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Testing the Equality of Two Related Intraclass
Reliability Coefficients
Yousef M. Alsawaimeh, Yarmouk University

Leonard S. Feldt, University of lowa

An approximate statistical test of the equality of two
intraclass reliability coefficients based on the same
sample of people is derived. Such a test is needed when a
researcher wishes to compare the reliability of two mea-
surement procedures and both procedures can be applied
to the performances or products of the same group of
individuals. A numerical example is presented. Monte

carlo studies indicate that the proposed test effectively
controls Type I error with as few as two or three mea-
surements on each of 50 people. Index terms: equality
of related intraclass reliability coefficients, intraclass
reliability, sampling theory, Speannan-Brown extrapola-
tion, statistical test.

In many educational and psychological settings the reliability of a measurement procedure may be inves-
tigated with multiple raters, but the operational use of the procedure may be restricted to a single rater. For
example, the reliability of a behavior rating scale for children may be studied with two, three, or four raters,
but ongoing applications of the instrument may be limited to scores from a single rater. The reliability coef-
ficient applicable to the single-rater situation is extrapolated from multiple-rater data and is referred to as the
intraclass coefficient. It is easily obtained using analysis of variance our methods and
has many applications in the behavioral sciences (Bartko, 1966; Baumgartner & Jackson, 1987; Brennan,
1983; Ebel, 19519 Feldt, 1990; Lindquist, 1953, chap. 16; Shrout & Fleiss, 1979).

The need to compare two intraclass coefficients is encountered in a variety of contexts. For example, an
experimenter may wish to compare the reliability of two evaluation approaches-analytical versus holistic-in
the assessment of the quality of essays or performances. In the analytical approach, k, raters may be used, and
in the holistic k2 raters may be used. For an equitable comparison between methods, the number of
raters must be equal because reliability is a function of the number of measures or ratings obtained on each
person. But the experimental circumstances may not permit an equal number of raters to be used. In this case,
a valid comparison requires consideration of the intraclass or single-rater (judge, observer, or scorer) reliabilities
for the two approaches.

In some settings, it is necessary or advisable for experimental reasons to investigate the reliabilities with
entirely independent groups of raters and people. In others, however, several procedures can be applied using
the same sample of raters and people. In some applications, not only the same people but even the same
sample of performances or products may be evaluated by the two measurement procedures. For example, a
sample of videotaped performances or written compositions could be scored by one panel of raters using
analytical techniques and by a second set of raters using the holistic approach. When the same sample of
people and/or the same raters are used, the two intraclass estimates are statistically dependent or related.
Rigorous comparisons require a statistical test that recognizes that the intraclass estimates, 1B and p2, are
dependent in the statistical sense.

If the same number of raters is used in the two measurement procedures, their reliabilities may be com-
pared statistically using procedures that have been developed for coefficient alpha (Feldt, 1969,1980). In this
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special case, rejection of the equality of alpha coefficients is equivalent to rejection of the hypothesis of
equality of the intraclass coefficients. However, when the number of raters, k, and k29 differs, no exact test of
Pt= p, is possible (Bross, 1959). Alsavvalmeh & Feldt (1992) derived an approximate F test for independent
values of 0, and 0,. Their approach controlled Type I error quite precisely even in the limiting case of small
numbers of raters or ratings. ~&reg;~~~~~r~ when the estimates are computed from the sample of people or
raters, the Alsawalmeh/Feldt procedure cannot be used validly. The assumptions of independence on which
this test is based render it inappropriate for dependent coefficients. The purpose of this paper is to derive an
approximate statistical test of the equality of two dependent coefficients and to report the results of sampling
studies that investigated the test’s control of Type I error rates.

The Independent Groups Yest

The sampling theory for the test based on independent groups draws on the ANOVA approach to reliabil-
ity estimation, Under this approach, the intraclass reliability coefficient is viewed as a reverse Spearman-
Brown extrapolation from the reliability of k measurements or coefficient alpha (a) to the reliability of a
single measurement (0). The relationship between (X and the intraclass coefficient is

where MS 
~~p is the mean square for the measures x persons interaction, and MS is the mean square for persons

in a two-factor random ANOVA model. In this model, a single score is represented as

where i = 1, ..., N indexes persons and h = 1, ..., k indexes ratings. The parameter ~L is the expected value of
the mean of all kN measures. The person effect, ~t , is a random variable equal to the expected value of
(~ &horbar; }l) over an infinite number of measures on person L The measure effect or relative difficulty of the hth
measure, p~, 9 is the expected value of(X.~ -jn,) over an infinite number of people. The quantity ei, is random
error of measurement, that is, the interaction effect of measure, h with person i plus random error from all
other sources. The quantities Ti, 9 ~h, and eih are assumed to be pairwise independent, normally distributed,
and homogeneous in variance.

Alsawalmeh & Feldt (1992) showed that if the components of the k ratings on each of Npeople satisfy the
above assumptions, the quantity 1 - p is distributed approximately as (1 - P~~~-,ok-,~&dquo; . In this expression,
F,,* denotes a random variable equal to the ratio of two nonindependent X variables, each divided by its
degrees of freedom (dj). v is the effective df associated with the synthetic mean square (Satterthwaite, 1941)
that approximates the distribution of the denominator of the last term on the right side of Equation 1.

Building on this theory, Alsawalmeh & Feldt (1992) noted that when the null hypothesis H,: p, = P2
is true, the statistic

is distributed approximately as the ratio l~* I~zmu29 that is, as the ratio of two independent F* variables. In
the case of independent intraclass coefficients,
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Alsawalmch & Feldt (1992) further showed that the distribution of the ratio of two such variables is ap-
proximately that of a central F with d, and d, df These ~~‘~a~re determined in such a way that F,.,,, has the
same expected value and variance as the test statistic 7&dquo; when PL is true. This laid the foundation for using
Fas the test statistic for ~&reg; e p9 = p2. If7’is too or too small to be accepted as a randomly drawn central
F with d, aid d2 df, then the null hypothesis is false.

An Approximate of H~p~ = p~ ~~~~ Related Samples
When the sample of people and possibly the raters are used to estimate p, and p~ , the above

theory breaks down. An approximate test that may be used to test the hypothesis PI = P2 with related

samples is developed below. It is, in effect, a test of the equality of two extrapolated a coefficients. The
extrapolations are required to adjust for the unequal length of the instruments that were used in the reliabil-
ity study. In the case of ratings, unequal length takes the form of unequal numbers of raters. However, the
statistical test is applicable to a wider range of reliability studies. It may be used whenever the reliabilities
of two competing measurement procedures, arbitrarily designated 1 and 2, are to be compared and the data
are obtained on the same sample of people. It also may be used when the instruments under study are found
to require unequal testing time but the researcher cannot equalize testing time experimentally.

For person i, let X~, )~21 ..., 9 X;k 9 r~pr~s~nt kl observable continuous assessments of a particular trait, as
derived fr&reg;rr~ b~~l raters or, more generally, using Procedure 1 Analogously, let ~19 Y,,, . o a Y , d~r~~ate k2 con-
tinuous scores on person of the same trait arising from k2 raters or from Procedure 2. MeasuresX,, and Y,, are
correlated, over the population of persons, to the extent permitted by their errors of measurement. However,
the units of measurement of Xh and Y,, are not directly comparable because the X and Y distributions have
different means and variances. Person i is selected randomly from a large population of persons. The k,
measures of X are presumed to be selected randomly from the population of scores for person ~4 and the k2
measures of Y are analogously randomly selected for this person. Each score is assumed to conform to the
constraints of the two-factor random ANOVA model. In addition, the measurement errors within and across

procedures are assumed to be independent. The equality of the intraclass reliabilities for the two measurement
procedures is to be tested.

Let 8j and 6~ denote the unbiased estimates of the variances over persons of total scores X and Y
resulting from Procedures 1 and 2. Let C7, ~ and g e2 represent the variances of measurement errors for single
scores within persons for these procedures. The following expectations, symbolized by E, hold (Feldt,
1980; Lindquist, 1953, p. 360):

In these ~xp~~tati&reg;~s ~~~p is the mean square for persons and ~MS~p is the mean square for the

measures X persons interaction derived from a persons x measures ANOVA with one observation per cell
for measurement procedure j( j - 1, 2)e Because the measurement procedures include k~ and kz measures,
respectively, and because the errors are independent, the error variances for the total scores on X and Yare

( k~ ) ~e2 , a~d ( k2 ) ~e2 e
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Now consider the test statistic used by Alsawalmeh & Feldt (1992) for independent groups:

Given the expected values of imsp and ims..p defined above, the expected value of ~sP + (kj -1)(;~Smxp) is:

The quantity + 0; equals the variance of a single observed score under procedwe j, which is symbolized by
ai. Thus, the expected value of the linear combination of mean squares ~q~ls k~~~ . Dividing both the numera-
tor and denominator of each ratio of Equation 10 by their expected values and multiplying by these expected
values to preserve the equality gives

The intraclass reliability for procedure is

J &reg; ~~2 &reg; ~2 ~/ ~2 . (13)

The distribution of imsp + (kj - 1)(jms..P) is approximated by the synthetic mean square approach of Sat-
terthwaite (1941). Under this approach, the distribution of a linear combination of mean squares is ap-
proximated by a single weighted X2 variable divided by its s~f The dfand the weight are determined so that
the weighted X’ variable has the same mean and variance as the linear combination of mean squares. In the
present application,

This leads to the following approximation of the T distribution:

The effective df Vj is approximately equal to

The first factor on the right side of Equation 15 may be recognized as the ratio of two independent X2
variables divided by their df By the assumed independence of errors, this ratio is distributed as a central F
with c, = (N- 1 )( kl - 1 ) and C2 = (N- 1 )( k2 - 1 ) di With even moderate numbers of measures (raters)
and a reasonably large sample size, these df will be quite large (1,000 or more). For all practical purposes,
this F distribution may be considered to be almost totally concentrated at the point ~’ = 1.&reg; (Hogg & Craig,
1978, pp. 196-198). Hence, this factor has negligible influence on the distribution of T.
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In this expression, ~‘ is the ratio of two related variance estimates, each with an expected value of 1.0.
One approximation to the distribution &reg;f~’~ draws on the Bose (1935) demonstration that the general form
of the distribution is that of a central F with modified df This result is the starting point for a better and
more accurate approximation to the distribution of ?&horbar;one that is not limited to (kj )(7V) > 1,000. The new

approximation is represented by that central F for which, under H~, E(F) == E(T) and Var(F) == Var(7).
Under Ho, T is distributed as the ratio F*,, f ~~vZ. This ratio, denoted F/~ for simplicity, involves relatedcl, B)¡ C2, 1)2

~’* variables. The covariance of these two variables, C&reg;v( ~’ , F;.), can be approximated the A method
described by Kendall & Stuart (1977, pp. 246-262). It is equivalent to the covariance between the two
synthetic mean squares involved in Equation 12. That is,

The covariance of one sum with another equals the sum of the covariances of all pairs of separate terms.
Consistent with the assumption of independence of measurement errors, the independence of Msp from

j R4s~~~ , 9 2msp from I MSrnxp’ and I MSmxp from ~MS~p is assumed. Therefore, Cov(F, , F2 ) can be evaluated by
approximating Cov(lmsp, 2msp) or

Because 

’

where X = Xl + X, + ... + Xk and Y = Y + Yz + ... + Y~ it is possible to approximate ~&reg;~r(llvtsP9 msp) from a
relationship cited by Kendall & Stuart (1977, pp. 331-332):

Accordingly, 
~ , ,/ , ~ ,I I I 1 B/ n -2 B

where al2 is the covariance between one measure obtained under Procedure 1 and another measure ob-

tained under Procedure 2. Therefore, the covariance is:
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where p12 is the correlation between two individual measures, ~h and Yh, from Procedures 1 and 2.
’ 

Now the mean and variance of T must be obtained. The exact mean and variance of T are unknown
under H~ but estimates of these moments are sufficient to identify the desired distribution. The estimates
of these moments also may be obtained using the A method. Using this method, the mean (M) and sam-
pling variance (Var) of ~’ are given by the following two formulas:

(Als~w~lmeh ~ Feldt, 1992, p. 199). Substitution of these quantities and the covariance quantity indicated
in Equation 25 into Equations 26 and 27 yields estimates of the mean and variance of T.

Given the values of M and Var, the df for the numerator (d1) and denominator (d2) of the desired F
distribution are

If an observed T is too large or too small to be accepted as a value drawn at random from the F distribution
with dl and d2 clf the conclusion at the designated significance level is that p, # p, - 0

In practice, the parameters R, P2, and P12 are unknown and are estimated from sample statistics. This adds
to the approximate character of the distribution of T and makes empirical validation of the statistical test
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necessary.
A numerical illustration of the steps involved in identifying the df’for the appropriate F distribution is as

follows. Suppose that IV = 101, PI = 3, kI = 5, ~, &reg; .4, k2 = 7, and p12 = .2. For these data, the following are
obtained:

1. T = ( 1 - .30)/( 1 - .40) = 1.179 cl = 400, and c2 = 600 (Equations 3-5).
2. From Equation 16, 1), = 368 and t)2 = 357.
3. From Equations 25 and 2~-31, Cov(F,,F2) =.0008, E(F,) = 1.0027, E(F2) = 1.00392, Var(F¡)=.00504,

and Var(F;)= .00569.
4. From Equations 26 and 27, M = 1.00363 and Var = .00905.
5. Finally, from Equations 32 and 33, d2 = 553 and dl= 376. ~(~ 553 > 1.17) = .0471 and H, is rejected

at the 5% level.

Computer Simulation of the Approximate Test

The technique developed by Odell & Feiveson (1966) was used to generate 4,000 joint sample covariance
matrices for two hypothetical measurement procedures, one with kl measurements and the other with k2
measurements. Three levels of intraclass reliability were simulated: .5, .4, and .3. Within each of these levels,
monte carlo experiments were generated for two values of l~ (100 or 200), two combinations of kl (5 or 7)
and k2 (5 or 10), and two levels of p12 (.2 and .4 with p = .5; .2 and .3 with p = .4; .1 and .2 with p = .3).
Thus, under each level of intraclass reliability there were eight combinations of IV, kj, and P12’

For each configuration of parameter values, each of the 4,000 replications began with the generation of
a (k,+ k2 ) x (k¡ + k2 ) joint sample covariance matrix. This matrix was used to compute p, and p2, and the
test statistic T was obtained. The empirical distribution of T then was compared to the approximate theo-
retical model (F ,dz ) described above. The proportions of rejections of Ho that occurred at the 10%, 5%,
and 1% levels were obtained.

The results for the three levels of intraclass reliability are summarized in Table 1. Inspection of these
data indicates that the proposed test statistic T’ provides accurate control of Type I error rates at the three
significance levels. The average of the 24 empirical error rates was 10.2% at the 10% level, 5.2% at the 5%
level, and 1.1 °/&reg; at the 1 °/&reg; level.

Additional analyses were carried out to investigate how the test would perform in situations with small
numbers of simulated measurements. In these analyses, one level of irttraclass reliability was simulated (.4) with
kI = 2 and kz = 3. These values were paired with four values of IV (50, 100, 200, 400) and two values of P12 (.2,
.3). The results of these analyses suggest that the test statistic T’provides accurate control of Type I error rates

Table 1

Empirical Estimates of Type I Error Rates Under a True Null Hypothesis With R = P2 = .30, .40, or .50
for Nominal Significance Levels of .10, .05, and .O l (the Standard Errors Associated With These

Nominal Significance Levels Were .0047, .0034, and .0016, Respectively)
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even with kIV as small as 100. The averages of the eight empirical estimates of Type I error rates were 10.3% at
the 10°/&reg; level, ~.1 1% at the 5% level, and 1.2°/&reg; at the 1 °/&reg; level. Thus, the T° statisti~ appeared to perform satisfac-
torily in testing the equality of two dependent intraclass reliability coefficients computed from as few as two or
three normally distributed scores.

In the theoretical development of the proposed test it was necessary to assume that errors of measurement
were independent across procedures. This assumption seems more likely to be satisfied if independent samples
of raters and independent samples of behavior are used under the several procedures. If rater h reacts negatively
to some aspect of the performances of person i, this reaction will probably be reflected under both measurement
procedures. Similarly, if person i performed poorly on occasion h, both X, and Y,, would fall below the person’s
respective true scores for the two procedures. The net effect of such carryover from one procedure to the other
would be to induce a correlation between errors, violating the assumed independence.

The assumption of normality also cannot be ignored in the proposed test. Several investigators have observed
that for test scores with reliabilities above .75, population distributions tend to deviate from normality in the
direction ofplatykurtosis (Brandenburg & Forsyth, 1974; Cook, 1959; Lord, 1955). Feldt (1969) found that
platykurtosis tended to lower the probability of Type I error in the test of the hypothesis that a 1= a 2 . It seems
likely that this same tendency will hold for the present test of p, = P2’ but this expectation must be confirmed
through her studies based on actual measurement data.
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