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ABSTRACT. We study the asymptotic behavior of the statistical solutions to
the Navier—Stokes equations using the normalization map [9]. It is then applied
to the study of mean energy, mean dissipation rate of energy, and mean helicity
of the spatial periodic flows driven by potential body forces. The statistical
distribution of the asymptotic Beltrami flows are also investigated. We connect
our mathematical analysis with the empirical theory of decaying turbulence.
With appropriate mathematically defined ensemble averages, the Kolmogorov
universal features are shown to be transient in time. We provide an estimate
for the time interval in which those features may still be present.
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1. INTRODUCTION

This paper is the continuation of our previous work [5]. In that paper, we
study the asymptotic behavior of the helicity associated with the deterministic
solution of the Navier-Stokes equations. The current paper is our study of the
asymptotic properties of the statistical distributions of the solutions of the Navier—
Stokes equations, including the asymptotic behavior of the statistical dynamics of
the helicity.
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In this paper, as in [5], we study the incompressible viscous flows which are
periodic in the space variables and are driven by potential body forces. Then the
velocity field u(x,t),x = (z1, 22, r3) € R3, satisfies the periodicity condition

(1.1) u(x,t) =u(x+ Lej,t), xR j=123,

(where L > 0 is the spatial period and {ej, ez, e3} is the standard basis of R?) as
well as the Navier—Stokes equations

du(x, t)
ot

(1.3) V- u(x,t) =0,

where v is the viscosity of the fluid, p is the pressure and ¢ is the potential of
the body force; here we assume that the mass density is equal to one. Using the
well-known remarkable Galileian invariance of the Navier—Stokes equations we also
can (by a change of the reference system) consider only the flows satisfying the
following zero space average condition

(1.4) /Qu(x, tydx =0, Q= (-L/2,L/2)3,

where dx = dzidzadxs is the usual volume element in R3.

Recall that the curl of the velocity, i.e. V x u, is usually called the vorticity of
the flow and is denoted by w. The kinetic energy/mass, the dissipation rate of
energy/mass, and the helicity /mass are defined by

(1.5) Et) = %/ﬂ|u(x,t)|2dx, F(t) :/Q\w(x,t)|2dx

and, respectively,

(1.6) H(t) = /Q u(x, 1) - w(x, £)dx.

Above, u-w is the helicity density of the flow. For the physical importance of the
helicity in fluid dynamics, see the pioneering work by Moffatt [19] and also other
surveys on this topic (e.g. [20]).

In our previous paper [5], we studied mainly the asymptotic behavior of the
helicity and its connections with that of the energy which had been previously
determined in [8, 9, 10]. Unlike the latter behavior, the former is quite sensitive to
the presence of the inertial nonlinear terms in the Navier—Stokes equations. In this
paper we will present the asymptotic behavior of the statistical dynamics of all of the
above three quantities £(¢), F(t) and H(t) for our type of flows. Our main concern
is to identify the asymptotic properties of e2/(27/L*t(g(t)), 2 27/L)*t(F(t)) and
e2v(27/L)*1(3(¢)) where ( - ) denotes some appropriate ensemble averages, whose
rigorous mathematical definitions will be given in Section 8. We prove that they
all have limits when t — oo and that generically these limits are not zero.

One interesting feature in the numerical simulation of the turbulent flows is their
statistical tendency to approximate Beltrami flows (see, e.g. [1, 22]), i.e., the flows
whose velocity and vorticity are parallel. We show that at least asymptotically this
tendency is not generic.

Our rigorous results confirm the well known empirical and computational evi-
dence that the Kolmogorov type estimates for the decaying turbulence of the spa-
tially periodic flows loose validity for large times (even after rescaling of the physical

(1.2) + (u-Vu(x,t) — vAu(x,t) = —=Vp(x,t) — Vo(x,t),
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entities in order to obtain a simulacrum of stationarity). However, as presented in
Section 8 our methods yield some estimates of the length of the time interval in
which the universal feature may still present.

In our analysis, we use the mathematically defined statistical solutions of the
Navier—Stokes equations both on the phase space and the trajectory space. Since
this is the first time we develop the asymptotic theory for those statistical solu-
tions, we extend our studies to both the energy and the energy dissipation rate.
Another ingredient of our method is the use of the normalization map constructed
for the regular solutions to the Navier—Stokes equations in [9, 10]. At this stage,
we focus on the first rate of decay of the solutions, hence the first component of
that normalization map is used throughout. Because the natural space to study
the statistical solutions are the space of weak solutions, we extend the definition
of that component of normalization map to those solutions. This newly defined
map turns out to be an essential tool in describing the asymptotic behavior of the
statistical solutions of the Navier—Stokes equations. Particularly, it determines the
limits of the ensemble averages referred above. We also use this map to study the
flows which are asymptotically Beltrami. Moreover, the asymptotic behavior of the
mean flows is connected with the nonlinear manifold M; ([8, 9, 10]) of the initial
data wug such that the corresponding solution w(t) is regular for all ¢ > 0 and decays
exponentially faster than e~v(@r/L)*t,

This paper is organized as follows. In Section 2, we present the functional set-
tings of the Navier-Stokes equations, the asymptotic behavior of the deterministic
solutions. The definitions of the statistical solutions both in the phase space and
the trajectory space are recalled as well as their fundamental existence theorem.
In Section 3, we extend the definition of the first component of the normalization
map to the set of Leray-Hopf weak solutions. We prove some basic properties of
that map. In Section 4, we study the asymptotic behavior of the mean energy,
mean energy dissipation rate and mean helicity using the Vishik-Fursikov statisti-
cal solutions. For the latter two mean quantities, the moving averages in time are
used to overcome the lack of regularity of the weak solutions of the Navier—Stokes
equations. In Section 5, we construct some initial Gaussian probability measures
to show that the asymptotic behavior of the above three mean quantities are not
trivial. In Section 6, we focus on the solutions which are asymptotically Beltrami
(see Definition 6.3). Different equivalent conditions for those flows are given. We
prove the existence of a Vishik-Fursikov measure with Gaussian initial data which
is not asymptotically Beltrami (see Definition 6.7). In Section 7, we first show the
connections between the mean flows which decay faster than e=*(7/ L)’ with the
above nonlinear manifold M;. We then prove the genericity of the mean flows
with non-trivial energy or dissipation rate of energy or helicity, and of the flows
which are not asymptotically Beltrami. In Section 8, we apply our study in the
previous sections to the conventional theory of decaying turbulence. We show that
the Kolmogorov type estimates are transient in time and estimate the time interval
for which those estimates may still be valid. We obtain in Proposition 8.3 certain
lower and upper bounds for the Kolmogorov quotient (see (8.7)). The appendix
provides various basic facts on the Navier—-Stokes equations which are used in this

paper.
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2. PRELIMINARIES

1. Functional settings of the Navier—Stokes equations. The initial value
problem for the Navier-Stokes equations in the three-dimensional space R? with a
potential body force is

aa—ltlJr(ro)u—z/Au: —Vp — Vo,
(2.1) divu =0,

u(x,0) = up(x),

where v > 0 is the kinematic viscosity, u = u(x,t) is the unknown velocity at
position x € R3 and time ¢, p is the unknown pressure, (—V) is the body force
specified by a given function P and ug(x) is the known initial velocity field. We
consider only solutions u(x,¢) such that for any ¢ > 0, u(x) = u(x,t) satisfies

(2.2) u(x + Le;) =u(x) forall xeR3 j=1,2,3,

and

(2.3) /Qu(x)dx =0.

where L > 0 is fixed and Q = (—L/2, L/2)3. We call the functions satisfying (2.2)
L-periodic functions. We pass now to the functional framework we used in our
previous paper [5] as well as in this study.

Let V be the set of all L-periodic trigonometric polynomials on {2 with values in
R? which are divergence-free as well as satisfy the condition (2.3). We define

H = closure of V in L?(2)3,
V = closure of V in H'(Q2)3,

where H'(2) with [ =0,1,2,... denotes the Sobolev space of functions f € L2(Q2)
such that for every multi-index o with |a| < the distributional derivative D f €
L2(Q).

For a = (a1,az,a3) and b = (b1, b, b3) in R3, define a-b = a;1b; + asbs + azbs
and |a] =+/a-a. Let (-,-) and | - | denote the scalar product and norm in L?()3
given by

(u,v) = /Qu(x) v(x)dx, |u| = (u,u)?, u=u(),v=v()e L*Q)°.

Note that we use |- | for the length of vectors in R® as well as the L2-norm of
vector fields in L2(Q2)3. In each case the context clarifies the precise meaning of
this notation.

Let P, denote the orthogonal projection in L?(2)? onto H. On V we consider
the inner product ((-,-)) and the norm ||-|| defined by

Z [ ZEIZS i and = )

(9l‘k

foru=nu() = (ul,u2,u;;) and v = v(:) = (v1,v2,v3) in V.
Define the Stokes operator A with domain Dy =V N H%(Q)? by

(2.4) Au=—Au forall uweDy.
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The inner product of u,v € D4 and the norm of w € D4 are defined by (Au, Av)
and |Aw|, respectively. Note for w € D4 that (2.3) implies the norm |Aw| is equiv-
alent to the usual Sobolev norm of H?(Q2)2. We also define the bilinear mapping
associated with the nonlinear term in the Navier—Stokes equations by

(2.5) B(u,v) = Pp(u-Vv) forall wu,ve€Dy.

The estimate of |B(u,v)| will be given at the beginning of the Appendix.

A classical result tracing back to Leray’s pioneering works on the Navier—Stokes
equations in the 1930’s (see, e.g., [14, 15, 16]) is that for any initial data ug(x) in H
there exists a weak solution u(x, t) defined for all x € R? and ¢ > 0 which eventually
becomes analytic in space and time and [[u(:,#)|| g1 (q)s converges exponentially to
zero as t — oo (see also [4, 12, 7]). Thus there is ¢y > 0 such that the solution
u(t) = u(-,t) is continuous from [tg, 00) into V' and satisfies the following functional
form of the Navier—Stokes equations

du(t)
dt
where the equation holds in H. We say that u(t),t > to, is a regular solution to the
Navier—Stokes equations on [tg, o). We denote R the set of all initial value ug € V
such that there is a (unique) solution u(t),t > 0, satisfying

(2.6) dz(:) + Au(t) + B(u(t),u(t)) =0, t>0,

u(0) =ug €V,

+ Au(t) + B(u(t),u(t)) =0, t> to,

where the equation holds in H, and wu(t) is continuous from [0, o) into V. In other
words, R is the set of all initial data uyp € V such that the solution u(t) of the
Navier—Stokes equations (2.6) is regular (hence also unique) on [0, c0).

We denote by S(t),t > 0, the semigroup generated by the regular solutions of
the Navier—Stokes equations, i.e., S(t)ugp,up € R, denotes the regular solution of
(2.6).

Throughout this paper, except for Section 8, we take L = 21w and v = 1. The
general case is easily recovered by a change of scales.

We recall that the spectrum o(A) of the Stokes operator A consists of the eigen-
values \; < A2 < Az < -+ of the form \; = |k|? for some k € Z3\{0},j = 1,2,3,...
Note that A\; = 1 = |e;|? and hence the additive semigroup generated by o(A) co-
incides with the set N={1,2,3,...} of all natural numbers. For n € N we denote
by R, the orthogonal projection of H onto the eigenspace of A associated to n.
Thus,

R,H={ueH:Au=nu}.
If n is an eigenvalue of A, then R, H is generated by functions of the form
(ap + ia)e'® ™ 4 (af —iad)e &%) ke Z |k =n,

where
1

ay,ai €R® and af-k=dai k=0.
Otherwise R,, = 0. For example, R; = 0, R15 =0, Ra3 =0, .... Define
(2.7) P,=Ri+Ry+---+R, and Q,=1-P,.
Let € = Vx be the curl operator mapping V into H. For each n € 0(A) we have

(2.8) R,=R'+R, and R,H=R'H®R, H,



6 Ciprian Foias, Luan Hoang and Basil Nicolaenko

where R, resp. R, , is the orthogonal projection of H onto the eigenspace of the
curl operator € associated to v/n, resp. (—y/n), and

(2.9) REH ={uc H:¢u==+ynu}.
It is easy to see that

(2.10) B(u,u)=0 if we RFHUR, H, n¢coa(A).

2.2. The asymptotic behavior of solutions and the normalization map.
Let us recall some known results on the asymptotic expansions and the normal
form of the regular solutions to the Navier-Stokes equations (see [8, 9, 10, 13] for
more details). First, for any ug € R the regular solution u(t) has the asymptotic
expansion

(2.11) ut) ~ qr()e™" + qa(t)e ™ + gs(t)e ™ + oo

where ¢;(¢), also denoted by W; (¢, uo), is a polynomial in ¢ of degree at most j — 1
with values trigonometric polynomials in H. This means that for any N € N the
correction term vy (t) = u(t) — Zjv:l qj(t)e™7" satisfies

lun ()] = O0(e"WF)) as t— oo for some e=¢ey > 0.
In fact, vy (t) belongs to C* ([O7 00), V) NC> ((O7 00), C’OO(R3)), and for each m € N
[on ()| miy = O(e” N+ as t — oo for some &= ey, > 0.

Define the normalization map W by W(ug) = Wi (ug) ® Wa(ug) ® - -+, where
W;(up) = R;jq;(0) for j € N. Then W is an one-to-one analytic mapping from R
to the Frechet space Sy = R1H ® RyH @ --- endowed with the component-wise
topology. Also, W/(0) = Id, meaning

(212) W’(O)UO = R1U0 ©® R2u0 &) RgUo [So R
Therefore, if II denotes the canonical projection of S4 onto Ri1H & --- & RvH
then

{TINW (ug) : ||ugl] < p} is a neighborhood of 0 in Iy Sa

for all p>0and N € N.
It is clear that for ug = 0, one has g, () = 0 and W, (ug) =0foralln =1,2,....
Moreover, if ug € R \ {0}, there is an eigenvalue ng of A such that

_u(®)]? : not
(2.13) tlirgo PO =ng and tlirglou(t)e 0% = wWp, (ug) € Ry H \ {0}.

The case (2.13) holds if and only if Wy (ug) = Wa(ug) = -+ = Wyo—1(ug) =0
and W,,, (ug) # 0. In this case

GN=q="""=Gqn-1=0 and gn, = wn,(uo) = Wy, (uo).
In particular, for ng = 1, we also have

(2.14) Wi(up) = lim e"u(r) = lim e” Ryu(r),

T—00 T—00

where the limits are in V.
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2.3. Statistical solutions of the Navier—Stokes equations.
Definition 2.1. We denote by 7 the class of test functionals

(I)(u>:¢(<u’gl>’<uag2>a"'7<uvgk>)a UEH»
for some k > 0, where ¢ is a C' function on R* with compact support and
g1,92,...,g, are in V.
Definition 2.2. A family {u;}i>0 of Borel probability measures on H is called a
statistical solution of the Navier—Stokes equations with the initial data g if
(i) the initial kinetic energy [, [u|?duo(u) is finite;
(ii) the function ¢ — [, ¢(u)dp(u) is measurable for every bounded and con-

tinuous function ¢ on H;
(iii) the function ¢ — [}, |ul[*dp(u) belongs to Lg2 ([0, 00));

loc

(iv) the function t — [ [|ul|*du(u) belongs to L}, ([0, 00));
(v) p satisfies the Liouville equation

@15) [ o) = [ S~ [ [ (aus Bl @) wds,

forallt >0 and ® € T,
(vi) the following energy inequality holds

@16) [ pldu(w+2 t [ WPty < [ pudota)

Recall that for each ug € H, there exists a Leray-Hopf weak solution u(t) of
the Navier-Stokes equations with u(0) = wg (cf. [18, 4, 23]). This weak solution
satisfies u € C([0,00), Hyear) N L>=((0,00), H) N L*((0,00), V). Additionally, let

(2.17) G=G(u()=4{to >0: li\m0 |u(to + 7) — u(ty)| = 0},
then 0 € G, the Lebesgue measure of [0,00) \ G is zero and for any ¢y € G
¢
(2.18) lu(t)]® + 2/ [u(s)|Pds < |u(to)]?, > to.
to

Denote by ¥ the set of the Leray-Hopf weak solutions of the Navier—Stokes
equations on [0,00). Hence ¥ C C([0,00), Hyeak)-

Definition 2.3. A statistical solution {u;};>0 of the Navier—Stokes equations in
the sense of Definition 2.2 is called a Vishik-Fursikov (VF) statistical solution if
there is a Borel probability measure ji, called the Vishik-Fursikov (VF) measure,
on the space C([0,00), Hyear), such that

(i) a(®) =1;
(ii) for each t > 0, u; is the projection measure Pr i on H, i.e.
(2.19) / D (u)du(u) = / D(v(t))din(v(+)), for all ® € C(Hyeak)-
H by

For convenience, we also call Prgji the initial data of ji.
The existence theorems of the statistical solutions are summarized in the follow-
ing ([2, 3, 17]).

Theorem 2.4. Let m be a Borel probability measure on H such that [y [u|*dm(u)
is finite. Then there exists a VF statistical solution {p}i>0 with po = m.
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Note that such VF statistical solution and VF measure in Theorem 2.4 are not
necessarily unique.

Remark 2.5. If u(-) € ¥ then the Dirac measure d,,.) is a VF measure. If i and m
are two VF measures, so is its convex combination (1 —6)i+ 67, for any 6 € (0,1).

3. SUPPLEMENTARY PROPERTIES OF THE NORMALIZATION MAP

In this section, we first extend the definition of Wi (ug), for ug € R, to Wi (u(-)),
for u(-) € ¥. This definition is more suitable for our study of the asymptotic
behavior of the statistical solutions to the Navier—Stokes equations. Basic properties
of Wi(u(-)) are derived, in particular its relations with the initial value «(0), hence
showing the connections between the asymptotic and the initial values of the Leray-
Hopf weak solutions.

First, we prove an invariant property of the first component of the normalization
map which leads to the extension of that component map later.

We recall from (2.14) that for up € R,

Wi(up) = lim e"u(r) = lim e” Ryu(r),
T—00 T—00
where the limits are in V.
Lemma 3.1. Let u(-) € X and tg > 0 such that u(ty) € R. Then
(31) etwl(u(t)) = eto W1 (u(to)), t Z to.
Proof. If u(0) = up € R then S(t)ug € R for ¢t > 0,
(3.2) Wi(ug) = lim e"Tu(t +7) =€ lim €7 S(7)S(t)ug = e'W1(S(t)ug).

In general, when ug € H, let ¢y > 0 such that u(ty) is small in V' hence belongs to
R. By (3.2), for 7 > 0 and t = 7+t > o,

(3.3) Wi(u(to)) = e"W1i(S(T)ulto)) = e e Wi (u(t)),
thus proving (3.1). O

Remark 3.2. For the existence and estimate of the above tq see, e.g., Lemmas A.1
and A.2 below.

Definition 3.3. Let u(-) € ¥. By virtue of Lemma 3.1, we define
(3-4) Wi (u(-) = e Wi(u(to)),

where t5 > 0 such that u(tp) € R.
We then have the following equivalent definition of Wi (u(-)) which does not
involve ty explicitly

(3.5) Wi (u(-)) = eWi(u(ty)) = e'° TILH;O e"S(T)u(ty) = tlirgo elu(t),
where the limit is taken in V. Similarly, using the second limit in (2.14) we have
(3.6) Walu() = lim e Ryu(t).

Note that if ug = u(0) € R, then tg = 0 and W1 (u(-)) = Wi(ug). Thus Wi (u(+))
is an extension of Wy (ug),up € R.

The following is a simple bound of Wi(u(+)) in terms of the values u(t),t €
G(u(+)), in particular, the initial value u(0).
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Lemma 3.4. Let u(-) € X. Then

(3.7) (Wi(u()| < e'lut)], € G(ul)).
In particular,
(3.8) Wi (u(-))] < |u(0)].

Proof. Let t € G(u(-)) and 7 > t. It follows from (A.7) that

eTlu(r)] < e"e” TV u(t)] = €'fult)].
Hence W (u(-))| = lim,— o0 e |u(7)| < €|u(t)]. O
Remark 3.5. The estimate (3.8) gives an upper bound for |W7 (u())|/|u(0)]. How-

ever, there is no positive lower bound for the quotient. Indeed, there is a sequence
of solutions 4" (-) with nonzero W1 (u™(-)), such that

i I1070)
n—oc  |um(0)]

Proof. Let uy = & + né4, where & € R;H,j = 1,4, such that |§]| = [€4] = 1 and

B(&1,&1) = B(€4,84) = B(£1,&4) = B(£4,&1) = 0. For instance, we can take

_ €2 ie1-x —ie1-x _ €2 2ie1-x —2ie1-x
=———(e +e , &= ——(e +e .
&1 2(2w)3( ) &4 2(2@3( )
Then u™(t) = &1e7t + &e7 4, n € N, are the corresponding regular solutions with
initial data ug. We thus have
W) el 1
[um(0)] &1+ n&l V1402 ’
In the case |Wi(u(-)| attains its maximum value |u(0)|, we have the following
maximum principle.

=0.

n — 0. O

Proposition 3.6. Let u(-) € & and u(0) =
ug = Wi(ug) and u(t) = upe™t for all t > 0.

Proof. By Lemma 3.4 and (A.8), we have |ug| = |[Wi(u(-))| = et|u(t)], for t €
G(u(+)). Let I = (to,to + s),s € (0,00] be an interval of regularity of u(-). Then
|u(t)|? = e2*|ug|? for t € I, hence

uo. If [Wa(u(:))| = |uo|, then ug € R,

dlu(t)|? 2
2u(t)|* =0, tel.
O o =0, e
Comparing with the energy balance equation
dlu(t)|?
UOE sl =0, ter,
dt
we infer that ||u(t)|| = |u(¢)| for all ¢ € I. Hence u(t) € R1H in any interval of

regularity. Due to its weak continuity, u(t) € Ry H for all ¢ € [0, 00). Consequently,
one can check that B(u(t),u(t)) € RoH for all t € [0,00). In any interval of
regularity,

du(t)/dt + Au(t) = —B(u(t), u(t))
which belongs to both R;H and RoH. This is possible only if both sides of the
equation are zero. The weak continuity of u(-) now implies that u(t) = uge™* for
all t > 0, hence Wy (u(-)) = uo. O

Another consequence of Lemma 3.4 is the following.
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Corollary 3.7. Let u(-) € X, then fort >0 and T > 0 we have

t+T
(3.9) |mmes%[ ¢ Ju(r)Pdr < [u(0)?,
and
t+T e 2t e—2(t+T)
(3.10) /t lu(r)|Pdr < [u(0)* = —5— W1 (u(-)I*.

Proof. The first inequality of (3.9) comes from (3.7) and the fact that G(u(-)) is
dense in [0, 00). The second inequality of (3.9) is from (A.8).

For to,ty € [t,t + T) N G(u(-)) such that tg < t{,, we have from the inequalities
(2.18), (A.8) and (3.7) that

t, ) e—2to ) e—2t0 )
7 Iular < S )R - S W) P
0
Then (3.10) follows by taking to \, ¢t and t;, /"t + T. O

Note that (3.10) is a slightly better estimate than (A.9).
It follows from (2.12) that the map Wi : R — S4 is differentiable at 0 and
W{(0)u = Ryu for all u € V. Noting that W7(0) = 0, we then have

(Wi(u) = Ryu| = o|[ul]), for [ju]| — 0.

The following lemma provides an explicit estimate for |W;(u) — Ryul| in terms
of |u|?. This approximation of Wi (u) by Rju using the quadratic term |u|? when
|u| — 0 will be exploited in Sections 4 and 6. But first let us note from (A.5) that

|(R1B(u,v), w)| = |(B(u,v), Ryw)| < es|ul [v| |ARyw|*/? |A3/2 Ryw|/2.
Since |Ryw| = |ARjw| = |A3/? Ryw|, we obtain
(3.11) |R1B(u,v)| < cslu|lv], ue€V,v&Dy.
Lemma 3.8. Let u(-) € X, then
(3.12) [R1u(0) = Wi(u(-))| < eslu(0)[.
More generally,
(3.13) e R(u(t)) = Wi(u())| < ese'lu(t)]?, t € G(u()).
Consequently, when eventually u(ty) € R then
(3.14) |Ry (u(t)) = Wi(u(t)] < eslu(@®)?, ¢ > to.

Proof. We have
deu
dt

+ Riu = —R1B(u,u),

whence

t/
e'Ryu(t) = ' Ryu(t') +/ e"RyB(u(r),u(r))dr, t >t>0.
t
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Let & = Wi(u(+)) and ¢ € G(u(-)). Using (3.11) and (A.8), we derive
t/
le! Ryu(t) — &1] < let Ryu(t') — & —|—/ eTC5e_2(T_t)|u(t)|2dT
t

< |e¥ Ryu(t') — &1] + cslu(t) P (et — ™)
< |6t/Rlu(t/) — &1] + eselfu(t))?.

Letting ¢ — oo gives (3.13), by (3.6). Also, when u(tg) € R and t > to, & =
e!Wi(u(t)), hence (3.14) follows. By setting ¢ = 0 in (3.13), we obtain (3.12). O

According to Remark 3.5, the quotient |Wi(u(+))|/|u(0)| is not bounded below
by a positive constant in general. However, Lemma 3.8 immediately shows that
this can be the case for «(0) belonging to some “cones” in H near the origin.

Corollary 3.9. Given 6 € (0,1), there are positive numbers a1 and ag such that
if u(-) € ¥ satisfies

[4(0)] < @z and [u(0) — Ryu(0)] < ayu(0)
then
(3.15) (Wi (u(-)| = 0lu(0)].
Proof. By Lemma 3.8,
(Wi(u()] = [Brw(0)] = [Riu(0) = Wi(u(-))]

> u(0)] = [u(0) — Ryu(0)| - cslu(0)[?

> (1= a1 = es[u(0)])]u(0)].
Then (3.15) follows with oy <1 —6 and ag = (1 — 0 — a1)/cs. O

The conditions in Corollary 3.9 require small |u(0)|. We show below that the con-
clusion in Corollary 3.9 still holds for w in a V-neighborhood of a special unbounded
set By in H. Let

(3.16) By ={u€RH: u#0, B(u,u) =0}.

Note that B; contains R{“HUR;H7 hence is not empty. Also, if u € By, then e tu
is the regular solution with initial data w, hence Wy (u) = u.

Proposition 3.10. Let u* € By and 0 € (0,1). There exists €3 = e2(|u*|,0) > 0
such that if ||vg|| < e2 then ug = u* + vy € R and

Proof. Let e(Ju*|) be defined as in Lemma A.3,

(3.18) & = min { |“2*| ,5(|u*|)} and €, = min {51, (1 =6)(Jju"] — 1) } :

1 4 ecslu|

where ¢5 > 0 is given in Appendix. Since ||vg]| < &1, we have ug € R according to
Lemma A.3. Let u(t) = S(t)up and v(t) = u(t) — e~ ‘u*. By (A.14), we obtain

()] = Ju*| = eo(t)] = [u'] = [vole"?* .

It follows that
|W1(’U/0)| = thm etl’u,(t)| > |U*‘ _ |,U0|e(15|u*|,
— 00
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and we obtain
(3.19) [W1(uo)| > |uo| — |vo| — |vole™™ | = Jug| — (1 + e=*1).

Note that |ug| > |u*| —e1 > 0, then |lvo|| < ez implies

(1 — 0)[uo|
ool < T
e
hence (3.19) yields |Wi(ug)| > |uo| — (1 — 0)|ug| = O|ug]- O

Lemma 3.11. The function F : u(-) € ¥ — Wy (u(-)) is Borel measurable. Conse-
quently, F is fi-measurable for any VF measure fi.

Proof. We have for each t > 0 that the function F} : u(-) € ¥ — e'u(t) € H is
weakly continuous, hence Heq,-Borel measurable. Since the Borel sets of Hyeqk
are the same as those of H, the function F} is (strongly) Borel measurable. The
fact that Wy (u()) = limy_ o e'u(t) implies that F is Borel measurable. O

4. ASYMPTOTIC BEHAVIOR OF THE MEAN FLOWS

In this section, let fi be a VF measure on the trajectory space ¥ (see Definition
2.3) and let {;}1>0 be the family of its projections which is a statistical solution
on the phase space H (see Definition 2.2). Recall that ug satisfies the finite initial
energy condition:

(4.1) [ P = [ uPduoa

This condition, (3.8) and the fact that Wy (u(-)) € R1H imply

LW Pdacue)) = [ W) Pdatu) < [ po)Raic) < oo

We first describe the asymptotic behavior of the mean energy.

Proposition 4.1. We have

(42) tim e [ o) = [ W) i),
Proof. First, e [, [ul*dpu(u) = e* [ [u(t)*di(u(-)). Since e*|u(t)* < |u(0)[?,
by (A.7), and [y, |u(0)[*dji(u(-)) < oo, applying Lebesgue’s dominated convergence
theorem gives

tim ¢ [ uPdpe) = [ Jim e uPdpu) = [ M@C)PdiGe). 0
t—oo 5 t—o0 5

For the mean energy dissipation rate, [y, [[u(t)|[*di(u(-)) is only defined almost
everywhere on (0,00). However, by virtue of Lemma A.2, we can study the as-
ymptotic behavior of the mean energy dissipation rate on the set of solutions with
uniformly bounded initial values in H. More precisely, we obtain:

Lemma 4.2. For any r > 0, we have
(4.3)

lim e [lu®)|*dfu(u-)) =

t / IWa(ul)Pdita()
T J{u(-)es:|u(0)|<r} {u(-)eX:|u(0)|<r}
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and
(4.4)

lm/ éwwmmw»:/ HWs (u()))dji(u).

1=00 J () es:|u(0)|<r} {u(-)eS:|u(0)|<r}

Proof. By virtue of Lemma A.2, there is t(r) > 0 such that for any u(-) € ¥ with
|u(0)| < r we have

u(t) € R and e'llu(t)]| < 2e|u(0)|, t>t(r).

Note that the integrals on the left hand sides of (4.4) and (4.4) are well-defined for
t > t(r). Then noting that

/ u(0)[? /w () < o,
{u(-)eX:|u(0)|<r}

we apply Lebesgue’s dominated convergence theorem. O

Since [ [lull*dpi(u) is not known to be defined for all ¢ € [tg, 00) for some
to > 0, we can not obtain the same result as Proposition 4.1 for the dissipation rate
of energy. However, the energy inequality (2.16) suggests the consideration of the

moving average in time & j;tJrT e** [, lull*dps(u)ds and its limit as ¢ — co. We
also consider similar moving averages of the mean energy and helicity.

Proposition 4.3. For any T > 0, we have

t+T
(4.5) lim — / lu|?dps () dsf/ | W1 (u dii(u(-)),

t—oo T’

t—

(46) lmf/ [l @—/Wﬁ DIFdau(-),

and

an md [ e [ it = [ HORGOEO)
where H(w) = (Cu,u), foru € V.

Proof. Fix T > 0. For the mean energy, (4.5) is a consequence of Proposition 4.1.
We prove (4.6) next. For ¢ > 0 and r > 0, let

t+T
/ /QWWM w) = I(t.r) + Do(t,r),

where
1 t+T ) )
-2/ e ulPdes u),
t {ueH:|u|<r}
1 t+T
-/ el ().
t {ueH:|u|>r}
Also, let
7= [ IMOIPa0) = ) + 20,
where

i(r) = W1 (u() I dii(u()),

/{u<'>ezz|u<0>|<r}
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Jo(r) = / W3 () Pdaul-)).
{u(-)€X:|u(0)|>7}
Then
(4.8) [I(t) = J| < |Li(t,r) — Jo(r)| + Ia(t,7) + Ja2(r).

First, by Lemma 3.4, we have

r w(0)2da(u(-)) = ul? u).
as)  me [ PO = [ el

Second, by using Fubini’s theorem,

1 t+T
=7 [ [ e u(s) Pdiu()ds
T Ji {u()ESiu(0)|>r}

1 t+T ) )
-2 [ e luePasitue)
{u()eX:|u(0)|2r} Jt
1 - t+T )
< A0 [ fu(s) Pdsdpu(),
{u(-)€X:|u(0)[2r} t

Using (A.9), we continue to estimate

e2T 1 9.
ht,r) < S u(0) Pdi(u()
{u(-)€x:[u(0)|>r}

2T

- ful2dpio(w)-
2T Jiuen:ui=r}

Given € > 0. By (4.1), there is 7 = r(g) > 0 such that
o2T ,

e ul"dpo(u) <e/3,
2T Jiuen:ui=r}

hence

(4.10) Jo(r) <e/3 and Ix(t,r) <e/3, t>0.

By Lemma 4.2, there is tg = to(r) > 0 such that for all s > ¢

/ 2 u(s) Pdi(u() — 1 ()] < /3.
{u(-)eZ:[u(0)|<r}

Hence
(4.11)
1 t+T
nen-awi<g [ ]f e luls) Pdu(-)) — Ja(r)|ds
t u(-)EX:|u(0)|<r}

1 t+T
< = e/3ds =¢/3.
!
Combining (4.8), (4.10) and (4.11), we have that for all ¢ > ¢,
[I(t)—J| <e/3+¢e/3+¢/3=c¢,

thus proving (4.6).
For the mean helicity, the proof of (4.7) is similar.
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Motivated by the existence of the limits in Proposition 4.3 we now study the
following ensemble averages of the energy, energy dissipation rate and helicity:

1 t+T 1 t+T
(4.12) T/ /|u\2dus(u)ds, T/ /||u|\2dus(u)ds and
t H t H
1 t+T
7/ /H(u)d,us(u)ds
T t H

The following is a direct consequence of Proposition 4.3 and the elementary fact
that if f is a measurable function on some interval (¢, 00) such that

75lim e*f(t) = a €R,
then

t+T —2T
1—
(4.13) lim < /t f(s)ds = 72(; a.

for any fixed T' > 0.
Corollary 4.4. We have for any T > 0 that

(4.14) tlixgo'gT%/tt+T/Hu|2dus(u) = _2T/ (Wi (u(-))*di(ul(-)),

e2t t+T e—2T
(4.15) tli%?/t /H||u|\2dus(u)ds— /|W1 dii(u()),

and

(4.16)  lim & /HT/ H(w)dps (u)ds = I_B_ZT/H Wi (u(-))dji(u(-)).

t—o0

Remark 4.5. The limits in Corollary 4.4 yields the lower and upper bounds for
the ensemble averages in (4.12) when ¢ is large. However, we need later bounds
valid for all ¢ > 0, namely,

t+T
(4.17) e’z(t+T)/E|W1u(-))|2dﬂ(u(-))g %/t /H|u|2d,uT(u)d7'

< [ fuPdu(w)
H

t+T
(418) e 2+D) / Wyu() () < = / / ull2des (w)dr

e_zt —2(t+T)
< = /. u|?dpio (u) / Wi (u(-)[Fdi(u(")),

for T'> 0 and ¢ > 0. They follow readlly from (3. 10) and (3.9).

According to Proposition 4.1, one can understand the asymptotic behavior of
the mean energy by studying [, [W1(u(:))|?dfi(u(-)). However, there is yet no ex-
plicit way to find Wi (u(-)) and fi. Fortunately, Wi (u(-)) is related to Ryu(0) by
(3.12). Therefore, in some cases, we can reduce our study to [ |Ryiu|*duo(w)
which only involves the initial measure py and the finite rank projection R;. Simi-
larly, the study of the asymptotic behavior of the mean helicity can be reduced to

fH (Ryu)dpo(u).
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To start, we derive some bounds for [, [W1(u(:))|*dfi(u(-)) using po.

Proposition 4.6. We have

2 NN2d i (u(- ul? uw).
(4.19) /R o P00 < / W (u()) Pdful-) < /H fuldpio )

Proof. The second half of (4.19) follows from (3.8) and (2.19). If ug belongs to R H
or Ry H, then B(ug,up) = 0 and hence the corresponding solution is u(t) = uge™*,
which implies W (u(-)) = ug. Therefore,

/ Wi (u()) Pdii(u()) > / L W) Pdaa()
= {u(-)eX:u(0)eRT HUR| H}

[u(0)Pdji(u(-))

/{u(-)ez:u(o)eRfHuR;H}

-/ P dpofu),
RYHURT H

thus yields the first half of (4.19). O

Next, we want to find some sufficient conditions in order that
/Z|W1(U(~))\2dﬂ(U(~)) # 0 or /EH(WMU(')))dﬂ(U(')) # 0.

Note from Proposition 4.6 that the integral [y [Wi(u(-))[*di(u(-)) is positive
whenever [+, p— 5 [ul?dpo(u) is positive. However, the latter condition does not
1 1

hold even when pg is a Gaussian measure on R;H. Therefore we need to study
other criteria which cover more classes of measures. We turn to a statistical version
of (3.12) and its similar estimate for the helicity.

Lemma 4.7. We have
(4.20) / [Ryu(0) — Wi (u() [dji(u(-)) < 5 /H ful2dpao(u),

and for any r > 0,

(4.21) [ 19(R0(0) ~ 1 () diul) < 1.
¥
where
(4.22) I, = 2sr /{ e o) 5 /{ e [

Proof. The inequality (4.20) follows directly from (3.12):

/2 IRyu(0) — W (u()[dji(u(-)) < s / u(0) Pdf(u()) = 5 /H o).
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Note that |€Rju| = ||Ryu|| = |Riu|. For the helicity,
[H(Ryu(0)) — H(Wi(u(-)))di(u(-))

=, |€R1u(0) — €W (u(-)|[ Rau(0)]di(u(-))

+ / W (u() | Ryu(0) — Wi (u()]di(u(-))
<2 / [u(0)] [ Ryu(0) — Wi ()| du(-))
2

<2f +f H ()] [Rru(0) = Wi a(:)|dCu(-):
{u()e:[u(0)|<ry  J{u()eX:|u(0)[2r}

Using (3.12) for the integral on {u(-) € ¥ : |u(0)|] < r}, and using (3.8) for the
integral on {u(-) € ¥ : |u(0)| > r}, we obtain

/E H(Ryu(0)) — H(W: (u(-))|dfu(-))

< 2C5/ |u(0)*dfi(u(-)) +4/ |u(0)*dii(u(-))
()eT:|u(0)|<r} {u()e:u(0)|2r}

< 2TC5/ u|?dpo (u) + 4/ lul?dpo(u) = I,. O
{ueH:|u|<r} {ueH:|u|>r}

Using Lemma 4.7, we establish some sufficient conditions under which the inte-
gral [o|Wi(u(:))|di(u(-)) or [ H(Wi(u(-)))dji(u(-)) does not vanish.

Corollary 4.8. We have the following

() IF Jy \Reuldpio(w) > e fy lulPdpo(w), then [y Wi (u(-)ld(u()) > 0 and
subsequently, [« Wy (u(-))[Pdi(u(-)) > 0.

(ii) If [;; H(Riu)dpo(u) > I, resp. [, H(Riu)duo(u) < —I, for some r > 0,
where I, is defined by (4.22), then

[ AV da) > 0, resp. [ HOVi(uE))di(u() < 0.
P %
Proof. By (4.20), we have
[ maldit) = [ | Ruu©lditue) - [ 1Riu©) = W) idadu)
P % P
> [ (Rruduot) = s [ fuPdo),

hence obtaining (i). The proof of (ii) follows from (4.21) and the following triangular
inequalities

/ HOW, (u())d(u() > / H(Ryu(0))dau())
> >
- / H(Ryu(0)) — H(W: (u())daul-)),
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/mw<me /HRm»wu»
>

5. STATISTICAL SOLUTIONS WITH INITIAL GAUSSIAN MEASURES

In this section, we focus on VF statistical solutions of the Navier—Stokes equa-
tions with initial Gaussian probability measures. In particular, we will construct
some Gaussian measures on H to which we can apply Corollary 4.8 to obtain

[ W) Pdatu) > 0o [ OV dataC) 0
for any VF measure ji having one of those Gaussian measures as the initial data.

Example 5.1. Let Ni(= 12) be the dimension of R1H and {w;,j = 1,..., N}
be an orthonormal basis in Ry H and {w,, n > N;} be an orthonormal basis in
(I — Ry)H. For each u of H, we write

(5.1) u = ijwj.
j=1

Let u be a Gaussian probability measure on H such that the density of the

distribution of the random variable x; is given by \/%a]- exp ( — ﬁ), with o; > 0

for all j € N and the random variable z;, j € N, are independent, (see e.g. [24]).
Of course, the o; must satisfy the condition

o0

2
g oj < 00.
Jj=1

The variance of p is

oo

(5.2) o 7/ lul?dp(u Zaf

This measure satisfies the following.

Lemma 5.2. For every r > 0, we have

40°%5>
O ufdut) < | (Byufdu(u) + £ 457,
{ueH:|u|>r} {u€H:|Riu|>r/2} r

where o 72 L o7 and 72 = 0% — 2.

Proof. Note that

/ uPdu(w) < [ [ReuPu(u) + [ 11 = Ra)alPautw
{ueH:|ul>r} {ueH:|ul>r}

</ RuuPdu(u) + [ |Ryul*dp(u) +7°
{ueH:|Riu|>r/2} {ueH:|(I-R1)u|>r/2}
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and
/ |Ryul*dp(u)
{u€ H:|(I—Ry)u|>r/2}
<| / [Ryul2dpu(u) | p({u € H : (1 = Rujul = r/2})
H

o2 Jwer a—royuzryoy | = Ba)ul*dp(u) Ao’

= (r/2)? =T

Thus (5.3) follows. O

Proposition 5.3. Let 0 < € < 1/(c54/27Ny) and p be the Gaussmn probability
measure defined in Example 5.1 with o; =€, j = 1,..., Ny, and 0® = 2N1€%. For
any VF measure fi with initial data pu, we have [g [Wi(u(-))Pdi(u(-)) > 0.

Proof. From (5.2), we have

(5.4) /H |u|?dp(u) = 2N €2

Also,

65 [ Rldn) > 2= [ el )

Ny 1 553
XH exp(——2>alm1...da:1\/1

o1 V2mo; 207
V2 &
= O'j.

’7TN1 =1

Hence
V2 2Ny

5.6 Ryuld > Nie = .
(5 [ Vrdut) > e Ne = Y2te
Thus, [;; [Riuldp(u) > ¢5 [;; [ul*dp(u). Then we apply Corollary 4.8. O

If the upper bound of € is slightly smaller, we obtain a lower bound for the
integral [i W1 (u(-))[*dji(u(-)) which is comparable with the initial kinetic energy.

Corollary 5.4. Let p and i be the measures in Proposition 5.3. If 0 < € <

1/(2¢5v/27Ny) then

60 g [ Pdut) < [ WePdi) < [
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Proof. The second inequality of (5.7) is from Proposition 4.6. For the first inequal-
ity, we use (4.20), (5.6) and (5.4) to have

[ imtnPaney = | [ |W1(U('))dﬂ(U('))r
> | [ il s [ Iu2du(u)r

r 2
2v/
Z N16—2N1656
\/2
N
2 Y1 2
o 477_/ [ dp(u -

Remark 5.5. It is already known that

(5.8) / P dps () < / uPduo(u), > 0.

If g = p is a measure satisfying the conditions in Corollary 5.4, then Proposi-
tion 4.1 and Corollary 5.4 now imply that

1 _
(5.9) [ tePdist) = e [ juPduow), 2 o
H ™ H

for some tg > 0.

Example 5.6. We consider the Gaussian measure p defined in Example 5.1. To
find pp = p that satisfies the condition in Corollary 4.8, we will be more specific in
choosing the orthonormal system wi,ws,...,wy, in R1H

First we recall that R}, resp. Ry, is the orthogonal projections of H onto the
eigenspaces of the curl operator € corresponding to the eigenvalue 1, resp. (—1).
Since dim R H = dim R H = N = N;/2 = 6, we choose {w,...,wx} to be an
orthonormal basis in R+H and {wy41,...,wan} to be one in Ry H. Then

(5.10) /H Ryu)dp(u / | R ul2dp(u) / |Ry ul?dp(u) = 0% — o2,

2 _ VWV —
where o = 37,0 107 and o2 —ZJ N+105

We will find a Gaussian measure that satisfies part (ii) of Corollary 4.8. For that
purpose, we need to estimate the quantity I,. defined by (4.22).

Lemma 5.7. Letr > 0, 6 € (0,1) and p be the measure constructed in Ezample
5.1 with 0 < o <r/(2N1M;5),j =1,2,..., N1, where Ms > 0 satisfies

(5.11) 2e7° /2t = 6.

7=

2m J{ter:|t|>Ms}

Let I, be defined by (4.22) with po = . Then
160

(5.12) I (

Proof. Recall that, for r > 0,

I, = 2eor / luf2d () + 4 / fuf2da(u).
{ueH:|u|<r} {ueH:|u|>r}

) + (2c57 + 4)7>
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By the change of variable t = z;/0;, we have

1 x?

J

J

/ |
{z;€R:|x;|>r/(2N1)}

1 / 21412 —t|?/2 1 21412 —|t]%/2 2
= —— o3|t /2qt < o?|t)2e 1t/ 2qt < 602
V2r Jesr/eneyy 2 Jqo=msy 7 !
Hence
N1 1 xQ
|Ryul?dp(u) = / || exp ( - —])daﬁ
/{ueH:Rlqu/z} {c€RN1 || >r/2} E V270, 2075
N1 1 2
<>/ P exp (- 22 ),
; {o;€Rias2r/@N)} | V2TO; 203/
< éa.

Applying Lemma 5.2, we obtain

4, 2=2
/ ul2dp(u) < 60% + L7 452,
{ueH:|u|>r} r

Since 2¢5r f{ueH:\u|<r} |ul?du(u) < 2csro?, we have

45252

I, < 2c5r(g2 +62) +4( +o2+ 5g2),

and (5.12) follows. O

Now, the condition in the second statement of Corollary 4.8 can be fulfilled by
some explicit Gaussian measures.

Proposition 5.8. There exists a Gaussian probability measure po 4, resp. po,—,
as defined in Example 5.6 such that any VF measure iy, resp. fi—, with initial
data pio +, Tesp. po,—, satisfies

(5.13) [ OV )i () >0,
resp.
(5.14) OO - @) <o

Proof. Let 0 =€y forj=1,...,N,and o =€_for j =N +1,...,2N.
For (5.13), we take ¢, = v/2¢ and e_ = ¢, for some ¢ > 0. By (5.10), we have

(5.15) /H H(Riu)dp(u) = N(& — &) = Né2.
Note that ¢ = 3Ne2. In addition, if
T 1652 1 1 2N

1 1
2 —, 0<45<—,0 — and (— +4)5°
C5’/’<18, < <18’ <6<4ﬂN1M5’ . <18 an (18+ Jo° < 5
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where M; is defined in (5.11), then it follows from Lemma 5.7 that

165
)

1 1 1 N

Ne(— 4+ — 4+ —)4+ &2
BN+ttt

= Né* = /HH(Rlu)du(u).

I, < 3NE*(2csr + 46 + )+ (2c57 + 4)7°

Then applying Corollary 4.8 (ii), we obtain (5.13).

For (5.14), we choose e_ = V2¢ and €, = ¢, then the sum ei + €2 is still 3N€2,
hence I, remains less than Ne?. However, [, H(Riu)du(u) = —Ne? and therefore
Sy H(Ryu)dp(u) < —I,.. Again, (5.14) follows from Corollary 4.8 (ii). O

Next, we construct Gaussian measures p such that the corresponding VF mea-
sures fi satisfy [, [Wi(u(-))|?dfi(u(-)) is arbitrarily large.

Proposition 5.9. For any M > 0, there exists a VF measure [i such that its initial
data is a Gaussian probability measure and

(5.16) / W () Pdfa(u()) > M.

Proof. Let u be a Gaussian measure as in Example 5.6 and let i be a VF mea-
sure with initial data p. Fix M > 0 and 8 € (0,1). Take o, > 0 such that
0°0% > M. Since limg . f{ueH:l/Kg\Rju\gK} |Rf u|?du(u) = 02, we can choose
K sufficiently large so that

(5.17) |RfulPdu(u) > 607

/{ueH:1/K§|R1+u|§K}

Let B1(0) = {u+wv :u € By, ||v]| < e2(|u],0)}, where B; is defined by (3.16) and
e2(|ul,0) is in (3.18). By virtue of Proposition 3.10, (3.18) and (A.16), there is
€ > 0 depending on K and 6 such that

BEK,0) XL {u+v:ue REH,1/K < |u| < K, ||Jv|| < 2¢} C By(6).

According to Proposition 3.10, |Wy(u)| > 0|u| for u € Bi(K,#). Thus we have

(5.18) /E|W1(u('))| dfi(u(-)) = /{U(I)EE:U(O)GBM}H u(0)[*df(u(-))

— / ful?dp(u)
{ueH:ueB1(0)}

> g2 /B g )

2
>0 /{uEH:l/K<RTu<K,R1_u<E,}

(R uldu(u)
[(I=R1)ul<e

B 92{/ |RTUI2du(u)} p({ue H:|Ru| <e})
{ueH:1/K<|RT u|<K}

< p({ue H:[|(I - R)ul < &}).
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Assume for the moment that there are o, for j > N, such that

(5.19) p({u € H: |Rju| <e}) >0,

(5.20) p({ue H:|(I- Rl <e}) > 0.

Then combining (5.18), (5.17), (5.19) and (5.20) we obtain
(5.21) [ W) Pda(u() = 6%(602)6° = 6% = M.
b

hence (5.16). It remains to verify (5.19) and (5.20).
Verification of (5.19). We have

N =3
1 —5
e “N+idx

pllue H: Ryl <<h = |

{c€RN:[z|<e} ) V2TON 4

2

N 1 %

> / e *"Ntida
Jl;[l {lo;|<e/N} V2TON;
ﬁ/s/(NUN+.7‘) 1 v3

= e 2 dy;.
j=1 —e/(Non+j) V 27 !

For 4 € (0,1), let m(d) be the positive number such that

/7”((5) 1 2 d 5
—e 2dt=o.
—m(8) V2w

Let ony; = e <e/(Nm(0*/N)) for j =1,...,N. We then obtain

m(el/N) 1 - N
p({u € H: |Rju| <e}) > (/ e‘?dt) =4.

—m(01/N) V 2

Verification of (5.20). We will determine ¢; for j > Ny such that (5.20) holds.
Suppose Aw; = Ajw; where ();)72; is the increasing sequence of eigenvalues of
the Stokes operator. For w = »77°\  zjw; € (I — Ri)H, we have |lw|® =
> e+ Ajlzj[?. Note that

= 2Ne
{ > xjwji\l’ﬂﬁi./z 75t C{we (I = R)H : |w]| < e}.
Jj=Ni1+1 2 )‘j

For j > Ny, let 0; > 0 be sufficiently small such that

N )
27€ S 22,

2j/2/\}/20'j N
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‘We obtain

p(fue H:||(I- Rl <e)) > /
i 11;[“ {l251< 75g7e ) V2105

m(0? 1/21 )
“Tdt
j 11\:[+1/ 92N1/27) V2

_ H 92N1/2J _ 9’

j=Ni1+1

hence (5.20) is satisfied. The proof is complete. O
Remark 5.10. In the above proof, if 02,32 < 1 and 0?2 > 2a, where o = 0/(1—6),
then 02 > a(0? +072) and
(5.22) ot > ac’/(1+ ) = 05>
From (5.22) and (5.21), we have

[ W) Pdatu) = 6° [ juPduta)

Hence we have proved that for any given M > 0 and 0 € (0, 1), there exists a VF
measure @ with Gaussian initial data p such that

(5.23) /H P dpu(u) > M

and

G20 [ Pt < [ W) Pdat) < [ uPdut)

6. ASYMPTOTIC BELTRAMI FLOWS
A C? vector field u(x) in R? is a said to be Beltrami if
(6.1) V xu(x) = a(x)u(x), x¢€R? some a(x)<R.

Note that if w = u(-) is an eigenfunction of the curl operator €, then (6.1) holds
with @ = ++/n, for some n € o(A). The converse is considered in the following.

Lemma 6.1 ([1]). Let u = u(-) € R,H \ {0} where n € o(A). If V x u(x) =
a(x)u(x) a.e., for some a(-) € R, then u is an eigenfunction of the curl operator,

i.e., €u=+/nu or Cu = —/nu.
Corollary 6.2. Let uw € R, H \ {0} where n € o(A). Then u is Beltrami if and
only if u is an eigenfunction of the curl operator, i.e., Cu = y/nu or Cu = —/nu.

Let u(-) € X be such that there is tg > 0, u(tg) € R\ {0}. Then

B (1 B N 101 &
5 Julto + )T e [u()?

is an eigenvalue of the Stokes operator A.
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Note that the eigenvalue n above depends on the asymptotic behavior of the
solution but not on the value of t;. Therefore we define

N 01
(6.2) n(u(-)) = tLOO lu(t)]?

Denote 1, = n.(u(-)). Define

(63) W.(u() = lim e tuft),
and
(6.4) Wou() = 2=y uld)

(We(u()] t=oe fu(?)]
where the limits in both (6.3) and (6.4) are taken in either H or V. Recall that
both W, (u(-)) and W (u(-)) belong to R,,, H \ {0}.
Since u(tg) € R, we have

tlim e tu(t) = ™ lim ™ u(ty +7) = e™ "W, (u(ty)),
—00

T—00

hence
(6.5) Wi(u()) = "W, (ulto)).
In particular, if tg = 0, i.e., ug = u(0) € R then Wi (u(-)) = Wi, (ug).
In the case u(tp) = 0 for some ¢y > 0, we let
(6.6) n.(u(-)) = oo and Wi (u(-)) =0.
Denote n, = n.(u()) and &,, = Wa(u(-)), &,,. = W (u(:)). Recall that

s

(6.7) “8| —E&, inHandV, t— oo,
u

and hence

(6.8) Cult) — €&, inH, t— oo

Ju(®)]
It is known (e.g. [13]) that e™tu(t) — &,,, for t — oo, in any H™ () norm, m € N,
consequently, in sup norm. Hence for x € R?

(6.9) tlim e™Mu(t,x) = &,, (x) and tlim "'V x u(t,x) = V x &,, (x).
Since &, (x) is analytic, we have
(6.10) 75lim e tu(t,x)| = |, (x)] #0, ae..

Definition 6.3. We say that a time dependent vector field u(x, t) is asymptotically
Beltrami if there are a(x,t) € R such that
\Y ,t) — ,t , T
(6.11) lim V% u(x,t) — a(x,t)u(x,t)
t—o0 lu(x,1)]
Remark 6.4. The limit in (6.11) requires that a.e. on R3, u(x,t) # 0, for all
t > to(x).

=0, a.e. on R3.

We obtain the following equivalent conditions for a Leray-Hopf solution to be
asymptotically Beltrami.

Theorem 6.5. Let u(-) € ¥ such that u(ty) € R\ {0}, for some tg > 0. The
following are equivalent
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(i) u(:) is asymptotically Beltrami.
(ii) There is a subsequence ti, /" 0o and a(x,t;) € R such that
(6.12) lim V xu(x,ty) — a(x, tg)u(x, tg)
ko0 [u(x, tx)|
(i) Wi(u(+)) is a Beltrami vector field.
(iv) For ny, = n.(u(-)),

=0, a.e. onR3.

Cu(t) — Lu(t
(6.13) lim 1200 — VRO
N0
where e =1 or —1.

Proof. Assume (i). Of course, (ii) follows.
Assume (ii). From (6.7) and (6.8) we can assume, without loss of generality, that

(6.14) T (s 1)/ ()] = €, (x) £ 0. ae.
(6.15) klln;OV x u(x, ty)/|uty)| = €, (%), ae.

Thus from (6.14),
(6.16) Jim[a(x )|/ fu(te)| = [€,, ()] # 0, ace.,

and together with (6.12),
V xu(x,ty) — a(x, tg)ua(x, t)

6.17 lim =0, ae.
(647 S ulte)
From (6.15) and (6.17), it follows that

. u(X7 tk) -
6.18 1 t =C .e.
(615) Jim o 1) S = €, (0, .

and hence limy_, o (X, t) = a(x) exists a.e. on R? and €€, (x) = a(x)E,_(x) a.e.
on R3. By Lemma 6.2, En is an eigenfunction of the curl operator €. Hence En* is
Beltrami, so is W, (u(+)), and we have (iii).

Assume (iii). Then €€, = e\/n.€,, , where ¢ =1 or —1. By (6.7) and (6.8),

Cult) _ —ul)]_eF . _
u®)] ~ V™ () = S T Vb =0,

where the limit is taken in H, thus proving (iv). B B
Assume (iv). The limit in (iv) is |€€,, —e/n&, |, hence €€, = e\/n.&, and

(6.19) V x &, (X) = ey/naén, (x), x€R3

By (6.9) and (6.10),

V xu(x,t) — ey/nau(x,t)  V xE(x) — ey, (x)

1m |:
t—o0

lim = , a.e..
t—o0 |U(X, t)| |§7l* (X)‘
This limit is zero by (6.19), hence (6.11) holds with a(x,t) = e\/n.. O

Corollary 6.6. Let u(-) € X be not identically zero in (tg,0), for some tog > 0. If
u(t) is asymptotically Beltrami then €W, (u(-)) = ey/nu(u(-))Wi(u(:)), withe =1
ore=—1, and (6.11) holds with o = e+/n.(u(-)).
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We now turn to the statistical study of the asymptotically Beltrami flows using
the statistical solutions of the Navier—Stokes equations.

Definition 6.7. Let i be a VF measure on ¥ as in Definition 2.3. We say that the
[i is asymptotically Beltrami if almost surely every solution u(-) in ¥ is asymptotic
Beltrami; more precisely,

(6.20) a({u(-) € ¥ : u(-) is asymptotically Beltrami}) = 1.

We infer from Theorem 6.5 and Corollary 6.2 that if a Leray-Hopf solution u(-)
is asymptotically Beltrami then

EWi(u(-)) = Wi(u(-)) or €W (u(-)) = =Wi(u(-))
(this trivially holds if Wi (u(-)) = 0), or equivalently,
Ry Wi(u()) =0 or Rf Wy (u()) = 0.

Therefore, the necessary condition for ji to be asymptotically Beltrami is that

(6.21) A{u() € 2 |RY W (u()] R W (u()] = 0}) = 1,
or equivalently,
(6.22) / REWA (u())] |RY Wi (u) djiCu()) = 0.

Another alternative interpretation of (6.22) is the following. Since R} u and Ry u
are orthogonal, we have that

|RY u||Ry u| = 0 if and only if |R} u| 4+ |Ry u| — |Ryu| = 0.

Therefore, the necessary condition (6.22) for i to be asymptotically Beltrami is
equivalent to

(6.23) / [ RFWA ()] + (BT Wi ()] = Wa(u()| diu() = o.
Proposition 6.8. If i is a VF measure with initial data p satisfying

(6.24) / [|R1+u| + |Ryu| — \Rluq dp(u) > 305/ lul?dp(u),
H H
then [i is not asymptotically Beltrami.

Proof. Suppose (6.24) holds. Using (4.20) with pg = u, one can show that (6.23)
does not hold. O

Theorem 6.9. There exists a VF measure i with initial Gaussian probability mea-
sure such that i is not asymptotically Beltrams.

Proof. Let p be a Gaussian measure as in Example 5.6 and 4 be a VF measure
with initial data pu. Let o =€ > 0 for j = 1,...,2N. Let w, be the area of the
(n — 1)-dimensional unit sphere in R"™, n > 2. We have

—|2]?/(2€?) 1 00
e 2 2 r
dz = —r</(2¢%) " nfld _
/n i (2m)n/2en : (27r)"/2e"/0 " o noY V2e
wnV2e [ g2
= /0 e dy
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Condition (6.24) is now equivalent to

(625) (20[]\] _OZQN)E > 305(N62+N62+52).
Since 2an — asny > 0, condition (6.25) is satisfied with
72 = Ne? and € < (2any — azn)/(9N¢s). O

Remark 6.10. In Proposition 6.8, we can use (6.22) instead of (6.23) to replace
(6.24) with the following condition

(6.26) [ IRz ul [RTaldu(w) > 1.
H

for some r > 0, where I, is defined by (4.22) with uo = p. Also one can adjust
the construction of i in the proof of Theorem 6.9 such that p should satisfy (6.26),
hence

IR WA O BT Ws () di(ul) > 0
and [i is not asymptotically Beltrami.
7. SOME GENERIC PROPERTIES OF VF MEASURES
First we will show that

(7.1) / W () [Pdfa(u()) > 0

is a generic property for a VF measure fi. For this we will give a useful characteri-
zation of a VF measure with that property.

Let
(7.2) ¥ ={u() € ¥ : Wi(u(-)) =0}.
It is easy to see that
(7.3) Y =A{u() € Z:u(t) € My, forall t >ty =to(u(-))},

where My = {u € R : Wi(u) = 0} (see [8]). It is worth mentioning that M is a
manifold in V. For our convenience, we will also define

(7.4) Y ={u(-) e Z:ut) e My}
Then El,t C Zl,t’ for t < t’" and Y= UtEOZLt-
Proposition 7.1. Relation (7.1) holds if and only if i(3) < 1.

Proof. Suppose (7.1) does not hold. Let » > 0. According to Lemma A.2, there is
t1 = t1(r) > 0 such that u(t1) € R whenever |u(0)| < r. Then

0= Wi (u(2d (-
/{u(‘)EZ:u(0)<7,} 1(u()Fdi(u())

e Wi (u(t) Pdji(u()).

/{u<->ez:u<0)<r}
Hence Wi (u(ty)) =0 fi-a.e. on {u(-) € X : |u(0)| < r}. Thus
12> (31) = p({u() € 2 [u(0)] <7, u(ty(r)) € Mi})
Afu() € 32 [u(0)| <7, Wi(u(ta(r))) = 0})
Aa{u() € 5 [u(0)] <r}).

v o
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Letting r — oo, we obtain (X;) = 1.
We now assume that (X;) = 1. Since W1(X1) = {0}, we have Wi (u(-)) =0
fi-a.e. on X, thus (7.1) fails. O

For the initial data pg of 4t we obtain the following.
Corollary 7.2. Let
N ={up € H:Tu() € Z, u(0) =wug, and u(t) € My, t > to = to(u(:))}.
If po(N1) < 1 then (7.1) holds.
Proof. Since N1 = ProX¥1, we have
1> po(M) = A(Prg AG) > A(S4).
Hence (7.1) holds, by virtue of Proposition 7.1. O
Remark 7.3. We do not know if ug(N7) = 1 implies (X)) = 1.

Definition 7.4. Let i and i be two Borel measures on X. We define d; (fi, i) by
the total variation of the measure i — i, that is,

N
(7.5) i i) = sup { Y |in(By) — Al Ey)] .

where the supremum is taken over all Borel partitions {FE, Es,...,Enx}, N € N,
of . It is known that the space of finite Borel measures on ¥ with metric d; is
complete.

For our study, it is more suitable to let 91 be the set of all VF measures and
define the following metric for 4 and j in 9:

(7.6 i) = (1.7 + | [Pl = i),
where | — [i| is the total variation measure of the signed measure (i — ).
We have:

Proposition 7.5. The metric space (M, d) is complete.
Proof. Let (4™)$%, be a Cauchy sequence in (9, d). Then (i™)22, is a Cauchy

n=1
sequence with respect to d;. Therefore there is a Borel measure i on 3 such that
lim,, o0 d1 (4™, fi) = 0. Obviously, /i is a probability measure on X. For r > 0, let

Bx(r;0) = {u(-) € X : |u(0)] < r}.

We have the function u(-) € Bx(r;0) — Pyu(0) is continuous for » > 0, k € N.
Given € > 0, there is N > 0 such that for n’ > n > N, we have

[ PP - i) <

Bsx:(r;0)

for any » > 0 and k € N. Letting n’ — oo and then r — oo, k — 0o, we obtain
[ Ol = il < =

Thus lim,, . d(i™, i) = 0. Since [y [u(0)|*df"(u(-)) is finite for each n, it follows
that [y [u(0)[*dji(u(-)) is finite. Hence fi is a VF measure. Therefore (9,d) is
complete. ([
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In what follows, 90t is considered as a metric space with metric d. A property
P(f1) of a VF measure [i is called generic if the set of all VF measures /i enjoying
the property P(ji) contains an intersection of dense open sets in 901.

Lemma 7.6. Let fi,m € M, e € (0,1) and it = (1 — )i +em. Then i € M and

(7.7) d(f, )<2€+5{/ 1u(0)2dji(uf /|u ) [2din(u( ))}

Proof. The fact that g € 91 follows from Remark 2.5. For any Borel partition
{Ej,j=1,...,N}, some N € N, of X, we have

N N
S IAE) — Bl = Y { (B + (B} < 22,
2 2
thus yielding d; (fi, 1) < 2e. Moreover,
[ 1P =) = [ fu)Palern - il )
<5/|u 2dji(u +a/\u 2drn(u(-).
Hence (7.7) follows. O

Theorem 7.7. The set Mg of all i € M such that (7.1) holds is open and dense
in M. Subsequently, (7.1) is generic.

Proof. For the density, suppose ji € M\ My and ¢ € (0,1). Denote M =
J5 [u(0)Pdi(u(-)). Let ug € RiH \ {0} such that €ug = up and |ug| = 1. Then
S(t)ug = uo(t) = e tug, for all £ > 0. Clearly, ug € R, Wi(ug) = up and
Wi(uo(-)) = uo, by Definition 3.3. Set i = (1 — €)fr + €0yy(). Then o € M
and
WO Pdata() = (1= ) [ W) PdauC) + W (uo( )P
:0+€|u0| 7&07

hence i € Mp. By Lemma 7.6, we have d(ji, i) < e(M + 3). Therefore Mg is
dense in 9.

Now suppose & € Mg. By Proposition 7.1, we have ji(¥X1) < 1, hence § =
A(X\ 21) > 0. Assume i € M satisfies d(f, 1) < 6. We have

f(21) < f(E1) + di(f, r) < (E1) +0=1,
thus i € My thanks to Proposition 7.1 again. Thus Mg is open. O

We now study the genericity of the following property
(78) [ OV ditu) £ 0.

For that purpose, we denote by MMy the set of all i € M such that (7.8), holds.
Note that My = SDTE U My, where

(7.9) Wy = (e M [ MOV (C)datu() > 0},
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(7.10) My = (e M [ W ()datuC) <o

Theorem 7.8. The set My is open and dense in M. Subsequently, (7.8) is generic.

Proof. First, let i € M\ My and € € (0,1). Let ug(+), & and M be as in Theo-
rem 7.7. Above we proved d(fi, 1) < e(3+ M). Also

/ZH(W1(U(')))dﬁ(U(')) =(1- 5)/ZH(W1(H(')))CZ/1(U(')) + eH(Wi(uo(-)))
= &(Cug, ug) = elug|* > 0,

hence i € My . Thus My is dense in M.
Second, let ji € M}, such that

/2 HWa (u())djiu()) = 6 > 0,

Suppose 1 € M satisfies d(fi, fit) < 6. Then we have

[ o / MOV i)
/|H Wil dl = al(u() < [ u0) Pl = al(u() <

Thus [ H(Wi(u(:)))di(u(-)) > 0 or ji € M};. Therefore M}, is open. Similarly,
M, is open and hence so is My. The proof is complete. ([

We now discuss the genericity of the VF measures which are asymptotically
Beltrami (see Definition 6.7). We let

(7.11) Mp = {1 € M : i is asymptotically Beltrami}.

Proposition 7.9. M\ Mg contains an open and dense subset of M. Consequently,
the property “ii is not asymptotically Beltrami“ for a VF measure [i is generic.

Proof. Let

mB—{nezm: / R Wi (u(-))] IRIW1(U(->)Idﬂ(U('))>0}-

We know from the necessary condition (6.22) that Mg is a subset of M\ Mp.
Similar to Theorem 7.8, one can easily prove that 9 is open. It suffices to show
that 9 is dense.

Suppose 1 € M\ Np. Let m be in M having initial data pp as in Remark 6.10.
We have [5, [RfWi(u(:)| |[Ry Wi(u(-))|dim(u(-)) > 0. Given e € (0,1), let i =
(1 —€)f1+ em. Then

/ZIRYWNH(-))I |By Wi (u())|di(ul-)) =6/Z [RT W1 (u())] |Ry Wi u()ldin(u(-))
which is positive, hence i € 9. Also, it follows from Lemma 7.6 that
d(ji, ji) < £(M + 2) where M — /|u 2dji(u /|u 2drin(u(-)).

Therefore 9p is dense. The proof is complete. |
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8. A CONNECTION TO THE EMPIRICAL THEORY OF TURBULENCE

In this section, we connect our analytic study of the statistical solutions of the
Navier—Stokes equations to the empirical theory of decaying turbulence. However,
unlike the preceding sections which are based on rigorous mathematical arguments,
our following discussion involves also heuristic inferences. Here x, L, ¢, v are the
dimensional spatial variable, period, time and viscosity. To apply the results es-
tablished in the previous sections, we use the following change of scales:

x t= 1t’
/7)\15 7)\1]/ bl

where \; = (27/L)? denotes the first eigenvalue of the Stokes operator. Then z’
and t’ play the roles of corresponding adimensional variables the previous sections.

Let us recall the basic features of Kolmogorov’s empirical theory of turbulence.
In that theory, the following quantities are essential:

1 v
UQZ—/ u(x,t)|*dzs ande:—/ V x u(x, t)|?dz),
p ), s oran 1 LRI

where ( - ) denotes an “adequate” ensemble average. Note that U? is twice of
the mean energy/mas and € is the mean energy dissipation rate/mass. These two
quantities are connected by

ka ka

U? ~ S(k)dk, e~v k%S (k)dk,

ki ki
where S(k) is the energy spectrum and [k;, k4] is so called the “inertial range”
of the turbulent flows. Assume k; ~ ko = VA = 27/L, kg ~ (¢/v3)'/* and
S(k) ~ €2/3k=5/3 (based on the dimensional analysis), we obtain

k
(81) U2 ~ 62/3/ d k_5/3dk ~ 62/3]€;2/3 ~ (L6)2/3-
ki

In empirical theory of turbulence, both quantities U? and e are often considered
time-independent. However, in our study, the body force is potential hence they
decay exponentially. We propose the following seemingly suitable candidates for
these quantities based on our mathematical studies in the previous sections.

Let (u¢)i>0 be a VF statistical solution to the Navier—Stokes equations with the
VF measure 4 and T > 0. We define for ¢t > 0

1 t+T
(8.2) Uz = Aj”/QT/ / lu|?dpir (uw)dr,
t H
and
(8.3) 32l o 2dp, (u)d
: & =vA' 5 Jul|*dpr (u)dr,
t H

where we recall that |u| denotes the L%norm on Q = (—L/2,L/2)% and |ul =
|[Vu| = |V x u|. For our asymptotic study, the first component of the normalization
map is defined now by

(8.4) Wi (u(-)) = lim e"*tu(t),

t—o0
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where the limit is taken in any Sobolev norms. We also let
of =7 [ uPdpo(u) and of = X? [ (W) PdituC).

For the long time dynamics of U? and ¢;, we have the following dimensional
version of the related results in Corollary 4.4.

Proposition 8.1. We have for each T > 0 that

1— —2T

(8.5) lim 2 U2 = %a%,
1— —2T
(8.6) tlirglo ePrhite, = %a%

If (8.1) applies to U? and €; then there are absolute positive constants cx and
Ck such that

U? A/PU2
(87) CK < ¢ =1 ¢ < CK.
(L/27T)2/3€t2/3 ef/?’

By virtue of Proposition 8.1, relation (8.7) will not hold when ¢ is sufficiently
large and a? > 0. (The case a? > 0 is, in fact, generic according to our study in
Section 7.) We will estimate the time interval when (8.7) may still be valid, hence
the universal features of the turbulent flows may only be observed on that interval
of time. Furthermore, we find rigorous lower and upper bounds for the quotient
)\1/3U2 2/3

1 Yi/& -
To start, we restate the inequalities in Remark 4.5 in their dimensional forms.

Lemma 8.2. We have for T >0 and t > 0 that

(88) e—2uA1(t+T)a% < Ut2 < 6_2V>\1t0[(2)7
2 et o, 2N T, 2
(8.9) vMUf <e < 5T (af —e " ag).

Proposition 8.3. Let Q = af/a3. We have fort > 0 that

IN

2w Te~2vMT }2/3 { e~ Aitq2 }1/3

)\1/3Ut2< e—2u/\1ta3 1/3
s QA o < ,

2/3 2
et/ )\11/

or, equivalently,

2 T 2/3 —2uAqt 2 1/3
s11) {__2MT £ 9
Q—Te2vnT 1 12

Proof. For the upper bound of Ai/SUf/e?/g, we have from Lemma 8.2

IN

1/3
)‘1/3[],52 B {6—21/)\11,‘&(2)} /
7 R v

)\i/BUtQ _ )\1/3Ut2 Ut2/3 {6721/)\1150[8}1/3

63/3 (MU )\}/31/2/3 N )\}/gﬂ/?’




34 Ciprian Foias, Luan Hoang and Basil Nicolaenko

For the lower bound:

1/3 1/3 _
)\1/ U1£2 )\1/ e 21/)\1(t+T)Qa%
2/3 = 2/3
€ 6—21/A1t 2 —ouM T A2
t { oT (040 —e al)

B Q { 6—2V)\1tag }1/3 {21/)\1T6—2V>\1T }2/3

A1V2 1— 6—21/A1TQ

Hence we obtain (8.10). The estimates in (8.11) follow immediately. O

Corollary 8.4. The relation (8.1) may only be valid on the time interval [tk , Tk]
where

1 a? Q—le2y)\1T 1
8.12 tg = 1 1l _3logCx —2log *————
( ) K 21/)\1 ( 08 )\11/2 08K 08 21/)\1T ’

(813) T = — (1 % g
. K_Ql/)\l og)\ly2 ogck | -

Proof. For ¢t > 0 such that (8.1) holds, it follows from (8.8) that

)‘i/gUtQ {672uklta(2)}1/3

CK > =
2/3 1/3 2
Gt/ Al/ 14 /3

)

thus yielding ¢t < Tk. Similarly, using (8.9), we have

2/3 —oy 1/3
{ 2wMT }/ {e Mta%} “cn.

Q—leZD)\lT -1 >\1V2

hence we obtain ¢ > tg. O

Example 8.5. Let L = 27 (A = 1), v = 1 and /i be the VF measure in Corol-
lary 5.4. We have (47)~! < @ < 1. Tt follows from Proposition 8.3 that

1\ /3 oT 2/3 A3 2

47 4re?T — 1 EB
t
for all ¢ > 0. Also, by Corollary 8.4, we derive
1 2
Tk = 5{1055(040) —3logekt,
1 a? 4re?T —1
tx > = <log -2 — 31 —2log ———— .
K2{0g47r 3log Ck 8 57 }

Now, if we let M > 0, 0 € (0,1) and i be a VF measure satisfying (5.23) and
(5.24), then o > M and § < Q <1 and tx in (8.12) can be bounded below by

1

tKZ2

9—1 27T 1
<1ogM—3logCK —210ge) .

2T
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APPENDIX A

In this paper we need several well-known estimates for the non-linear term
B(u,w) in the Navier—Stokes equations (2.6). For the convenience of the reader, we
list them below. There are positive constants c;, j = 1,2,...,5, such that

(A1) [(B(u,v),w)| < exmin{|ulY2 a2 [o] wll, [ullolllw]*?|lw]*/?,

lallell o202},

(A2)  [(B(u,v),w)| < czmin{|ul||o]|"?|Av|*2|lwl], [ull[o]*/* Ao/ w],

Jul w2 [ Aw[ V2 o], flul [[w] /] Aw] /2 ]0], },

(A3)  [(B(u,v),w)| < e3min{|ul[Av]jw]V/2 w2, ful|Aw]|o[*/2]o]*/?,
[l Awl[ul /2 ul|*2, o]l Awlul*/2|[ul|*/?},

(Ad)  [(B(u,0),w)| < cqminf]|ull /[ Aul* o]l |w], ulo]|[lw]|"/?|Aw]*/2,
a2 Al 2w o], ful[lw][Jo]] /2] Av]*/2},

(A5)  [(B(u,v),w)| < 5 min{|ul|AY20]'/2| A% 202 ),
Jul | A 2|2 A% 20| o]}

The numbering of the constants is done in order to indicate the estimate in which
the constant c; appears. Thus

(A-6) |B(u,v)| < minfea|full|Jo]]'/2[Av]'/, eallul/2|Av|'/|v],
s ul| Av| /2| A% 0]}

Let u(-) be a Leray-Hopf solution on [0, 00) and G = G(u(-)) be defined by (2.17).
It is known that for tg € G, we have

(A7) lu(t)| < e”Et|u(ty)], t > to.
In particular, 0 € G and

(A8) [u(t)] < e~ [u(0)], > 0.
Fort' >t >0, let ty € [t,t') NG, then by (2.18)

2/ lus)llds < Ju(to)® < e~ [u(0)[*.

to

Letting ty — t, we obtain

t —2t
(A.9) /HM@W@§62W®W,ﬂ>t2&
t

Lemma A.1. There is g9 > 0 such that if ||ug|| < €0 then ug € R and
(A.10) llu()]| < 2e “lugll, t>0.
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Proof. Though this is a consequence of the convergence of the asymptotic expansion
of the regular solution when the initial data is small (cf. [6]), we present below an
elementary proof to make our paper self-contained. The calculations are formal but
can be made rigorous using the Galerkin approximations.

Let Cy = min{ca, c4}. It follows from (2.6) and (A.6) that

1d

2dt

Let C; = 1/(2Cyv/2) and |lug| < Ci. By the standard small initial data argu-
ment, we have ugp € R and ||u(t)|| < e"*/?||ugl||. Now, using interpolating inequality
|lull* < |u||Aul, we obtain

1
ull? + | Auf* < [(B(u, u), Au)| < ColAul*?|[u]** < 5| Auf* + 2C]|ul|®.

1d
galluw + | Aul® < Co|Auf*”|[u]|32 < Col Auf*ul'/?|[u]| /2,
hence 14
§%||u||2 + (1= Colul/?||ul|"/?)| Aul? < 0.

Using |u| < ||u|| < |Au| and ||u(?)|| < ||Juo|| < C4, we derive
||u(t)H2 < 672 fot(176‘0|u(fr)|1/2||u(7—)”1/2)d7-”uO”Q < 62C0 fnoo Hu(7-)||2d7—e—2tHu0H2
< €200 5T a2ty 2 < Aol 2.

Thus (A.10) holds for

log 2
(A.11) 50min{01,;a} > 0.
O

We give an estimate of ¢y for which u(tg) € R in terms of |ug| and e¢ defined in
(A.11).

Lemma A.2. Let u(-) € X, then there is to € [0,logt(|u(0)|/0) + 1) such that
u(to) € R and

(A.12) llu()]| < 2elu(0)|e”, t>t.
(Above log™ a = log(max{1,a}), for a € R.)
Proof. Let up = u(0). Take t, = log™ (Jug|/0). By (A.9),

U0|2.

tot1
(A.13) 2/ u(s)||?ds < et
t

This implies that the Lebesgue measure of {s : ||u(s)||* < e2!*|ug|?} is greater or
equal to 1/2. Hence there is tg € (t«,t. + 1) such that [|u(to)| < e ™ |ug| < eo.
Applying Lemma A.1 to u(ty) gives

()| < 2610 ||lu(to)|| < 2etet e lug| = 26 Hug|, ¢ > to,
thus proving (A.12). O

Concerning the perturbation problem for the Navier—Stokes equations when the
initial data ug is in a neighborhood of a fixed uf; € R, we have the following result
which is similar to but much simpler than that in [21]. For our purpose, we focus
on the case uf belonging to the set By consisting of u € Ry H \ {0} such that
B(u,u) =0.
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Lemma A.3. Let uf € By, there is € = e(|uf|) such that if ||vg]| < € then ug =
uy +vo € R and
(A.14) |S(t)ug — e~ tug| < |vole™le=t, > 0.

Proof. Let u*(t) = S(t)ufy = e tug and v(t) = S(t)ug — u*(t). The equation for
v(t) is

d
(A.15) d—:+Av+B(v,v)+B(u*,v)+B(v,u*) = 0.
Using (A.6) and the fact that «* € Ry H, we have
ld\v\Q

S L+ ol < [(B(o,u), )] < esfoPu’] < cafoPlugle.

Hence
[u(t)]? < Juo|2e 2 e2eslus o €T < | 2e2enlusl =2t
thus yielding (A.14). We also have
1 d|jv]®

5= A < Col Ao 0P + cal Avl ol ju*| + e Avl o] [u|

< Col A2 [[0]]*2 + ea Av* 2 [o] /2 u*| + e5| Av|[o][u”]

1 * *
< SlAvl + Collvll® + Csfo|u” (1 + [u™[?)

IN

1 .
5 1AV + Calvl|® + Csfuo e ug > (1 + Jug|)e ™",

where Co, Cs > 0. Take € > 0 satisfying

« 1
(A.16) Caet + Cae2e?esluol |y 12(1 + uf)?) < T
The argument becomes standard now and we omit the details. (|
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