g, be the n** convergent in the continued fraction ex-
pansion of 8 = ws/w;. We use the following properties of the sequence of convergents
{pn/qn}se, of B¢ Q,0 < B <1 (cf. for example Arnold [2] or Schmidt [14]).

1

1 _1

qk qrLqk+1 q;
(ii) (growth of denominators for 8 ¢ Q) ¢1 =1, ¢r < gr+1, and gr —

(i) (rational approximation) Vk, ‘
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(iii) (convergents not greater than 1) Vk, 1 < p; < ¢

According to (ii), we may choose an index k so that ¢; < 3/R < gp4+1. Fixing this
value of k, and multiplying the first inequality of (i) by wigx, we obtain

1 Wi _
> > |wagr —wipk| = |w- (=pr,sqx)] = Cll(—pr>qr)l|~°
dk+1 dr+1

(23)

(3\/5)3]
CRs I
Part 2. Shadowing of the (periodic) orbits of R by orbits of Rg.

Set r = pr+1/qr+1, which is rational in lowest terms. The sequence {Ri(z)} C T?!
is clearly periodic with period g1, for all z € T!. In fact, R, fills T! to within exactly
1/qr+1 < R/3 after gpyi iterations. It is easy to see that the first ¢jy1 iterations of R.
are shadowed by those of Rg.

More precisely: for every 1 < j < qi+1 and all z € T!, we have:

From this we deduce that g¢rpy1 < [

P41/ k41

. ' j L PE+1 W2 1 1
dist{RI(z),R%(z)} < |j - —)| < Qi1 = < R/3 24
(RIELRY@) < B -2 < g = < R )

Now, since R fills T? to within R/3 after ;1 iterations, and since each iterate Ri(z)
is shadowed to within R/3 by Rg(w) (1 <3 < git1), it follows that Rg fills T! to within

(3v2)"
CR?
Remark 7. In Part 1 above, whether 8 = w3 /w; is rational (so that its continued fraction

expansion terminates) or irrational, it is still possible to choose k so that g, < 3/R < gg41
provided w € D, (s,C, N) with N > 3/R, as the reader may easily check. This establishes
the last part of Remark 6, above (since the rest of the proof goes through unchanged).

R after gr41 < [ ] iterations. //

6. Proofs of Principal Results.

The proofs of Theorems 1A,B and 2A,B above differ only in the estimate of the
ergodization time, which in turn depends on the dimension of the ambient space. We
therefore give complete details of the proofs in the two-dimensional cases only (Theorems

1A and 1B).

6.1 Proof of Theorem 1A.

Proof. We begin by estimating the measure of the complement of Ds(s,C) in S' (with
respect to the uniform measure u on S'). From elementary geometry, we have

uw{Da(s,CY} = p{S'\Do(s,C)} < Ky 3. % — CKip(s+1)  (25)

0£kcZ?
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for some constant K; > 0, and where p(s + 1) = > ¢ 1cze |k|~(5F1) converges for s > 1.

It is clear (see the definition) that if the flow w; with direction vector w ergodizes
T2 = R?/(acZ)® to within 2re” after time 7., then Vz € Z,. the collision time 7.(z,w) <
T.. We showed in the previous section (see Corollary 1) that every flow with direction
w € Ds(s,C) ergodizes T? = R?/Z? to within 211—7'57_1 after time 33(\/5)3"'10_1(%’"57_1)_3.
Consequently, every vector w € Ds(s,C) ergodizes T2, = R?/(acZ)? to within 2re” after
time

3°(v/2)" 1 1—|—(’y—1)s33(\/§)3+181—(7—1)3‘

T. — ae———"—— = a

C(Zer1ys Car) (26)

Now let s be such that 1 < s < (y —1)~!. According to the formula above, at any
z € Z,, directions w belonging to Ds(s,C) have collision times 7.(z,w) which we estimate
as

K
(w,w) €7, X ’D2(3,C) — Tg(;c,w) < ?251—(’7—1)3, (27)

where
a1+(7—1)838(\/§)8+1

K, =
2 c(2r)®

(28)

and we see that 7, vanishes together with € on Z, x Ds(s,C). We therefore decompose the
initial data ¢ into the disjoint sum

¢ = Plp,s0) + PLlp,(s,0)c (29)

and we consider the corresponding decomposition of the solution of (5)-(6)-(7A)

f& - gelDz(s,C) + helDz(s,C)C- (30)

T
/ / / |fe(t,z,w)|dwdedt =
0 Knz, JSt

T T
/ / / 9o(t, 2,0) | dwdzdt  + / / / holt 2, )| dwdsdt <
0 KnZ. DZ(Sac) 0 KnZ, Dz(s,C)C

It follows that

K
22 1-(v"Dspeas{ K127 o 4+ Tmeas{KICKip(l+s o <
" (K)2r gl (KYCKp(1 4 5)éls~ <
A 81—(7—1)3
—(C 7> 00 31
(C+ )4l (31)
where
A = 2meas{K} -max{TKip(l+s), 2rK,}. (32)

The bound on the right-hand side of (31) is minimized by choosing C' = ¢(1+5=7%)/2 (the
so-called “distinguished limit”), in which case the integral on the left-hand side of (31) is
bounded by A1 *5773)/2|| 4|~ , as desired. //
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Remark 8. If, instead of Theorems 1A and 2A as stated (with their order estimates of
the rate of decay of the integral with ¢), one wishes to prove only that

T
lim/ / / |fe(t,z,w)|dwdzdt = 0, (33)
¢=0Jo Jrnz. Jsn-t

it suffices to note (see the first part of the proof above for n = 2) that

meas (] (Du(s,C))" = 0 (34)

s>n—1
>0

from which it follows that for almost every (z,w) € Z. x S®~1, the time to collision 7.(z,w)
vanishes with e.

6.2 Proof of Theorem 1B.
Because it is somewhat longer than the proof just given, we break the proof of Theorem
1B into Parts a) through f).
Proof.
a) Solution of the Transport Equation

We denote by (X.(t,z,w), (¢, z,w)) the “reverse broken flow” of the system (5)-(6)-
(7B) on Z. x S'. More explicitly, using the method of characteristics we may write this
flow as the solution of the system

dX. da.

—_q., L=_0, Xx.cz 35

i i © (35)

Xe(0,z,w) =2, Q.(0,z,w) =w (36)

X (t4+0)=X.(t—0), Q.(t4+0)=R(nx, )2t —0), X. €0Z.. (37)

We denote by N (t,z,w) = card{0 < 7 < ¢ ‘ Xe(r,z,w) € 8Z.} the number of
collisions experienced by a particle with initial condition (z,w), moving backward in Z,
for a time ¢ > 0. The value of f. after time ¢ is then

fo(tyz,w) = oM B2 (X (1 2, w), Qe (t,z,w)). (38)

b) Decomposition of the Solution

As in the proof of Theorem 1A, we decompose the solution f. into a disjoint sum of
Diophantine and non-Diophantine directions:

fe = ge + he, where g — f€1D2(3,00)7 he = f&lDz(s,Co)C ’ (39)
and where Cy > 0 will be determined later.

12



¢) Decomposition of the Integral

As in the proof of Theorem 1A, we write

T
‘ / / / |fe(t,w,uJ)|dwdwdt‘ <
o Jrnz, Jst

T
T||¢||p~meas{K}CoK1p(1 +s) + / / / |9:(¢, z,w)|dwdzdt <
0 KQZE Dz(S,CO)

T
T||¢||z~meas{ K}CoK1p(1 +s) + H¢’HL°°/ / / aN-t2@) dodpdt.  (40)
0 KQZE Dz(S,CO)

Now we know that (z,w) € Z, x D2(s,Cy) = 7(z,w) < K2CO_161_(7_1)3 =T (cf.
Eqns. (26)—(28)). We shall later choose Cy so that T? — 0 as ¢ — 0, so we may assume
that ¢ is small enough to ensure that 2T€0 < T for 0 < &€ < g9. We then split the last
integral into an integration over the time intervals [0,27°] and [2T°,T] as follows:

T
/ / / N9 dudedt =
0 KQZE Dz(S,CO)

2T? T
/ / / aNe(b2.@) 4, da di + / / / aNe (b2 g, de dt. (41)
0 KQZE Dz(S,CO) 2T50 KQZE Dz(S,CO)

The first integral on the right hand side of (41) is easily bounded by 2T meas{ K }27 =
2K,Cy et~ meas{ K }2r. As for the second integral on the right hand side of (41),
we modify the argument of N, in two ways which do not increase N..

First, for all (z,w) € (K N Z.) x D2(s,Cy), we have 7.(z,w) < T?; in particular,
for such (z,w) and for all ¢ € [2T2,T], we have t > 7.(z,w), so that on the interval of
integration [2T,T], we may shift the time by 7.(z,w) and particles along their trajectories
a distance c7.(z,w) to obtain

Ne(tyz,w) > No(t — 1e(z,w),z — cre(z,w)w,w). (42)

Second, for all ¢ € [2T?,T] and all (z,w) € (KNZ.)xD2(s,Cy), we have t/2 > 1.(z,w).

Since N, is monotone increasing in its first argument, it follows that for such (¢, z,w),
Ne(t — 7e(zyw),z — cre(z,w)w,w) > N (82,2 — cTe(z,w)w,w). (43)

The right hand side of Eq. (41) is therefore bounded by

K
2T %meas{K}2r + I, = 20—251_(7_1)3meas{K}27r + I, (44)
0

T
I = / / / QN (/2 =ere(2.0)0.0) gy o g, (45)
2T50 KQZE Dz(S,CO)
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d) Passage Through Reflection

We introduce the periodicized (or punctured toroidal) domain Y, associated to Z, by
writing Y. = Z./(acZ)?. We note that Y. has compact closure, and that its boundary
is a single circular obstacle of radius re”. We also define the boundary domains A} and

Af(s,C) by

At = {(y,w) €Y. xS' | w-ny >0}, (46)
Aj(370) = Aj N (BYe X D2(37CO)> ’ (47)
where n, is the inward normal at the point y € 9Y..
Now let
Q. = {(y,w) € Y, x S? ‘ Jk € Z* \ {0} s.t. R(ny)w -k =0}. (48)

The set Q. is clearly of dydw-measure 0. On the other hand, linear flows on the torus
with irrational slope are topologically transitive (i.e. the orbit of each point is dense). It
follows in particular that for all (y,w) ¢ Q., one has 7.(y, R(ny)w) < +00. We may then
define the boundary (or reflection) map

T:AF\ Q. — Af by T(y,w) = (y - Tg(y,R(ny)w)R(ny)w,R(ny)w) (49)

and the “nice” set

EN(s,0) = ()T HAk(s,0)) (50)

consisting of elements (y,w) € AT (s,C)\ Q. whose first N iterates under 7 belong to
AT (s, C).

Now consider the measure dv, = |w - ny|dydw on A}. We have

ve(EN(s,C)) = w(AF\EN(5,0)) = ve (U TH(AL(5,0))) <

ng(f—’“(Aj(s,C)C)) = (N + )w(AF(s,0)°) < (N +1)2mre"CKyip(s +1), (51)

where we have used the fact that 7 preserves the measure v, (see, e.g., Bunimovich-Sinai
4]).
e) Further Estimates

We return to the problem of estimating the integral I. in Eq. (45). First, we define
the “lift” AN(s,C) C Z. x S of the nice set £V (s,C) by

—

AY(5,C) = {(z,w) € Z: x S |[(z,0)] € £Y(s,0)}, (52)

where [(z,w)] is the equivalence class of (z,w) for the relation (z,w) ~ (z',w) <= z—2' €

(acZ)?.
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We introduce an e-dependent order parameter C; > 0 (to be chosen later so that
Cy — 0 as ¢ — 0), and we separate I, into an integral over initial conditions giving rise to
trajectories whose directions after one collision belong to the nice set AN(s,C;), and an
integral over the complement of those initial conditions. In other words,

I. < J° + I (53)

where

T
€ N Je—cTe (Z,w)w,w
! :// / N2 DO 4 er (o o) A (5,00 dwdidt,  (54)
0 KQZE Dz(S,CO)

T
L :/ / / QNe (122 mere (B OO (00 o) (AN (5.Cy))ey dwdmdt.  (55)
0 KQZE Dz(S,CO)

In order to estimate J°, we introduce yet another e-dependent order parameter 6., to be
chosen shortly, and we write

o= 0o+, (56)

where

0.
Jlg :/ / / ozNE(t/2’$_CTE($’w)w’w)1{(z_cra(z,w)w,w)EAi\’(s,C’ﬁ}dewdt (57)
0 KQZE Dz(S,CO)

T
J; :/ / / OANE(t/2’$_CTa(z’w)w’w)1{(z_cra(z,w)w,w)EAQ’(S,C’Q}dewdt' (58)
0. JEKNZ. JD>(s,Co)

We set 0, = 2K2N01_161_(7_1)3, where N and C; will be chosen later so that N — oo,
C; — 0,and 8. — 0 as ¢ — 0. We restrict g9 > 0 so that 0 < ¢ <ey = 0. < T. We have

JE < f.meas{K}2r = 2K,NO['e'~0"Ymeas{K}2n. (59)

On the other hand, if ¢ > 6, andif (z,w) € AN(s,C}), then because of the way 6, is defined,
at least N collisions occur on the interval [0,1/2]; i.e., (t,z,w) € [0:,T] x AN(s,C1) =
Ne(t/2,2,w) > N. Therefore

Ji < ToVmeas{K)2r. (60)

In order to estimate the integral L® in Eq. (54), we are going to define a new compact
set K' which is slightly bigger than K, and which encompasses the first collisions of all
particles emanating from K in the directions Ds(s,Cy). By restricting &9 such that 0 <
e < gy — cho < 1, we ensure that no particle travels more than unit distance on the
time interval [0, 7°]. We may then take

K' = {zcR?|dist{z,K} <1}. (61)
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Let dA. be the image measure of dedw under the map (z,w) — (z — c7.(z,w)w,w).
In other words, d)\. is the measure on 'Y given by d\. = 7t (z,w)(n, - w)dzdw, where

7H(z,w) = Te(z, —w) is the “forward” time to collision, and n, is the inward unit normal

to 0Z. at z. Below we shall also denote T'f(s,Cy) = T N [(c‘?Z€ N K') x DQ(S,CO)].
With these conventions, we see that the image of (K N Z.) x Ds(s,Cyp) under the map
(z,w) — (z — c7e(z,w)w,w) is contained in I'T(s,Cy), and we may therefore write

T
Le < / / oNe(22w) ) . (62)
0 Jr¥(s,Co)n(AY (5,01))

Rewriting L® in this way amounts to a change of variables that is well known in the theory
of neutron transport; see Cessenat [7]. Since the compact set K' contains no more than
(diamK'/ae)* obstacles, it follows that

IE < Tﬁsl—(w—l)s

- 0

diamK'\ 2
( 1arm ) (N + 1)2mre"C1 Ky p(s + 1). (63)

ac

f) Order Parameters and Final Estimate

In view of the inequalities and Eqs. (40) — (63), we have shown that the following

bound holds: -
‘/ / / |fe(t,w,uJ)|dwdwdt‘ <
0o JKnz. Jst

¢l (K3Cy + KsCylel=07Y* 4 Jf + J5 + LF) <

1—(v—1)s Nel-(v—1)s Ne
H¢’HL°° <K3CO + K4€7 + K4€7 T K5aN + K 1
CO Cl CO

5(7—1)(1—8)>, (64)
where
K; = TKip(s+ 1)meas{K}, K, = 4nK;meas{K}
K; = 2nTmeas{K}, K¢ = 4mrTK, Kap(s +1)(diamK'/a)?. (65)

We now choose the order parameters and constants Cy, C;, N, b, B, s and ¢¢ so
that the integral in (64) vanishes with e, and the conclusion of Theorem 1B holds. By
hypothesis, 1 < v < 2. First, choose b > 0 such that 0 < b < (2 —+)/9 < (2 —v)/8.
For v = 1, the desired inequalities below hold for any s > 1; for 1 < v < 2, set s =
(26 ++ —1)/(v — 1) > 1. Finally, take

CO — 82—7—812, Cl — 82—’7—412, N = S_b, (66)
and restrict 0 < g9 < 1 so that 0 < ¢ < g = oV = o’ < ¢b. Then, taking all

restrictions on ¢y into account, for 0 < ¢ < ¢y it is not difficult to verify that Cy — 0,
C,—0,N— oo, T" - 0,6, — 0, as e — 0, and that

T
‘// /|f€(t,w,w)|dwdwdt < Bet||g||z~ (67)
0 KnZz, JSt
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where

B = K; + 2K, + Ks + Kg. (68)
//

Remark 9. In order to carry out the proofs of Theorems 2A and 2B, it suffices to repeat
the proofs just given, replacing as appropriate the estimate of the ergodization time in
two dimensions (Section 5, Corollary 1) with the estimate in higher dimensions (Section
5, Theorem 4).
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