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Expected a posteriori (EAP) estimation of ability,
based on numerical evaluation of the mean and
variance of the posterior distribution, is shown to
have unusually good properties for computerized
adaptive testing. The calculations are not complex,
precede noniteratively by simple summation of log
likelihoods as items are added, and require only
values of the response function obtainable from

precalculated tables at a limited number of quadra-

ture points. Simulation studies are reported show-
ing the near equivalence of the posterior standard
deviation and the standard error of measurement.
When the adaptive testings terminate at a fixed
posterior standard deviation criterion of .90 or bet-
ter, the regression of the EAP estimator on true
ability is virtually linear with slope equal to the reli-
ability, and the measurement error homogeneous,
in the range &plusmn; 2.5 standard deviations.

With the increasing availability of inexpensive ~i~~&reg;~&reg;mp~t~~°s9 adaptive testing of cognitive abil-
ities is fast becoming a practical reality. Many, perhaps most, applications of mental testing will soon
benefit from the flexibility and efficiency of computerized adaptive testing. The requisite statistical
theory, including realistic item response models (Samejima, 1981) and rigorous methods of item pa-
rameter estimation (Bock & Aitkin, 1981; Reiser, 1982; Thissen, 1982), is now available. Production
computer programs based on these principles are ncarmg completion (~isle~y ~ Bock, 1982; This-
sen, in press).

Adaptive testing depends fundamentally upon item-invariant methods of estimating a person’s
ability. For items to be chosen sequentially to maximize information gain during an adaptive testing
session, it must be possible to obtain comparable estimates of ability from responses to arbitrary sets
of items. Several item response theory (IRT) estimation techniques with this property have been pro-
posed.

Birnbaum (1958) was the first to show that maximum likelihood estimates of a person’s ability
can be obtained from an arbitrary set of items for which continuous response functions with respect
to a common dimension can be specified (Birnbaum, 1968). He presented the likelihood equations for
the two- and three-parameter logistic models for response probabilities as a function of latent ability
and known item parameters. He also introduced the concept of the item and test information func-
tions that make it apparent how to choose items to maximize the precision of estimation at any given
level of ability.
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Later, Samejima (1969) extended these results to more general IRT models and proposed the
Bayes modal estimators (maximizing the posterior density of ability, given the examinee’s item respon-
ses) as an alternative to the maximum likelihood estimator. She did not consider the possibility of us-
ing the mean of the posterior distribution (i.e., the Bayes estimator) as the estimate of ability, because
at the time it was not clear how the necessary expected values could be obtained.

Recently, h~~e~~~r9 Bock and Aitken (1981) have called attention to quadrature formulas that en-
able efficient numerical calculation of the mean and variance of the posterior distribution. They have
proposed the practical use of these formulas for test scoring, introducing the terms MAP (maximum a
posteriori) and EAP (estimated a posteriori) estimators to distinguish, respectively, the Bayes modal
and the Bayes estimator. Unlike the Bayes procedure proposed by Owen (1969), their method does
not update the ability estimate after each item response on the patently false assumption that the pos-
tterior distribution is normal. Their method is also invariant with respect to the order in which the
items enter the calculations, a property not shared by Owen’s procedure.

The purpose of the present article is to point out the many advantages of the EAP estimators in
computerized adaptive testing where efficiency of computation is at a premium. The EAP estimates
computed by quadrature requires significantly fewer operations than the MAP or the maximum like-
lihood (ML) estimate. The log likelihoods employed in these calculations accumulate as simple
sums, as successive items are presented. Moreover, the response probabilities at the assigned quadra-
ture points can be evaluated beforehand and can be stored with the respective item in the item pool.
Calculation of the EAP estimates, and the variance of the posterior distribution that serves as its error
variance, are thus simple sums of products of fixed quantities. The only additional operation required
is an exponentiation to convert the accumulated log likelihood to a likelihood. Because values of the
response function are required only at a small number of specified points, a mathematical expression
for the function is not required. A graph, fitted in any way to empirical response proportions, could
provide these values.

When the response function is complex, as in multiple category scoring (Bock, 1972; ~~.~~~ir~~,
1969, 1981), the EAP estimator has the advantage of not requiring calculation of the first derivative
with respect to the ability variable. Apart from the need for response probabilities for each distinct
category to be precalculated at each quadrature point and stored with the respective item in the item
pool, the calculations are the same as for binary scored items.

Among the multiple category models especially promising for adaptive testing, where it is per-
haps preferable to require the examinee to respond to every item presented, is Samejima’s (1981)
modification of Bock’s (1972) nominal categories model to allow for effects of guessing. Her model is
able to represent the nonmonotonic trace lines that are often seen when the items are extremely diffi-
cult and omitting is not permitted (see, for example, the empirical trace lines reported by Bock &
~isl~~ry9 1981). Thissen’s (in press) further modification of this model also provides for the possibility
that certain of the alternative positions (perhaps depending upon the arrangement of response keys
on the console) are more attractive of guesses than others. This model and its derivatives are suffi-
ciently complex that their real-time calculation required in ML and MAP estimation of ability would
tax most microcomputers. EAP estimation with this model, on the other hand, would be only neg-
ligibly more difficult than with binary models.

~~~~.tn~~~~ ~~~

The computational simplicity of Bock and Aitkin’s (1981) method of computing the EAP estimate
and the posterior standard deviation is apparent from their formulas: Let
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be the binary score for item j, and let

be the probability that x = 1 at the point 0 on the ability continuum. Then the likelihood of 0, given
the response ~6,u.~%.~~AP ~dLlg da.29 mom~ its

At the Jrh trial in an adaptive test, the provisional EAP estimate of the ability of person i, 9j, given
the item responses, is approximated by

and the posterior standard deviation (PSD) is approximated by

In Equations 4 and 5, X, is one of q quadrature points, and W(X,) is a weight associated with that
point. The weights are normed so that

In the context of EAP estimation, the weights are the probabilities at the corresponding points of
a discrete prior distribution. In certain cases, for example when a normal prior distribution is as-

sumed, the points and weights can be chosen to improve the accuracy of the numerical approximation
of the integral. The Gauss-Hermite points and weights give the exact value of the integral of any func-
tion, weighted by the Gaussian error function, that can be expressed as a polynomial of degree q
(Stroud & Sechrest, 1966). Unfortunately, this class does not include the likelihood functions in adap-
tive testing, so the Gauss-Hermite quadrature has less advantage in the present application. For the
purposes of this article, evenly spaced points in the range ± 3 standard deviations will be employed in
the quadratures and the weights will be set equal to the prior discrete probability at these points.
Sheppard’s correction will be used in calculating the posterior variance to allow for the effects of dis-
cretizing the posterior distribution. In application to real populations, perhaps 80 quadrature points
between ~- 4 standard deviations should be available to insure precision down to PSD = .2. In any
given quadrature only about 10 of these points need to be used.

A ~~~~~t~~ Adaptive Testing Session

To illustrate EAP estimation of ability in adaptive testing, 20 responses of an examinee with abil-
ity - 0.5 were simulated to items with operating characteristics similar to those of the Word Knowl-
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edge Test in the Arnied Services ~&reg;~~t~&reg;~~~1 Aptitude Battery (ASVAB), Version 8a. Random binary
responses of the examinee were generated assuming a three-parameter logistic model. The item pa-
rameters for the assumed pool of items are given in Bock and Mislevy (1981). The prior distribution
was assumed to be standard normal.

The record of this simulated adaptive testing is shown in Table 1. The prior probabilities (i.e.,
normalized densities), likelihoods, and posterior probabilities for Items 1, 2, 4, 8, 16, and 20 are also
shown in Figure 1. The normalized densities at the 21 equally spaced points have been connected in
Figure 1 by smooth curves for illustrative purposes. These curves show clearly the progressive domi-
nation of the prior by the data. After 20 items the measurement error (PSD) has been reduced to
about .25, the likelihood and posterior density are almost indistinguishable, and the mean and mode
of the posterior distribution are almost identical with the ability level at the maximum of the likeli-
hood.

Table 1

Results of a Simulated Adaptive Testing Using
Items From the ASVAB Word Knowledge Test

with Generating Ability &reg; &reg;C~&reg;5 and Prior Distribution N(0, 1)

of the Estimate

In EAP estimation a measure of the precision of the estimated score is given by the PSD. As the
number of items increase, the posterior distribution approaches normality, and its mean and variance
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characterize almost completely the range of true values of ability that is consistent with the observed
responses. Thus, the PSD of the posterior plays the same role as the asymptotic standard error (SE)
of the ML estimator. The near identity of the likelihood function and posterior destribution after 20
items, shown in Figure 1, illustrates the virtual interchangeability of posterior standard deviations
and standard errors in adaptive testing when the number of items reaches 20 and above.

It is assumed in these calculations that ability is distributed 7V(0, 1) in the population. In this case,
the intraclass correlation

is the reliability coefficient for the EAP estimate. In particular, the reliability of the estimated ability
after the 20th item in the adaptive test recorded in Table I is 1 - (0.25)2 = ~9375.

If the adaptive item presentations are continued until a specified PSD is attained, the reliability
of the ability estimates is the same for all persons tested for which a sufficient number of items has
been administered. Uniform measurement error is an attractive property from many points of ~ie~ae i
f e It satisfies the assumption in classical true score theory of a constant measurement error variance

independent of the level of ability.
2. If the estimated abilities are treated as data, it avoids the difficulties for standard statistical pro-

cedures that nonhomogeneous error variances present (see Bock & Thrash, 1977, for an example
of the complexities of adapting a standard procedure to ~f, estimates of ability).

3. If the estimates are used for selection and classification of personnel at numerous levels of ability,
it insures that the errors of misclassification will be uniform for all decisions.

This type of equitability of selection and classification procedures cannot be achieved by conventional
fixed-length tests.

of a Large ~1 ~~ of
~~~~~~~ Adaptive Testing Sessions

In practice, perfect equity will not strictly obtain in adaptive testing if the session has to be termi-
nated before the variance criterion is reached, either because suitable items in the pool are exhausted
or because the available testing time is exceeded. To have some idea of the practicality of testing to a
specified level of reliability, 500 adaptive testing sessions for both the two- and three-parameter logis-
tic models were simulated at each of three variance limits. The slope parameter of the three-param-
eter logistic model was assumed equal to 1 and the random guessing parameter equal to .2. The

threshold parameter (difficulty) was set equal to the value that is maximally informative at the provi-
sional estimate of ability after each response of the examinee. ~irrgb~~rn9s (1968) formula (p. 463) was
used for this purpose. The starting value for the ability estimate was 0 in all cases, The assumed pa-
rameter values are in a realistic range for typical educational and vocational tests.

Table 2 shows the average number of items required to reach the error criterion PSD less than or
equal to .4, .3, and .2 under the two models. It is apparent that with items of the assumed discriminat-
ing power, a PSD of .3, corresponding to a reliability of about .9, can be obtained with a reasonable
number of items. On the other hand, a PSD of .2, corresponding to a reliability of about .95, require
rather large numbers of items, especially when effects of guessing add noise to the data.

Even with a PSD criterion of .3, however, unfavorable cases will occur in which the number of
items required to reach this value may be excessive. Table 3 shows the distribution of numbers of
items required for this PSD when the guessing model is assumed. About half the cases in 500 required
24 or less items, 95% reached criterion in 30 or less items, but 100% success was attained only by test-
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Table 2

Average Number of Items Required to
Test Adaptively to Various PSD 3n

Simulated ASVAB Word Knowledge Test Using
Two- and Three-Parameter Logistic Models

ing with up to 38 items. Although this would not be an excessive number in applications where the ex-
aminees are free to proceed at their own pace, it might be considered excessive if time on the testing
terminals had to be tightly scheduled. In the latter situation, a slightly lower reliability would have to
be accepted in only a small proportion of cases. The results for PSD = .2 in Table 3, on the other
hand, suggest that the corresponding reliability of about .95 could be reached in most cases only with
a large item pool and generous testing times.

Table 3

Number of Items Required to Test Adaptively
to Various PSD in Simulated ASVAB Word

Knowledge Tests (500 Tests Each) Using
Three-Parameter Logistic Model
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of the EAP Estimate

As is well known, the EAP estimator has minimum mean square error over the population of abil-
ity and, in terms of average accuracy, cannot be improved upon. At any particular level of ability,
however, the expected value of the estimator is not equal to the true ability-that is, the EAP estima-
tor is not unbiased in finite samples of items except at the population mean. Only as the number of
items increases without limit does the estimator equal the true ability-that is, the estimator is consis-
tent in the number of items.

In addition, EAP estimates of extreme abilities may be further biased if the initial ability for
adaptive testing is set near the middle of the prior distribution. The intermediate estimates then tend
to approach the true value from the inside and stop somewhat short of that value when the error cri-
terion is reached. Whether or not these biases are large enough to outweigh the advantages of EAP es-
timation is an empirical question.

To determine the extent of bias at various error criteria and ability levels, a further set of simula-
tions were carried out. One hundred adaptive testings were simulated at ability levels from - 3 to -1 3
in steps of .2 and for error criteria PSD = .4, .3, and .2. The means and standard deviations for the
100 estimated abilities in each array are shown in Table 4. Note that the array standard deviations are

very close to the corresponding PSD. This supports the practice of referring to the PSD as if it were a
standard error (SE) with its attendent frequency interpretation.

Figure 2
True and Estimated Ability in 500 Simulated

Adaptive Testings to PSD = .4
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Table 4

Results of 100 Simulated Maptive Testings at
Selected Ability Levels for Three Levels of PSD

Using Three-Parameter Logistic Model
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For the three criterion levels the simulations for the guessing model yielded the estimates plotted
in Figures 2, 3, and 4 versus the generating ability. The solid line drawn through the points represents
equality of the estimate and the true value, and the dashed line is a smoothed curve connecting the
vertical array means. It is apparent in these figures that at reliability level .9 and above, the bias is
negligible for 95% of the population, amounting to at most about .1 standard deviations. Only for
more extreme 0 levels does the bias become appreciable. In Figure 3 the line connecting the array
means deviates only slightly from the straight line regression with slope .9 that would obtain if the
joint distribution of true and estimated abilities were unit bivariate normal with correlation .9. The
plots for PSD = .3 and .2 illustrate how closely the adaptive estimates conform to classical true-score
theory. They suggest that this method of estimating ability justifies the many results of classical test
theory (Gulliksen, 1950) better than the test scores for which they were intended

Most of the bias in these simulated results could be eliminated by dividing the deviates from the
population mean by the corresponding reliability coefficient. The effect, however, would be to in-
crease the mean square error over the population as a whole. In the practical use of EAP estimates for
personnel decisions, such corrections are not required provided two conditions are met: (1) the abil-
ities of persons competing for the same position must be estimated with respect to the same prior dis-
tribution and (2) the abilities of such persons must be estimated with the same precision (reliability).

Figure 3
True and Estimated Ability in 500 Simulated

Adaptive Testings to PSD = .3
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Figure 4
True and Estimated Ability in 500 Simulated

Adaptive °1°estings to PSD = .2

Assigning the person with the greater EAP estimated scores is then an equitable decision in the sense
that any biases that might be present in the estimates are equal for both examinees. In the infrequent
cases where the adaptive testing had to be terminated without reaching the fixed error criterion, a
correction for the differing reliabilities of the estimates could be made. In true-score theory, this
would be equivalent to comparing persons with respect to regressed scores rather than raw scores (see
Cronbach, Gleser, Nanda, & Rajaratnam, 1972).

Another notable feature of the plots shown in Figures 2, 3, and 4 is the absence of outliers at the
extremes of the ability range. Both EAP and MAP estimation yield no values that could not have
plausibly arisen from the prior distribution, given the data. Even all-correct and all-incorrect answer
patterns give finite and plausible estimates, provided of course that a proper (i.e., non uniform) prior
has been specified. These estimators are much better behaved in this respect than the ML estimator,
which does not exist for the all-correct or all-incorrect patterns, and can produce extreme outliers
when the response patterns are unfavorable.

This is an especially important consideration in adaptive testing, where a plausible estimate is de-
sirable after every response, including the first. The property is shared by the MAP estimator, but the
EAP estimate, based as it is on the mean of the posterior distribution rather than the mode, is more
stable than MAP in early phases of an adaptive test.
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and ~;~:~~~

The method of calculating expected a posteriori (EAP) or &dquo;Baycs’&dquo; estimation of ability by quad-
rature with respect to a finite discrete prior distribution, proposed by Bock and Aitkin (1981), is

shown to have many advantages over maximum likelihood (ML) and maximum a posteriori (MAP, or
~~~~y~s ~~d~~’9~ estimation in computerized adaptive testing.
1. EAP estimates are easy to compute because they are nonitcrative and require values of the item

response functions only at preassigned points on the ability continuum. These values can be cal-
~:~~~t~d and stored with the items in the pools available to the dur-
ing adaptive testing. The log likelihoods at these points, given the data, accumulate as simple
sums as each item is responded to, and the EAP estimate and its variance is computed simply as a
mean and variance over the points weighted by the exponential of the respective log likelihood
and multiplied by the quadrature weight.

2. Unlike MAP, the EAP estimator does not require the calculation of derivatives of the response
function. It can employ a discrete prior distribution, including finite representations that are easy
to estimate empirically, thus freeing the testing procedures from arbitrary assumptions about the
prior distribution (see Mislevy, 1982).

3. EAP estimates always exist, even for the all-correct or all-incorrect answer patterns and other un-
favorable patterns under the three-parameter model for which the ~~~, estimator does not exist.
The EAP estimator is therefore stable at all adaptive test lengths, including the first few items ad-
ministered.

4. No other estimator than EAP has smaller mean square error over the population for which the
distribution of ability is specified by the prior.

5. If the adaptive item presentation is continued until a reasonable stringent error criterion is satis-
fied (e.g., corresponding to a reliability of .9), the bias of the EAP estimate is minor for most of
the population (within ± 2 standard deviations). Simulations reported in this paper suggest that
this level of reliability can be attained with items typical of cognitive and vocational tests in an
average of 25 items and in 95% of cases with 30 items.

6. The bias of the EAP estimator is approximately the same as that of regressed estimates for the
same reliabilities and at the same ability levels.

7. Personnel decisions based on EAP estimates are equitable provided persons competing for the
same positions are estimated with respect to the same prior distribution and to the same error cri-
terion. °

8. Finally, the EAP estimation procedure has the interesting property of employing calculations
that are part of the E step of Bock and Aitken’s (1981) EM solution of the likelihood equations
for marginal ML estimation of item parameters. The E step consists of ~~~°~~~.~9~t~~~~ over the
sample of persons the likelihoods (1) at each quadrature point and (2) for each item when the per-
son’s response to that item is correct. This same information is available when the adaptive test-
ing of a person in the sample has satisfied the error criterion. If at this point an additional uncali-
brated item is presented to the examinee, the likelihoods can be saved by the system and added to
the likelihood function resulting from other examinees. When sufficient data of this type has ac-
cumulated from persons in the sample, the M step can be carried out to estimate the parameters
of the new item with respect to the dimension defined by the item pool. If the discrimina-
tion parameter of the new item is sufficiently high and the threshold (difficulty) is in a useful
range, the item can be added to the pool. In this way, the pool can be updated during operational
use of the adaptive testing system and without resort to external calibration studies.
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