ON THE UNIQUENESS OF HEAT FLOW OF
HARMONIC MAPS AND HYDRODYNAMIC FLOW OF
NEMATIC LIQUID CRYSTALS

By

FanghuaLin
and
Changyou Wang

IMA Preprint Series# 2315
(June 2010)

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS

UNIVERSITY OF MINNESOTA

400 Lind Hall
207 Church Street S.E.
Minneapolis, Minnesota 55455-0436

Phone: 612-624-6066 Fax: 612-626-7370
URL: http://www.ima.umn.edu



On the uniqueness of heat flow of harmonic maps and

hydrodynamic flow of nematic liquid crystals

Fanghua Lin* Changyou Wang'*

Dedicated to Professor Roger Temam on the occasion of his 70th birthday

Abstract

For any n-dimensional compact Riemannian manifold (M, g) without bound-
ary and another compact Riemannian manifold (V, k), we establish the unique-
ness of the heat flow of harmonic maps from M to N in the class C([0,T), Whm).
For the hydrodynamic flow (u, d) of nematic liquid crystals in dimensions n = 2
or 3, we show the uniqueness holds for the class of weak solutions provided
either (i) for n = 2, u € L°L2 N L2HY, VP € Li L3, and Vd € L°L? 0 L2HZ;
or (i) for n = 3, w € L¥L2 N L2HL N C([0,T),L"), P € LZL%, and Vd €
L?L2NC([0,T), L™). This answers affirmatively the uniqueness question posed
by Lin-Lin-Wang. The proofs are very elementary.

1 Introduction and statement of results

For geometric nonlinear evolution equations or systems with critical nonlinearities,
it is well-known that the short time smooth solutions may develop finite time sin-
gularities. The natural classes of solutions to such systems usually involve weak
solutions in various larger function spaces. Although the existence of such weak
solutions may be established, the uniqueness and regularity often remain to be very

challenging.
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Here we mention two examples. The first one is the celebrated work made by
Leray [14] in 1934 on the existence of so-called Leray-Hopf type weak solutions
to the Naiver-Stokes equation. Both uniqueness and regularity for the Leray-Hopf
type weak solutions to NSE in dimension three still remain largely open. The second
example is the heat flow of harmonic maps. It is well-known that in dimensions two
or higher, the heat flow of harmonic maps can indeed develop singularities in finite
time, see for example the works by Chang-Ding-Ye [3] for dimension two and Chen-
Ding [2] in dimensions at least three. On the other hand, weak solutions that allow
possible singularities to the heat flow of harmonic maps have been established by
Struwe [21] and Chang [1] in dimension two and by Chen-Struwe [6] and Chen-Lin
[5] in dimensions higher. While Freire [9] proved that Struwe’s solution is unique in
the class of weak solutions whose energies are monotonically decreasing in dimension
two, whether Chen-Struwe’s solution is unique in certain classes in higher dimensions
is unknown.

These two examples motivate us to investigate the uniqueness issue of weak
solutions to both the heat flow of harmonic maps and the equation of liquid crystal
flows in certain critical LP spaces. The later equation is a simplified version of
the Ericksen-Leslie system modeling the hydrodynamics of liquid crystal materials
developed by Ericksen [8] and Leslie [13] in 1960’s. It is a macroscopic continuum
description of the time evolution of the material under the influence of both the flow
filed and the macroscopic description of the microscopic orientation configurations
of rod-like liquid crystals. Mathematically, it is a strongly coupled system between
the Navier-Stokes equation and the transported heat flow of harmonic maps into
sphere.

Now let’s describe the problems and our results. First, we describe the heat flow
of harmonic maps. Let (M, g) be a n-dimensional compact or complete Riemannian
manifold without boundary, (N, ) C R* be a compact Riemannian manifold with-

out boundary, isometrically embedded into the Euclidean space R¥. Consider the



heat flow of harmonic maps u: M x Ry — N:

u—Au = A(u)(Vu,Vu) (1.1)

u]t:() = Up (1.2)

where A(-)(+,-) is the second fundamental form of N, and ug : M — N is a given

map. For 1 < p < +o0, recall the Sobolev space W1P(M, N) is defined by
WP (M, N) = {v e W'P(M,R¥) : v(z) € N ae. z € M} .
For 0 < T < oo, H'(M x [0,T], N) is defined by
HY(Mx[0,T],N) = {v € HY(M x [0,T],R¥) : v(z,t) € N ae. (z,t) € M x [O,T]} :

For ug € WH2(M, N) and 0 < T < +o0, recall that a map u € H'(M x [0, T], N)
is a weak solution of (1.1) and (1.2) if u satisfies (1.1) in the sense of distributions
and (1.2) in the sense of trace.

Our first result is the following uniqueness theorem.

Theorem 1.1 Forn > 2,0 < T < oo, and ug € WH(M, N), suppose that u,v €
HY (M x [0,T], N)NC([0,T), W-(M, N)) are two weak solutions to (1.1) on M x
(0,T) such that u|i—o = v|t=o = up on M. Then uw=v on M x [0,T).

Remark 1.2 We would like to point out that when considering the heat flow of har-
monic maps on manifolds M with boundaries, Theorem 1.1 remains to be true under
the initial condition and the boundary condition: u = ug on M x (0,T), provided
that ug € C2(0M, N). The interested readers can check that slight modifications of

the proof presented in §2 will achieve this.

Next we start to describe the liquid crystal flows in dimensions two and three.
For n = 2 or 3, let Q C R"™ be either a bounded smooth domain or R". First,
let’s briefly recall that the equation of hydrodynamic flow of nematic liquid crystals
on €. The interested readers can refer to [8], [13], [15], and [17] for the detailed
background.

For 0 < T < 400, let u : Q x [0,7) — R" be the fluid velocity field, and
d:Qx[0,T) — S? be the director field of the nematic liquid crystals. Then the



initial value problem for the equation of hydrodynamic flow of liquid crystals is given

by

u+u-Vu—Au+VP = —V-(Vd® Vd) (1.3)
Veu = 0 (1.4)

di +u-Vd—Ad = |Vdd. (1.5)
(u,d)t=0 = (uo,do) (1.6)

where P : Q x [0,T) — R is the pressure function, Vd ® Vd = (<885i’ 887‘1],)) Lciin is
the stress tensor induced by the director field d, V- denotes the divergence operator,
up € L2(Q,R™), with V - ug = 0, is the initial velocity field, and dgy : Q@ — 52, with
Vdy € L?(Q,R3"), is the initial director field.

When Q is a bounded smooth domain of R", we will consider the system (1.3),

(1.4), (1.5), and (1.6) along with the boundary condition:
(u,d) = (0,dp) on 02 x (0,T). (L.7)

For n = 2, we will establish the uniqueness for the class of Leray-Hopf type weak
solutions to the equation of hydrodynamic flow of nematic liquid crystals. More

precisely, we have

Theorem 1.3 For 0 < T < 400, ug € L?(Q,R?) with V -ug = 0, and dg : Q — S?

with Vdy € L*(Q,R®), suppose that fori=1,2, u; € L{°L2 N LEHL(Q x [0,T],R?),
4 4 . .

VP e L}L}, and d; € L°HL N L2H2(Q x [0,7T],5?) are a pair of weak solutions *

to (1.3), (1.4), (1.5) under either

(i) when Q = R2, the same initial condition:
(ui, di) |,_ = (w0, do), i = 1,2, (1.8)

or

(ii) when Q C R? is a bounded domain, the same initial and boundary conditions:
(ui,di) = (UO,do) on € x {0}, (uz,dz) = (0,d0) on 0f) x (O,T), 1= 1,2, (1.9)

with dy € C*P (082, S%) for some 3 € (0,1).
Then (u1,dy) = (ug,da) in Q x [0,7T).

'The reader can refer to [19] Definition 1.1 for the exact definition of weak solutions.



We would like to point out that theorem 1.3 answers affirmatively that the global
weak solutions obtained by Lin-Lin-Wang [19] (Remark 1.5 (i)) is unique in the same
class of weak solutions.

For simplicity, when n = 3, we only consider the uniqueness of the Cauchy
problem of the hydrodynamic flow of nematic liquid crystals in the entire space, i.e.

Q=R"

Theorem 1.4 Forn =3 and 0 < T < +o0, ug € L™ (R™",R") with V - ug = 0, and
do : R™ — S? with Vdy € L"(R™,R3"), suppose u; € (L{°L2 N L7L2(R™ x [0,T])) N
C([0,T), L"(R™), P; € L2 L2 (R"x[0,T)), and d; € L2E}NC([0, T), W' (R, §2))2,
i = 1,2, are a pair of weak solutions to (1.3), (1.4), (1.5) under the same initial

condition:
(i, di) |,y = (w0, do) , i =1,2. (1.10)
Then (u1,d;) = (ug,d2) on R™ x [0,T).

Remark 1.5 (i) When we consider the equation of hydrodynamic flow of liquid
crystals (1.3), (1.4), (1.5) and (1.6) on smooth bounded domains 2 C R3, the
uniqueness theorem 1.4 remains to be true under the boundary condition (1.7),
provided that dy € C?P(99,52) for some 3 € (0.1). The interested readers can
check that this follows from an eg-boundary regularity estimate similar to lemma
3.2, which can be proved by suitable modifications of the interior ey-regular lemma
3.2.

(ii) It is also true that both Theorem 1.4 and (i) remain to hold for n > 4.

The rest of this paper is organized as follows. In §2, we first establish a small
energy regularity for (1.1) and then prove Theorem 1.1. In §3, we first establish a
uniqueness result under the extra assumption on the blow up rate of (||u(t)||p~ +
|Vd(t)||Le), and then verify that this assumption holds for the class of weak solu-
tions dealt in both Theorem 1.3 and 1.4.

2Here H' and W™ denotes the homogeneous Sobolev space on R".



2 Proof of Theorem 1.1

For the simplicity of presentation, we assume that (M,g) = (R",dz?) is the n-
dimensional euclidean space equipped with the standard metric.

For z € R", ¢t > 0, and R > 0, let Bg(x) be the ball in R"” with center = and
radius R and denote Br = Bg(0); and let

Pr(x,t) = Br(x) x [t — R, 1]

be the parabolic ball in R"*! with center (z,¢) and radius R and denote Pgp =
Pr(0,0).
The proof of theorem 1.1 relies on the following two lemmas. The first is an

€o-regularity estimate.

Lemma 2.1 There is g > 0 such that if u € H'(P;, N)NL>®([-1,0], Wi (B, N))

is a weak solution to (1.1) satisfying
IVull oo (121,01, 20(B1)) < €05 (2.11)
then u € COO(P%,N) and
Voo, < Clmsca) [Vl py Vom0, (212)

Proof. The reader can refer to Wang [22] for the proof in the critical dimension
n = 2. Here we present a proof, which is valid for n > 3.

For any (z,t) € P1 and 0 < r < 3, it follows from (2.11) that
2

IVUll oo (1 -r2,0, L7 (B, (2))) < €0-

Let v : P.(z,t) — R¥ solve

ve—Av=0 in P.(z,t)
(2.13)

v=u on dP (1)

where 8, P, (z,t) = (0B, (z) x [t — r?,t]) U (B,(x) x {t — r?}) denotes the parabolic
boundary of P.(z,t).



Multiplying both (1.1) and (2.13) by u — v, subtracting the resulting equations,

and integrating over P,(x,t), we obtain

/ IV (u—o)?

Pr(z,t)

s/ Vulu - o]
P (z,t)

t 2n
< n — * 2* e
S /t Vull s, @) IVl o s, @) 10 = vll2 (5, @) < — 2)

-7

t
S IVulm oo [ 1Vl el V=)l
< Ceol|Vullr2(p, 2,V (1w = )| L2(P, (2,))

where we have used the Sobolev embedding inequality. Hence we have
/ IV(u—v)* < C’e%/ |Vul?. (2.14)
P (z,t) P (z,t)
On the other hand, by the standard theory on the heat equation, we have that for
any 0 € (0,1),

(97“)"/ IVo|? < e%—n/ (Vul?. (2.15)
Por(z,t) Pr(z,t)
Combining (2.14) with (2.15) yields
(ar)—“/ Vul> < C (0% +€207") r_”/ IVu|? (2.16)
Py (z,t) Py (z,t)

for any (z,t) € P1,0<r < %, and 6 € (0,1).
2
For any o € (0, 1), first choose 6y € (0,1) such that 2C6% < §3% and then choose

eo such that 2CeZ < 6072, we obtain

1
(907«)—"/ IVl < eg%—n/ Vul?, Yz, t) € Pr, 0 <1< L. (217)
Pogr(:t) Pr(x,0) 2 2
By iterating (2.17), we conclude that for any o € (0,1), it holds 3
1
r”/ |Vu|? < Cr2© \Vul?, Y(z,t) € P1, 0 <r < . (2.19)
Pr(at) P 2 2

3We would like to point out that (2.19) would imply the Hélder continuity of u, provided that

u satisfies the following local energy inequality:

7‘2_"/ lug|® < (2r)_n/ V). (2.18)
Pp(x,t) Po.(x,t)

However, (2.18) doesn’t seem to hold automatically for the class of weak solutions of (1.1), u €

L*>([-1,0], Wh™(By)) for n = 3.



To conclude (2.12) from (2.19) without the local energy inequality (2.18), we
employ the estimate of parabolic Riesz potentials in the parabolic Morrey spaces
that was established by Huang-Wang [11] recently. For the convenience of readers,
we outline the main steps.

First recall the parabolic Morrey spaces on R*™. For 1 < p < 400, 0 < X <

n 4+ 2, and an open set U C R"*! the Morrey space MP*(U) is defined by

zeU,r>0

MPANU) =< f e L U) = 1 fIfyagy = sup oA =0F / fIP < 400 p.
P.(z)NU
It is clear that (2.19) implies that for any o € (0,1), Vu € M272_2°‘(P%) and

IVullygz-2a(py) < C I Vull 2y - (2.20)

Nl

Now we have

Claim. Vu € Lq(P%) for any 1 < ¢ < +o0 and
HquLq(P%) < C(g) |1+ [IVull2pyy | - (2.21)
To show this claim, let n € C§°(P;) be such that 0 <7 <1,n=1on P%, and
el + [Vl + V] < 64.
Set v(z) = n(z)u(z). Then
v —Av=F, F=[nA(u)(Vu, Vu) — u(n, — An) — 2VuVn].
Then we have

v(z) = G(z — w)F(w) dw

Rn+1

where G is the fundamental solution of the heat equation on R™. By [11] lemma 3.2,

we have

|Vou(z)] VG(z —w)F(w)

Rn+1

[F(w)]
re+1 0(2, w)”+1

IN

C dw = CL(|F|)(2),



where §(z, w) = max{|x — y|, /|t — s|} is the parabolic distance between z = (z,t)
and w = (y, s), and I; is the parabolic Riesz potential of order one *. Since F = 0

outside Py, it is not hard to see from (2.20) that F' € M12=2¢(R"*1) and
1P llag12-20@ntty < C [1+ [ Vull ey | -

Hence, by the estimate of Riesz potential in Morrey spaces (see [11] Theorem 3.1),

2—2a *
we have that Vv € L1=22""(R"T1) % and

900, 3288 gy < C 1P lartacsoqarny < € [1+ Vatlagry) -
Since lim,, ;1 %:gg = 400, we conclude that Vu € LI(P1) for any 1 < ¢ < 00 and
2 2

(2.21) holds.
It is readily seen that claim 2 implies u € COO(P% ) and (2.12) holds. This
completes the proof. O
By suitable translations and dilation of lemma 2.1, we can obtain the blow-up

rate of ||Vu(t)|| e rn) as t tends to zero. More precisely, we have

Lemma 2.2 For T > 0 and ug € WH(R™, N), suppose v € H'(R™ x [0,T], N) N
C([0,T), WL (R™, N)) is a weak solution to (1.1) and (1.2), then there exists 0 <
to < T depending on ug,n such that u € C°(R"™ x (0,to], N) and

Sup. V[Vt e ey < +00, (222)
0<t<to
and
li t D)l 7o0mny = 0. 2.23
lim VE V()] oo gy (2.23)

Proof. Since u € C([0,T), WL(R™)) and u(0) = up € WH™(R"), there exist 79 =

ro(up) > 0 and 0 < tg = to(up) < min{r3, T} such that

sup  [[Vu(t)||n(B,, (2) < €0, (2.24)
z€R™,0<t<to

4The parabolic Riesz potential of order 0 < 3 < n + 2 is defined by

Is(f)(z) = /Rn+1 6(,2,25)7%:12*3 dw.

SHere LP*(R™*!) denotes the weak LP-space for p > 1.



where ¢y > 0 is given by lemma 2.1. In particular, we have that for any x € R™ and
0 <7 < i,

IVl Lo 0,72, L7 (B, (x))) < €0-

Define v(y, s) = u(z + 7y, 7% + 72s) for (y,s) € P;. Then v solves (1.1) on P; and
IVl Lo (1,017 (B1)) < €O-
Applying lemma 2.1, we conclude that v € C* (P%) and
IVolle () < €IVl -
Back to the original scales, this implies u € C*°(Pz (, 72)) and
TIVull Lo (py (2,72)) < C(T_n/ Vu?)z <C IVull Lo 0,72, L7 (B, (a))) - (2-20)
3 Py (x,72)

Taking supremum over all z € R” and 0 < 7 < /ty yields (2.22). To see (2.23),

observe that for any 0 < € < ¢, there exist 7. > 0 and r. > 0 such that

1
sup </ |Vu(t) — Vu0|”> < E,
0<t<Te n 2

1
n

€
sup / [Vuol™ ] < -.
z€R™,0<r<r. By () 2

Hence there exists t. > 0 such that

and

sup V|| oo (0,721, 17(B, <e.
meR”,O§T§t€H Lo ((0,72], L7 (B (2))

Hence (2.25) yields

Vu(r? < Ce.
390, 7 [ V)| ooy < O

This clearly implies (2.23). The proof is now complete. O

Proof of Theorem 1.1. First, by interpolation inequalities, (2.22) and (2.23) imply

that for any n < p < 400,

1—2n . 1-2
sup Vi [Vl ey < oo, lm VE 7 [Va()ll ey =0. (226)
0<t<to tl0

10



Set w = u — v. Then w € C([0,to], W1"(R")) solves

we—Aw = A(u)(Vu, Vu) — A(v)(Vo, Vo) in R" x (0, )

w‘tzo = 0
Direct calculations imply
|A(u)(Vu, Vu) — A(v)(Vo, Vo)| < C [(|Vul + |Vo]) V| + [Vol?lw]] . (2.27)

By the Duhamel’s formula, we have

w(t)] = /Ote_(t_S)A(A(u)(Vu,Vu)—A(v)(Vv,Vv))(s)ds
S /Ot U [(IVul + Vo)) [Vl + [VolPwl] (s)ds,  (2.28)
and
Vuw(t)| = /OtVe(tS)A(A(u)(Vu,Vu)—A(v)(Vv,Vv))(s)ds

< /]veﬂsm [(Vul + Vo)) V] + [Voful] (s)] ds.(2:20)
0

To proceed with the proof, we need three claims.

Claim 1. For any 0 < § < 1, there exists C'= C(§) > 0 such that for 0 < ¢ < ¢y,

2
_3
O, ey < € (500 (90 + [T o)) - (230

To see it, applying the standard estimate of the heat kernel® to (2.28) yields

2

¢ 25
lw®l 5 @ny S /0(75—5) 2 (IVu(s)|l Lngny + IVO(8) | Lo (rn))” ds

N

(/ (-5 i) ( s (190(6) ey + uw<s>uLn<Rn>)2

0<s<t

2
5
= ctt ( sup (906 + [T e )

0<s<t

For 1<p<q< +oo,

—tA < —(L-LHn —(1+1-_LHyn
e t \p 9’2 <t p q’2 -
[ pacamy S 1112 gy

~

Ve_tAf

1l o gan .

11



For 0 <t < tg, set

A(t) = sup Vs ([Vu(s)llLx@n) + VU)o @n))

0<s<t

1-¢
Bs(t) = sup V3% (IVu(s)l, 5 gy + 105 ) -

0<s<t

Then we have

Claim 2. There exists C' = C(§) > 0 such that for any 0 < ¢ < 1,

_9 _9
72 [lw®)ll 3 gny < C[AQ(t)(Oiugt sz [w(s)ll L3 gn))
+Bs(t)( sup  [[Vw(s)|Ln@n))]- (2.31)
0<s<t

This is a refinement of claim 1. By (2.28) and (2.27), we have
t
_1
02y 5[ €= AV 1 gy + IV o IV ey

t
[ IV (5 3 g
= I+1I.

I can be estimated by

t 115 16
I 3 (/O (t—s) 25" 2 d$>' sup /s 2 <||VU(S)HL%(R")+HVU(S)HL%(Rn))

0<s<t

- sup [|Vw(s)|| ngny
0<s<t

s
S t2Bs(t) - sup [[Vw(s)||pngny
0<s<t

since
t 1
/ (t— s)*%s*¥ ds = t3 / (1- 3)7%57175 ds = Cts.
0 0

11 can be estimated by

t 5 2 g
7 < (/0 s 1+3 ds) . [Sup \/EHVU(S)\Lm(Rn)} : [sup 8_2\|Vw(8)\|Lg‘(Rn)]

0<s<t 0<s<t

< t5A%(t) - sup 572 [|lw(s))
0<s<t

LR
Putting these two estimates together yields (2.31). Finally, we need
Claim 3. There exists C' = C(0) > 0 such that for any 0 < ¢ < ¢,

)
Vwt)||rnmny < CLA(E v (RN 2 n
90Ol < CLAG) s 1906 ) (s 5 H o)l

+B5(t) sup [[Vaw(s)] oz (2.32)
0<s<t

12



To show (2.32), observe that (2.29) and the standard estimate on the heat kernel

imply
IVw(®)|| o oy
t 146
= /0 (t—s)" (I!Vu(s)llﬁ(w)+HW(S)IIH ) 190(8) ey ds
b [ NN gy 0 5y

= [IT+1V.

111 can be estimated by

115 ([e-0 55 as) mite) sup IV0(6)uegen )

0<s<t

< By ( sup ||Vw<s>||m(Rn>> |

0<s<t

since
1445 1 146

¢ 1
/ (t—s) 2z s 2z Y ds = / (1-— s)_Ts_l%é ds < +o0.
0 0

IV can be estimated by

t
1V < </ (t—s)_h;ss&;lds)-
0
)
A(t) | sup ||Vv(s)| pnmn sup s zl|w(s)|, n
) s 190 ) ( 500, 500
_9S
A (s 1906 e ) (50 5203 )

0<s<t <s<

N

since
146 5— 1

t 1
/(t—s)_2 ds—/ (1—3s)" 506" ds < +oc.
0 0
Putting these two estimates together yields (2.32).
Now define the function ® : (0,¢9] — R4 by

S5
B(t) = [ sup [Vaw(s)|pngn + sup s~ Jw(s)] 0<t<ty

n
b
0<s<t 0<s<t ”(R")}

Without loss of generality, we may assume that

_9
() = [ V0@l + ¢ N0l 3 g |-

13



Then (2.31) and (2.32) imply
o) <C Kl + sup ||V'U(S)||Ln(Rn)) A(t) + B(;(t)] (t).
0<s<t
It follows from (2.26) that there exists sufficiently small 0 < ¢; < ¢y such that
1
C [(1 + sup HVv(s)HLn(Rn)> A(th) + Bg(tl):| < 5
0<s<t1

Hence

1
P(t1) < §(I)(t1)-
This implies ®(¢;) = 0. Thus u = v on R™ x [0,¢1). Repeating the above argument

at t = t1, we can conclude u = v on R™ x [0,7T). This completes the proof. O

3 Proof of Theorem 1.3 and Theorem 1.4

In this section, we will present the proof of the uniqueness theorem for the hydro-
dynamic flow of liquid crystals. There are two steps to prove Theorem 1.3 and 1.4:

(i) we establish the uniqueness under the extra assumption that
Vi [[[u(t)|| zo@) + [|IVA(E) | zo()] — 0, ast | 0,

and (ii) we verify that this assumption holds for the class of weak solutions we

consider in Theorem 1.3 and 1.4.

Lemma 3.1 Forn =2 or3 and 0 < T < 400, suppose that for i = 1,2, (u;,d;) :
Qx[0,T) = R" x S% are a pair of weak solutions of (1.3), (1.4), (1.5), (1.6) (and
(1.7) when Q. C R™ is a bounded domain) with u; € L°L2 N LIHL(Q x [0,7T)) and
Vd; € L?(2 x [0,T)). There exists eg > 0 such that if for some 0 <ty < T

max  sup Vi [[|ui(t)l| 1) + [|Vdill L ()] < €0, (3.33)
=12 g<t<ty

then uy = ug and di = dy on Q x [0,to]".

"It is known that the weak solutions (u;,d;), ¢ = 1,2, are smooth in Q x (0, to], see for example

[19].

14



Proof. For 1 < p < +00, let EP be the closure in LP(2,R") of all divergence-free
vector fields with compact support in Q. Let P : L?(2,R") — E2? be the Leray
projection operator. It is well-known that P can be extended to a bounded operator
from LP(Q,R") to E? for all 1 < p < +o00. Let A = PA be the Stokes operator &
Let w = u; — up and d = dy — da. Applying P? to both sides of (1.3) for u; and

ug and subtracting the resulting equations, it is not hard to see that (w, d) satisfies:

wy—Aw = PV -(w@u +u@w+Vd®Vd; +Vda ®Vd)  (3.34)
V-w = 0 (3.35)
de—Ad = [(Vdi+ Vdy) - Vddy + |Vdao|?d] — [w- Vdy +uz - Vd] (3.36)
(w,d)lt=0 = (0,0), (3.37)

and
(w,d) = (0,0) on dQ x (0,T) (3.38)

when Q C R" is a bounded domain.

For 0 <t < tp, set
Ai() = VA [l Ol ooy + IVl oqey] » i = 1,2,

C(t) = [lur (@)l nie) + luz@lln@) + VL (@) 1n ) + [[Vd2 ()] 1n@)] »

and for fixed 0 < § < 1,

1-6
Ds(t) =% (Jur(®)l 2 ) + lu2(®)ll 2 ) + IV O3 ) + IV (0)] 2 ) -
Then we have, by interpolation inequalities, that
Ds(t) < C(t)° (AL (t) + Ax(2)' 7%, VO < t < t. (3.39)

By the Duhamel formula, we have

¢
w(t) = — / e EIAPY . (w @ uy + ug @ w+ Vd ® Vdy + Vdy @ Vd) (s), (3.40)
0

®Note that if @ = R™, then A = A on EP N WP (R™,R™).
This is possible, since the assumption (3.33) can imply that for i = 1,2, d; € W2' (R" x [t1, t0])

for any 1 < ¢ < +00 and hence we can choose the pressure P; such that VP; € L? (R™ x [t1,t0]) for

any t1 > 0.
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t
d(t) = / e~ =92 [(Vdy + Vdy) - Vddy + |Vda|*d — w - Vdy — up - Vd] (s). (3.41)
0

Similar to the proof of Theorem 1.1, we can estimate d as follows. We need to

estimate
sup t~ > d(t
S 1O, g
To proceed, we first claim
EH A1), 5 g S sup C), YO <t <ty (3.42)
0<t<tp

In fact, since |d| < |d1| + |d2| = 2, (3.41) and the standard estimate on the heat

kernel imply that for 0 < ¢ < ¢,

4O, 5 0
t 2 ?
< /0 (t—s)" Z |Vdi(s)]|Ln ) + Huz’(S)HL"(Q))] ds
=1
t 25
< </ (t—s)" 2z ds> <sup C’(s))
0 0<s<t

S t3 sup C(s).
0<s<t

This yields (3.42).
Next we want to refine the above estimate as follows. (3.41) and the standard

estimate on the heat kernel imply that for 0 < ¢ < #g,

14,2
2

S [ = A UV, gy + (o) )] (19 + o))

i=1

t
_1
+ /(t—S) 2[[Vd2 ()l oo (o) [ V2(3)l r o 1) 3

< ( (1= 5 4'5 as) ((sup Ds(o)) (sup (I9ancoy + 0 lznco))
0<s<t 0<s<t
+ < (t—s) “2s'7 ds) <sup A2(3)> (sup C(s)> <sup s*%Hd(s)H 7 )
0<s<t 0<s<t 0<s<t L3 (Q)
< £3 [Sup Ds(s) + < sup AQ(S)) <Sup C’(s))]
0<s<t 0<s<t 0<s<t
)
- | su Vd(s)||nq) + ||lw(s)|| iy + s~ 2]||d(s)]|, » ], 3.43
LKJ;(' () (@) + o)l noy + 572 1d(3)]] 3 ) (3.43)
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where we have used the inequality

[SI[-9)

t
/(t—s)%s“ ds <13
0

Applying V of both sides of (3.41) and employing the standard LP-estimate of Ve 2,

we have that for 0 < ¢t < ¢,

VA 1n (@)

1446

N /0 (t—s)" "2 (| Vdi(s )HL%(Q) + HVd2(S)HL%(Q))HVd(S)HL(Q) ds
t 148
+ /0 (t—s)" 2 (Hle(S)HL%(Q)Hw(s)HLn(Q) + Hu2(3)”L%(Q)HVd<3>HL”(Q)) ds

t e
[ 195 e [V () 0|40 5 g

¢ 16 51
([0 2 as) (s Ds(9) ( sup (o(o)lioiey + 19lznco)
0 0<s<t 0<s<t

o ([ #a) (o) (g, 00) (g, B0

< <sup Di(s )<sup (lw(s ||an+|w||m(g>)

0<s<t

5
+ sup As( sup C(s > (su s 2ld()I . = ) 7 344
(0<sr<)t 2 > <0<sI<)t 0<3I§)t H ( )HLF(Q) ( )

where we have used

AN

146 6—1 148 6—1

/Ot(t—s)_2 ds—/ol(l—s)_2 sz ds < 4o0.

Now we want to estimate |[w(t)||zn(q). Before doing it, we need to recall the

following LP — L7 estimate of e *APV:

n_n
<P q

1+
—tA <t 1<p< : 4
[ BV, ST Il Y1 <p < < too (3.45)

The reader can find the proof of (3.45) by Kato[12] when €2 = R", and by Giga [10]

when Q C R" is a bounded domain.
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Applying (3.45) with p = 75 and ¢ = n to (3.40), we have that for 0 <t <y,

t 148
Wl n) = /O(t—s) 2 (HUI(S)HL%(Q)+Hu2(8)\\L%(Q))Hw(s)HLn(mdS

t 146
+ /O(t—s) 2 (Vi) 5 ) + IVA2(3)] 5 o) IVA(S) ] Lr () ds

t
S (/ (t—s)_¥ 621ds> <sup D5(S)>
0 0<s<t
(sop ()l + 190
0<s<t
< (s D)) | sup (o)l + [Vdle)| - (340
0<s<t 0<s<t

Finally, set the function ® : (0,%o] — R4 by
)
@tzsup(Vds ) + [|w(s)|| pry + s 2||d(s)]|, » )
(t) Sup IVd(s) |l Ln (o) + [w(s)llLn () ()l 13 g
Combining the inequalities (3.46)-(3.44)-(3.43) together, we obtain that for 0 < ¢ <
tOv

B(0) < C|sup Dale) + sup (Ai(9) + Axl9) sup C(5)| 200
1

< 500 (3.47)

provided that ey > 0 is sufficiently small such that

C| s Do)+ sup () + Al) sup €] £ O+ el <

0<s<tg 0<s<to 0<s<to

DN | =

This implies ®(t) = 0 for 0 < ¢t < ty. Hence (u1,d1) = (uz2,d2) on £ x [0, tg]. O

Proof of Theorem 1.3:

First it follows [19] Theorem 1.2 that (i) (u;,d;) € C*°(Q x (0,T]) for i = 1,2,
and (ii) for Q C R? a bounded domain, since dy € C?#(99, 5?) for some 3 € (0,1),
(u;,d;) € C’Z’l(ﬁ x (0,T])'9. Moreover, by a simple scaling argument, we have that
forany 0 <t <T,

Al(t) = Ssup \/g (HUZ(S)”LOO(Q) + HVdZ(S)HLOO(Q)) < +o00, 1= 1,2 (348)

0<s<t

"Here Cé’l(ﬁ x (0,T]) denotes the spaces of C* functions f such that V2f, f, € C*(Q x (0,T)).
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It remains to show that

lim A;(t) =0, i =1,2. 4
im 4, (t) =0, i (3.49)

To see (3.49), recall that the weak solution (u;,d;), i = 1,2, in Theorem 1.3 satisfies

the following energy inequality (see [19]):

t
[t +19a:@P) +2 [ [ (VP + 1ad+ 9P P)
Q 0 Jo
< /(|Uo\2 + |[Vdol?). (3.50)
Q
In particular, for i = 1,2, E;(t) = [,(|ui(t)]* + |Vd;(t)|?) is monotonically nonin-
creasing with respect to ¢ > 0. Hence

lim E,(t) < E(0) = /(\u0|2+ Vdo|?).
tl0 Q

On the other hand, for i = 1,2, since (u;(t), Vd;(t)) converges weakly to (ug, Vdp)
in L2(Q) as t | 0, the lower semicontinuity implies

lim E;(t) > E(0).
i (t) > E£(0)

Thus

lim E;(t) = E(0), i =1,2
i i (1) (0), i =1,

and hence E;(t) € C([0,T]) for i = 1,2. Now we can use the argument similar to
that of Theorem 1.1 to show that
2
lgfgi:g/fzt(x)x[o,tz] ; (|Uz]2 + ]de-|2) =0.

Applying [19] Theorem 1.2 again, this implies (3.49). It is clear that (3.49) and
Lemma 3.1 imply that there exists 0 < t9 < T such that (u1,d;) = (ug,d2) on
Q x [0,t9]. For i = 1,2, since (u;,d;) € C®(Q x [to,T]) N C’;’l(ﬁ X [to,T]) solves
(1.3), (1.4), (1.5), under either the same initial condition for Q = R? or the same
initial and boundary conditions for Q C R? being a bounded domain, the uniqueness
for classical solutions implies (u1,d;) = (ug,d2) on Q X [tg,T]. This completes the

proof. O
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In order to prove Theorem 1.4 for n = 3, we need to establish an ep-regularity
estimate similar to lemma 2.1 for the heat flow of harmonic maps. More precisely,

we have

Lemma 3.2 Forn = 3, there exists g > 0 such that if u € L*°([—1,0], L™(By,R")),
P e L2(P), and d € L®([-1,0], W'(By, S?)) is a weak solution of (1.3), (1.4),
and (1.5) that satisfies

[HUHLOO([A,O},UL(BI)) + HVdHLoo(H,o},Ln(Bl))} < €o- (3.51)

Then (u,d) € C’OO(Pi,R” x S?) and

il oy + ¥l oy ] < Cle (3.52
4 4
Proof. Tt is divided into several steps. First, we have
Claim 1. Vd € Lq(P%) for any 1 < ¢ < +o00 and
I¥dll yagpy) < Cl@) [1+ IVl ooy | - (3.53)
2

The proof of claim 1 is similar to that of lemma 2.1, which is sketched here. For any
2= (z,t) € Prand 0 <r < 1. (3.51) implies

[ll oo (t—r2 1,27 (B, (2))) T HVdHLOO([t—rz,t],L”(Br(a:)))] < €. (3.54)

Let v : P.(z,t) — R¥ solve

vy —Av=0 in P.(z,t)
(3.55)
v=d on d,P(x,t)
Multiplying (1.5) and (3.55) by d — v and integrating the resulting equations and

then subtracting each other, we obtain

/ V(d - v)?

Pr(z,t)

< / (| V| + V2] |d — o]
Pr(z,t)

)

A

t
/ [l Ln (B, 2)) + IVl Ln (B, @) ] 1Vl 208, 2)) |1d — vll, 2n,
t 2 n (

-

Br(z))
S Mullpeo(—r2 g, 00 (B, @) + 1V oo (ft—r2,0, 7By (2))) ]

t
S I¥ e @l 9= o)z, o

-

IN

CeollVdll r2(p, (2,00 V(d = V)| L2(Py (2,8))-
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Hence we have

/ IV(d—v)* < ceg/ IVd|?. (3.56)
Pr(z,t) P (z,t)
For v, we have that for any 0 € (0,1),
(6r)™" / Vol? < 0% / vaf?. (3.57)
PHT(Iyt) Pr(l‘,t)

Combining (3.56) with (3.57) yields

(6r)" / VP < C (62 + 20") / Vdf? (3.58)

Py, (x,t) Py (z,t)

for any (z,t) € P%, 0<r< %, and # € (0,1). Similar to lemma 2.1, choosing
sufficiently small 8 = 6y first and sufficiently small ¢y second and finally iterating
the resulting inequality, (3.58) yields that for any o € (0,1), there exists C' =
C'(ep, @) > 0 such that

(3.59)

N | =

7"_"/ |Vd|? < Cr?*® IVd|?, V(z,t) € P1, 0 <71 <
P (z,t) 2

Py

or equivalently,

IVdllpp22-20p, ) < ClIVAl 2y - (3.60)

1
2
Now we perform the Riesz potential estimate in Morrey spaces by the same way as
in lemma 2.1. More precisely, let n € C§°(P1) be a cut-off function of P: and set
2

w = nd. Then w satisfies
w; — Aw = H, H=n(|Vd|*d —u-Vd) + (n; — An)d — 2Vn - Vd. (3.61)
Since H = 0 outside P;, and u - Vd € MLQ*O‘(Pé) satisfies
Jw- Vd|’M1v2*D‘(P%) < Cllull oo (=100, L7 (B1)) 1Vl L2y -
it is easy to see from (3.60) that H € M12~*(R"*1) and
1H || p1 201y < C [1+ [Vl p2(py)] -

Similar to lemma 2.1, we have

|H (w)]

< _ AT
Vo) =€ rrt1 0(z, w)n L

dw = CI (| H|)().
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2—« *
Hence Vw € Li=="*(R"!) and

IVw] 2-a < ClH| ppr2-aqgnery < C 1+ Vdll 2y ] -

1,aa*(Rn+1) - -

Since lim;- %:—a

& = +o00, we can see that Vd € LI(P1) for any 1 < ¢ < 400, and
2
(3.53) holds.

Next we want to modify the standard argument on the small energy regular-
ity on nonhomogeneous Naiver-Stokes equations, see for example Caffarelli-Kohn-
Nirenberg [4], Lin [16], Seregin [20], Escauriaza-Seregin-Sverak [7], and Lin-Liu [18],
prove that
Claim 2. u € LOO(P%).

First observe that since (3.51) and (3.53) imply that for any 1 < ¢ < 3,

di — Ad = (|Vd|*d —u - Vd) € LA(Py). (3.62)

Hence by the Li-estimate on the heat equation we have that d € Wq2 ’1(P§ ) for any
8

1<g<3, and
9%y 9P -l ) < Cla [1+ ¥l
Since
ur+u-Vu—Au+ VP = f, inP%, (3.63)
where f = -V - (Vd® Vd) € Lq(P%) for any 1 < ¢ < 3 and
IFlapg) < Cla)eo |1+ Vel o] - (3.64)

Since u € LPL2 N L2H!(Ps) and P € LZ(Ps), it is not hard to verify that u is a
8 8

suitable weak solution to (3.63), i.e. u satisfies

[ mopow+z [ vas

Bs B3 X[O,t}
8 8

< / [[ul*(¢¢ + Ad) + (Jul* + 2P)u- Vé + 2f - ug] (3.65)
B%xmﬂ

for a.e. t € [—(2)%,0] and for any nonnegative function ¢ € C§°(Ps).
8
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Since P satisfies that for a.e t € [—(2)2,0]
AP:V(f—UVU) inB%,

the same argument as [20] page 1022, Lemma 3.1, with the help of (3.51) and (3.64),

implies that there exists 6y € (0,1) such that

1 2\
2/ ‘P‘f SCE(), Vz e Pi1. (3.66)
00 PQO(Z) 4

Since u is a suitable weak solution of (3.63) that satisfies the smallness conditions
(3.51), (3.64) for all 1 < ¢ < 3, and (3.66), it is well-known (see for example [4] [16]
[20]) that u € C¥(Ps ) for some « € (0, 1), and

16

HUHLOO(P%) < C(eo). (3.67)

Now substituting (3.67) into (3.62), we conclude that d; — Ad € L(Ps ) for all
16

1 < g < +00. Hence d € WqZ’l(Pi) for any 1 < ¢ < +o00. This and the Sobolev
embedding theorem imply that Vd € L*°(P1) and
4

HVdHLOO(P%I) < C(eo)- (3.68)
It is clear that (3.52) follows from (3.67) and (3.68). The proof is now complete. O
Proof of Theorem 1.4:

With the help of lemma 3.2, it can be done similar to that of Theorem 1.3. First,
since (u;, Vd;) € C([0,T), L"(R™)) for i = 1,2, it follows that

2
lim sup / u|" + |Vd;|™) = 0. 3.69
o 2l (3.69)

tl0t zern i1
By translation and scaling, (3.69) and lemma 3.2 then imply
tlll(f)ﬁ (luill oo @ny + IVdill oo ny) = 0, @ = 1,2.

Hence lemma 3.1 implies that there exists 0 < ty < T such that u; = us and d; = ds
on R™ x [0,t9]. Repeating the same argument at ¢ = to can eventually lead to

(u1,d1) = (u2,dz) on R™ x [0, 7). This completes the proof. O
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